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Chapter 1

General introduction

Quantum information mainly exploits the effects of superposition and measurement in fields such
as computing and cryptography. Superposition and measurement, two complementary channels of
quantum mechanics, one enriching evolution and the other limiting it; This way of seeing things sets
it apart from classical mechanics, which is defined as completely deterministic , in the latter case, the
state of a physical system at any given moment is completely determined by the initial data and in
addition the measurement makes it possible to determine it in a perfect way. In quantum mechanics,
on the other hand, we admit and generalize this principle of superposition to all physical systems,
but we confer on measurement a particular status which delimits the effect of this superposition.
Quantum mechanics by its strangeness and its mystery has brought physics to a flawless advance that
has been confirmed by properly probing matter in its microscopic states in extraordinary ways. Of
course, classical mechanics also made it possible to properly probe nature, but came up against the
problem of the interaction of light with matter at the microscopic level: to mention only the radiation
of the black body and the spectrum of atoms. The foundation of the new mechanics allowed an almost
perfect survey of this phenomenon of matter radiation interaction and a new technology was built on it.
A proliferating development in computer science and communications has emerged. Moreover, since
its advent an opposition to these new ideas has formed, trying to question the basic of this quantum
mechanics. Several of its founders such as Einstein, De Brogly and Schrodinger did not accept it as
a complete theory and tried to build physical models showing its incompleteness. Two well-known
examples are the EPR paradox and schrédinger’s cat. which exploit the principle of superposition in
its deepest version: the entangled states(inseparable).

These models then assume the existence of hidden variables that quantum mechanics does not

take into account. Bell’s inequalities, due to J.S.Bell, are the relations obeyed by measurements on
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entangled states under the assumption of a deterministic theory with local hidden variables (complete
according to the EPR argument). The Alain aspect experiment has shown that Bell’s inequalities are
violated, and it forces us to once again give up causal and local physics at the same time. J.S Bell
then argues for a non-local deterministic physics like Bohm’s deterministic mechanics. The status
of quantum mechanics remains sovereign and the physicists of the new generation have preferred
to continue this philosophical debate in a more defiant atmosphere which is that of experiments.
We are now attending a new era of nanoscals technology allowing by its tiny smallness, to ensure
even more the validity of quantum concepts and to lead us to incredible feats such as quantum
teleportation. In addition, scientists have begun to imagine the fallout from this these miniaturized
achievements of quantum mechanics and we are seeing the birth of new sciences such as quantum
computing and quantum cryptography allowing unprecedented power in comparison with that has
been done previously. The objective of this thesis is an initiation to quantum computation and
presentation of the essential properties of teleportation.

In the second chapter,we present essential notions to the understanding of the quantum information
begin with defining the quantum bit and some quantum gates and the rules that must be respected
considering a quantum system ,or 'the postulates of quantum mechanics, .in the next two chapter we
take two exemplar of bidirectional teleportation with and without control.

In the chapter number five, we consider a switched controlled teleportation , we examine this
teleportation according to the two formalisms, that of kets, then the protocol with noise on density
matrix formalism, where we measure the quality of the teleportation by defining the coefficient F of
average fidelity. we introduced the fidelity deviation in the next chapter, where we take the example
of an arbitrary two-qubit state, then we derive the formula for fidelity deviation for a noisy five-
qubit state following the protocol of switched teleportation (in chapterb).Finally, we present a general

conclusion.



Chapter 2

A brief introduction to quantum

information

2.1 Introduction

In this chapter we will introduce some essential notions to the understanding of the quantum infor-

mation, and the quantum rules that must be respected for a quantum state.
2.2 Quantum information

2.2.1 Quantum bit

In the classical theory of information,the indivisible unite is called ”bit”, it takes the values 0 and 1.;a
message is a succession of this values. In the quantum information, we define in a similar way the
fundamental concept of the quantum bit or briefly the ’qubit’ which has two possible states |0) and
|1}, the difference is that the qubit is in a superposed state.

= The qubit is a physical system in superposition of two states

represented by an unitary vector |¥) in a two dimensional space as

W) = a|0) + 51) (2.1)

where a and 8 are complex numbers, and {|0) = ((1)), 1) = ((1))} the base vectors.
When we perform a measurement on it, we will get either |0) with a probability \a\z ,or the result

|1) with probability |3|* ,where |a|* +|8]> =1 ( the condition of normalization )
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The qubit could be represented as a point(0 < 0 < 7,0 < ¢ < 27) in an unite sphere, called Bloch

sphere, in polar coordinates :

: 0 : 0
|U) = e [cos <2> |0) + €' sin <2> ]1)] (2.2)
neglecting the phase factor %7, (2.2) will be:
0 ; 0
|U) = cos (2) |0) + €' sin (2) 1) (2.3)

2.2.2 Quantum gates:

Unitary operation I the unitary matrix

10
1 ( )0><0+1><1
01

this operation represented by the following transformations

I : |0) —|0)
I : 1) —|1)

Pauli matrices:

Oy = Oy = Oy = (2.4)

defined by the transformations:

0) — ) 0) — —|) 0) — [0)
o, (not-gate): Oy - Oy 2.5
{ roreate) 1>Ho>} { 1) —10) } { 1>~1>} 2

Hadamard gate:

1 (1 1 1
H=- ( ) = —=(10) (O +[0) (1] + [1) (O] — [1) (1) (2.6)
1 -1 2
H : |0 ! 0 1
2 0) — ﬁﬂ ) +11)

H |1>~j§<|o>—rl>> (2.7)
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Controlled-not gate:
1 000
0100
Uenot = = |00) (00| + |01) (01| + [10) (11| + |11) (10] (2.8)
00 01
0010
|00) — ]00)
01 01
Ucnot | > —> | > (29)
10) — [11)
|11) — |10)

Symbols of quantum gates in circuits:

Pauli operators:

- _ (01 (0 i 10
1 0 gk i 0 K2 i

Hadamard operation:

1 (1 1
_H L = —
J2l1 =1
Controlled NOT: Controlled Z/ Phase gate:
1 0 0 0 | 1 00
— 1t ————
control =4 01 0 0 contra 01 0
o0 01 1o 01
— Z —
weet—<D— g o 1 o farget 00 0
Measurement: Classical controlled Z:

—r SAm

Z
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2.3 The postulates of quantum mechanics

The following postulates are for the description of an isolated system, where there is no environment
in interaction with the system(quantum postulates for a closed system)

The formalism of quantum mechanics will be modified if we consider the problem of describing a
system in interaction with the environment, in this case, we have to introduce the formalism of the

density operator, and a general concept of measurement: POVM (Positive Operator Valued Measure).

Postulate 1:

we associate with every quantum system a complex linear space having the structure of a Hilbert
space.

the state of the system represented by a vector of norm equal to 1,or a qubit.

U) = |0) + B[1), (¥[¥) = || +[B]* = 1

which is the fundamental state of a system in the quantum information, it can be realized physically

in different ways: states of atoms, spin, photons,...

Postulate 2:

To every observable (property) of a quantum system, which can be measured , there corresponds a

linear operator {A} act on the state space of that system,

A |U) - A
Ala|®) +b|®)) = a(A[|¥))+b(A[D))
(@] |AT)

(AT 0| |w)
It can be developed as:
A=>a,P,

where a,, is the eigenvalue, and P, is the projector in the corresponding subspace, it verifies the

following relations:

n
B, = 1
n

SNPiP, = 1
n
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Postulate 3:

A quantum measurement is described by a set {M,,} of measurement operators, which act on the state
space of the quantum system.
If the system is in the state |¥) initially, after measurement the probability of finding the system

in the state (n) as a result is:

P(n) = (Y| M, M,, |¥) (2.10)
And it will be in the state:
~ M, |¥
‘\p> - [2) (2.11)
(W] M;f M, |¥)

Postulate 4:
The evolution of a closed quantum system described by an unitary operation
(W (t2)) = Ultr, t2) [ (t2)) (2.12)

Where, U (t1,t2) is an unitary operator (UTU = I)

More precisely, the evolution in time described by the Schrodinger equation
d .
Zh% | (t)) = H |V(t)) (2.13)
Where H is the Hamiltonian

U(tl,tg) = exp [—ig(tg — tl)] (2.14)

Projective measurement:

The set {M,} of measurement operators admits an interesting particular case which is projective
measurements.

A projective measurement described by an observable M in which the set of projectors is { P, } ,with

M=> a,P, =) nP, (2.15)
The probability of finding a,, is ' '
P(an) = P(n) = (U |P,| V) = (V¥ |PP,| ) (2.16)
After the measurement, we have:
W) — \if> = P\’;%? (2.17)

This set of measurement projectors is a special case of the set { M, }of operators.
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The average value of projective measurement: Let M the observable of measure ,the average

value of this observable is:

e(M) = %:anP(n) = Zn:an (V| P, |T) = (V| ;anPn | W)
= (YIM[¥) =(M)y (2.18)

The quadratic deviation is defined by:

A(M) = \/(M2)g — (M) 2y (2.19)

2.4 Density operator:

The quantum mechanics could be formed in the density operator( the density matrix) formalism,
which is more suitable and more compatible with almost all the scenarios that we can meet.
Suppose that the state of the system is not completely known, it can be in a state |¥;) with the
probability P;, so we have:{P;, |¥;)} the set of pure states
We define the density operator or the density matrix by the equation:

p + H—H
poi 2BV (Wl (2.20)
PP =) (U] 0) (U] = |T) (¥] = p (2.21)

Let U a quantum operation :

o) — ‘@>:U|\IJ)
= =i

= Y PUW) (¥|U

p — p=UpU™" (2.22)
The system is initially in the state |¥;) ,the probability of finding the result (m) is:

P(mli) = (W;| My, My, [95)
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or:

P(mli) = ZAX‘I%HM (Al My, My |0)
= Z;WMSEMM‘I%) (Wil |A)

= Tr(M, My |¥) (¥5])
If the initial state is not completely known, the probability is:
P(m) = Y. PP(mli)
7
= X PTr(My My |¥5) (Ti])
7
= Tr(My,Myp)
Just after the measurement, the system will be in the state:

M., |V;)
VWil M, )

|T;)™ =

In the density matrix formalism we have:

pamy = 2 P(mli) [W]) (U]

My, |93) (4] M}
(W3] My, My, |95)

= > P(mli)

PP My |0,) (W] M

= X pmy  P(ml)
M, pM,

= T OLo (2.23)

In the case where the system is in a pure state,or the state of the system is completely known:

p = |9
p* = [¥) (W] l) (W] =p
~——
Trp = TTPQZZA:(M [V) (Y] [\)

= <¢|ZA)!A><AIW>
= W) =1

In the case of mixed state:
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p o= 2P (¥
Tr(p) = TrXFPi|W:) (Vi)

- s {isnw) i)

7j=1 A
= Xh ;(3\‘I’z> (W3] 7)
= 22 Bi(Wily) (4|%s)
i
= 2P (W X0 15) W) = 22 B |s) (W4

- Y P=1
7

Reduced density matrix:

In the composed system{AB} which described by the density matrix pAB we can describe every part

by a density matrix

pt = Trp(p??)

B

p? = Tra(p"?)

where T'rp is the partial trace on B and T'r4 is the partial trace on A, we define in the subspaces

‘H4 and Hp as follows

Trp(p?) = %(IA ® (¢;)p*P (14 @ |¢;)) (2.24)

=

and N
Tra(p*B) = zl (] @ I5)p™B (|, ® I) (2.25)

=

where 14 and Ip are the identity operators in H4 and Hp , ¢j> (j = 1,2,..N4) and ‘¢j> (j =

1,2,..Np) are orthonormal bases in H4 and Hp respectively.

2.5 Quantum entanglement:

Quantum entanglement is one of the most surprising aspects in quantum physics, its results are
contrary to the common sense, which led Einstein, Podolsky and Rosen to affirm that the quantum
mechanics is incomplete, in conclusion some variables (hidden: local-realism theories) are missed in
quantum mechanics;it is about ”strange states”in which two particles (or more) are profoundly linked

in the quantum level that share the same ’existence even at great distance. If a measurement is taken
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on one of them, the state of the other is also altered(changed) instantly, in order to be compatible
with the first one.

This debate between the quantum mechanics and the theories of additional hidden variables (re-
sponse of Neils Bohr on the article EPR) motivated John Bell to introduce, in 1964, a set of inequalities
before being proved by any theory that is local and realistic against this predictions and limits at-
tempted by the property of the reality-locality, the quantum mechanics foresees a violation of its
inequalities.

The inequalities are worth changing the debate from epistemology to experimental physics,thus,
in the early years of 1980, the experiences conducted by Alain Aspect, Jean Dalibad, Philipe Grangier
and Gerard Roger([6][7][8]) had verified, in a clear way, the forecasts of the quantum mechanics.

Despite the success of quantum mechanics; the human spirit or rather say the classic philosophy
does not let go and reinvents artefacts(sometimes useless)for trying to restore the properties"local"
and "realistic" at a time.

A review of two weak points or "loopholes" has been established and it affects the experimental
device. Consequently negative, tests of "ideal experiments" would not allow a definitive and a complete
validation of the quantum mechanics against other theories.

The first of this weak points is called "loophole of locality" intervenes as soon as the separation
between systems of detections is not sufficient to reject any possibility of information exchange from
lower speed to the speed of light during the measurement([9][10]). The second weak point or "loop-
hole of the effectiveness of detections" appears when the effectiveness of the system of detections is
not sufficiently high so that the measured events could be not representative to the statistic of the
whole([11][12]).

In 1982, Alain Aspect and his collaborators([8]) carried out a first experience of Bell’s inequalities
test with analyzers which vary quickly compared to the time of flight of entangled photons. This
allows to separate the detectors by intervals type of space and by enclosing the locality loophole, this
experience had been repeated in 1998 by Antoon Zeilingr and his team([13]) who used a separation of
detectors 400m and fast analysers.These experiences allowed to validate the predictions of quantum
physics compared to locality loophole, but the effectiveness of employed detectors weren’t enough to

enclose the second loophole.

2.5.1 Bell’s states:
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The EPR argument:

In the 1935 article, Albert Einstein, Bolish Podolsky and Nathan Rosen, enunciate: without disturbing
a system, we can predict with certanty,that is to say with probability equal to the unit, the value of
a physical quantity, then there exist an element of the physical reality corresponding to this physical
quantity.

In the EPR argument that disputes the possibility of a distance correlation between particles by

making the hypothesis of a missing interpretation that can resolve this paradox.

Bell’s theory:

In 1964, on a paper in the physics journal on "the EPR paradox”, John Bell shows that, in the
context of the quantum physics a measurement by a measuring device in one region can influence the
measurement of another device from a second region even at a great distance.In his argument he uses
the spin instead of the position and momentum, to show that the correlation between two spins is
subject to an inequality which can be violated by the postulates of quantum physics. The article has
highlighted the entanglement, and the entangled states bringing its effect into play are called "Bell’s

states",which are defined by
1
V2

with x=0,1 and y=0,1. The four possible states are:

| Bey) = —=(10y) + (=1)*[17)) (2.26)

Boo) = \2(\00>+y11>) (2.27)
By) = \}5(|01>+y1o>) (2.28)
Buo) = —5(000) = [11) (2.20)
Bu) = <5 (01) = [10) (2.30)

2.6 Fidelity:

The quality of a transmission canal in teleportation is judged by comparing the initial state and
the final state, characterized by the fidelity which is a quantity f takes the values between 0 and 1
(0<f<1).

The mean value of fidelity is considered as the standard quantity of teleportation, which is a

measure of the expected proximity between an input state and its target state [14], given by

f="Tr [\/?@wﬂ (2.31)
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where 7 is the density matrix of the target state, and o, is the transformed state of the input
state| o)

but it tells nothing about its fluctuations. such fluctuation can be quantified by the deviation of
fidelity ovell all input states.

When the initial and the final state are equivalent: f = 1, when the canal is maximally entangled.

For quantum teleportationf > %, f :% is the maximally value of fidelity in classical teleportation

which can not use the entanglement, its lower value in this case is %



Chapter 3

Bidirectional quantum teleportation

Two users transmit simultaneously an unknown single-qubit state to each other[15]

the two users (Alice and Bob), have the single-qubits:
|#) 4 = a0 [0) + a1 [1) (3.1)

[9)p = Bo10) + B1 (1) (3-2)

They share the following quantum channel :

1
D) a1b1a262 = 5(’000@ +(0011) + |1100) + [1111))a1p10262 (3.3)

where the qubits a1, as belong to Alice and by, by belong to Bob,

The general state is

W) atpraz0248 = 1P atpiazme @ [P)4 @ [P)p

1
= 2[(]0000) + |0011) + [1100) + [1111)) 15102522030 [00) 4 5

N |

+(|0000) + [0011) + [1100) + [1111))a1p10202c051 [01) 4 g
+(]0000) + |0011) + [1100) + [1111))a1p1a26201 B0 [10) 45
+(|0000) + [0011) + [1100) + [1111))a1p10202011 81 [11) 4 5] (3.4)

Alice and Bob perform a controlled-not operation with A and B as control qubits, ajand by as
targets respectively.

we obtain:
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v’ [(0000) +[0011) +[1100) + [1111))a1b1a2s2050 [00) 4 p

+(|0001) 4 10010) + [1101) + [1110))a1b1a2620051 [01) 45

+(]1000) + [1011) +[0100) + [0111))a1p1020201 30 |10) 45
(

+(]1001) + [1010) + |0101) 4 [0110)) 415102520131 |11) 4 5]- (3.5)

N —

albla2b2AB

we apply single-qubit measurement in the Z-basis on qubits a1, bsand in the X-basis on qubits A
and B respectively.

by projecting on all the possible results, where the base vectors of the Z and the X basis are
{0). 1103 and{1+) = 2(10) + [1)).[-) = L5(0) — |1)) }respectively:

(1) _If the result of Alice is: |0),, [+) 4 and Bob’s result is [0), [+)p

1

‘ ,1>a1b1a2b2AB - al <0|A <+’b2 <0|B <+’ ‘\I’,>a1b1a2b2AB = 5(11 <O|A (<0’ + <1|)b2 <O|B (<0| + <]‘D |‘1},>a1b1a2b2AB

= 1 (008 [00) + 00, [01) + 015 [10) + 015, (1), (36)

The collapsed state of the qubits byas is:

L 7 (0050 100) + 0B, [01) + 15 [10) + sy 1))

)
J(w] e wao\ 1Bol? + laof? 181 7 + o [ 8o 2 + a2 842

= (0B [00) + a0/61 01) + 189 [10) + a1 81 [11))y, 4, (3.7)

|Q>1 =

The remaining possible results of measurement are :

(2) _If the result of Alice is: |0),, [+)4 and Bob’s result is [0), [—)p

‘\11,2> = a <0|A <+|b2 <0|B <_| ‘\Ill>a1b1a2b2AB
1
24 (014 ({01 + (1gg €015 (O = (1D [¥") 1310200
), = (a08100) — a0y [01) + aafi |10) — axfy 1)), (33)

(3) _If the result of Alice is: |0),, |—), and Bob’s result is |0), [+)p

~3> = a <0|A <_’b2 <0‘B <+’ ‘\Ill>albla2b2AB

= % (0] 4 ({O] = (1) €01 5 (01 + (L)) |9 11 p102p24 5

al

Q)3 = (@08 [00) + @By [01) — a18([10) — a18; [11)),, 4, (3.9)
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q P
(4) _If the result of Alice is: [0),, =), and Bob’s result is [0), [—)p :
"i’ﬁ;> = a1 (014 (o2 Ol (=1 ¥") 11p102248
1
= 5, (0L (01 = (1D (Ol 5 (001 = (1D 1) 1030205
), = (@0By]00) — @By [01) — a184[10) + a18; [11)),, 4, (3.10)
(5) _If the result of Alice is: |0),, [+), and Bob’s result is |1), [+)p :
B5) = (OLa (Hoe (U (H 1) 11024
1
= 3 (0.4 ({0 + (LDpa (L5 (01 + (1D ) 11020245
)5 = (0B |01) + apfBy [00) + 15 [11) + a1 81 [10))y, 4, (3.11)
(6) _If the result of Alice is: |0),, [+) 4 and Bob’s result is [1), [—)p :
"i’%> = (014 (Hloo (Up 1) pip1azioa
1
= 2. (04 (€01 + (1) (11 (O] = (LD [®") 1110z a
g = (0B |01) — apfBy [00) + a1y [11) — a1 81 [10))y, 4, (3.12)
(7) _If the result of Alice is: |0),, ), and Bob’s result is [1), [+)p :
"i’/7> = (014 (= oo (Up FI ') p1p1a2s04
1
= 3. (014 (0] = (LDp (L5 (01 + (1D ) 11020245
)7 = (20B[01) +aof00) — 1B [11) — a1 8y [10))y,4, (3.13)
(8) _If the result of Alice is: |0),, [~), and Bob’s result is [1), [—)p :
‘\11/8> = am <0|A <_|b2 <1|B <_| ‘\I’/>a1b1a2b2AB
1
= 3. (0.4 (0] = (LD (L5 (O] = (1D ) 1102024
Qg = (@B |01) — apBy[00) — 1B [11) + 131 [10))y 4, (3.14)
(9) _If the result of Alice is: [1), [+), and Bob’s result is [0), [+)p :
“i’§> = ar (L (Flo2 (Ol HY) 1p10m24
1
= 5 (14 ({0 + (1) Ol 5 (€01 + (1)) [¥") 1113005
g = (@080 [10) + a0y [11) + 184 [00) + @11 [01))y, 4, (3.15)
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(10) _If the result of Alice is: [1), |+), and Bob’s result is [0), |-)p :
“T’/10> = a (U (+lo2 Ol (=) 110308
1
= 2. (14 ({0 + (1) 015 (O] = (1) [¥") 11102020
Q1 = (08, [10) — apBy [11) + a1, 00) — a1y [01),,., (3.16)
(11) _If the result of Alice is: [1),, |—), and Bob’s result is [0), [+)p :
“i’/11> = ar (L (o2 (015 CHHY) g 1p10m24
1
= 5, a(OF= 1Dy, Ol ({0} + (1)) %) s1p1026245
21 = (0B [10) + 0By [11) — a1 [00) — 15y [01)),,,, (3.17)
(12) _If the result of Alice is: [1), |-), and Bob’s result is [0), |—)p :
"i’/u> = ar (L4 (=2 (Ol 5 (| ‘\Ijl>albla2b2AB
1
= 5, (a (OF =10y, 0l ({0} = (1) %) 16102624
’Q>12 = (aﬂﬁo ’10> - aOBl ‘11> + 04160 ‘00> - @lﬂl ’01>>b1a2 (318)
(13) _If the result of Alice is: [1), |+), and Bob’s result is [1), |+)p :
‘@33> = o (U (Floz (U ) g 1p10m248
1
= 2. (14 (O] + (1o (15 (O + (AN [¥") 1110224
13 = (0B [11) + a0y [10) + 10 |01) + @151 ]00))y, 4, (3.19)
(14) _If the result of Alice is: [1), |+), and Bob’s result is [1), |-)p :
“i’lm> = (M (Flye (Al (- ‘\Ill>a1b1a2b2AB
1
= 2. (014 ({0 + (1o (Ol 5 (O = (AN [¥") 11102208
D14 = (0B [11) — @By [10) + 150 |01) — @151 ]00))y, 4, (3.20)
(15) _If the result of Alice is: [1), |-), and Bob’s result is [1), |+)p :
‘@15> = o (U (o2 (U Y g 1p10m248
1
= 5, (a(OF= 1Dy, (15 (0] + (1)) 1Y) 15102524
D15 = (0B [11) + 0By [10) — a1 |01) — @151 ]00))y,4, (3.21)
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(16) _If the result of Alice is: [1), |-), and Bob’s result is [1), |-)p :

‘i’,16> = (Ua (=loo Up 1Y) wip1a2s2a
1
= 5@1 <1‘A (<0| - <1|)b2 <1|B (<0| - <1|) ‘\I[/>a1b1a2b2AB
D16 = (@0Bo[11) — @By [10) — 1By [01) + 181 [00))y, 4, (3.22)

the last step is applying suitable unitary operations on measured states to correct the results and

obtain the initial state |(2)

14,0, = [€0B0 00) + oy [01) + 18 [10) + 1By [11)],, 4, (3.23)

The correction operation of Bob for each result:

€)1 = (@0]0) + a1 [1)) © (Bo |0) + 51 [1)) = Uh =T © T (3.24)
)y = (@0 [0) + a1 [1)) @ (Bo |0) = 1 1)) == U2 =T © Z (3.25)
D)3 = (20 |0) —a1|1)) @ (By|0) + 51 1)) = Us =21 (3.26)
)4 = (a0]0) —a1 [1)) @ (Bo|0) = 1 [1)) = Vs =Z© Z (3.27)
)5 = (0 ]0) + a1 (1)) ® (Bo|1) +5110)) = Us =12 X (3.28)
)6 = (a0 |0) + a1 [1)) @ (5o [1) = 51 10)) = Us = I @ (—iY) (3.29)
€2)7 = (@0]0) — a1 [1)) @ (Bo 1) + 51 10)) = Ur = 2@ X (3.30)
2)g = (@0[0) — a1 |1)) ® (Bo[1) = B110)) = Us = Z © (—iY') (3.31)
Q)9 = (0 |1) +a1]0)) @ (By|0) +B81[1)) = Ug =X @1 (3.32)

)10 = (0 [1) +a1]0)) @ (B |0) = B1[1)) = Vo = X ® Z (3.33)
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)11 = (a0 [1) = a1]0)) © (6o [0) + 51 [1)) = U = (=iY) @ [ (3.34)

)12 = (a0 [1) = a1]0)) © (6o [0) = f1[1)) = U2 = (=iY) © Z (3.35)

12)15 = (0 |1) +a1]0)) @ (By 1) +51]0)) = U3 =X X (3.36)

014 = (a0 [1) + 1 ]0)) © (Bo [1) = 5110)) = U1a = X @ (=iY') (3.37)

)15 = (a0 [1) = @1]0)) © (Bo [1) + 5110)) = Uis = (=i¥) © X (3.38)

)16 = (0 [1) = a1]0)) @ (Bo 1) = £110)) = Ure = (—iY) ® (—iY) (3.39)

We conclude the relation between measurement results and the correction operations in the table

Measurement result Correction
10) [+) I
10) =) Z
1) [+) X
1) [-) —iY




Chapter 4

Bidirectional quantum controlled

teleportation

The protocol proposed of bidirectional teleportation between two users want to teleport single-
qubit to each other under the permission of a controller,Charlie, using five-qubits entangled state as

a quantum channel[16].

The single-qubit of Alice |¢) yand Bob’s |¢) 5 :

[#)4 = @0 [0) + a1 [1) (4.1)

[9)p = Bo10) + 81 [1) (4.2)

Using four different states as quantum channels with five qubits,encoded with two classical bits(1

and 0) .

(I) _ The channel (1) encoded with 00:

1T,) 100000) + [00101) + [11000) + |11101))agbparchs (4.3)

1
aogboaicby = 5(

The general state of the system |®;)
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1P1) agboarcbian = 1Y00)agboarch, @ 1) 4 @ 0)p
= %(|00000> +100101) + |11000) + |11101))agboaychy
®(a0 [0) + a1 [1))a @ (8o [0) + 51 1)) 5
= %[a0ﬁ0(|00000> +|00101) + |11000) + |11101)) |00)
+ap/3;(/00000) 4 [00101) + |11000) + |11101)) |01)
+a15,(/00000) 4 |00101) + [11000) + |11101)) |10)
+a1/3;(/00000) 4 |00101) + [11000) + [11101)) [11)]. (4.4)

Alice and Bob perform a controlled-not operation with A and B as control qubits, agand by as

targets respectively. The general state will be:

|1 sovosctnan = %[aoﬁ0(|00000> +]00101) + [11000) + [11101)) [00)
+a31(/00001) + [00100) + [11001) + [11100)) [01)
+a180(]10000) + |10101) + |01000) + |01101)) |10)
+a181(]10001) + [10100) 4 [01001) + [01100)) |11)].

Measurement in the Z-basis : The measurement in the z-basis on the qubits agand by,

(1) When Alice measurement result is |0) and Bob’s result is |0)

1
a0 Oy, O ) 40,5, 41 = 5 [@050 00000) + a9y [01001) + 180 [10010) + o By [11011) ], 045

(4.5)
The factor of normalization:
1 1
[(@1]10)4 105, 4o (O, (O [@7) ]2 = \/4 lao| 2 [Bo] 2 + ol 2 [B1] % + || 2 [Bo| 2 + || 2 |B4] #4.6)
1
_ = 4.
. (47)
=
‘(IJ’ >b s = apfy [00000) + 51 |01001) + 154 10010) + 3 34 [11011) (4.8)
0a1C.

Alice’s result |0) and Bob’s result |1)

| Y senn = @080 [01000) + agB; [00001) + a1 B [11010) + @1 By [10011) ]y capp  (49)
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(3) _Alice’s result |1) and Bob’s result (0)
1)y ag = [008 [10000) + agBy [11001) + @11/30[00010) + a1 By [01011)], 4 a5 (4.10)
(4) _Alice’s result |1) ,and Bob’s result |1)

() oan = 0080 [11000) + a3, [10001) + a1 80 [01010) + a1 By [00011)], 4, o (4.11)

X unitary operation: In this stage X unitary operation applied by the two users (Alice and Bob)
on their qubits a; andbg respectively.

{X10) = [1), X 1) = [0}

(2089 [00000) + 031 [01001) + a1 5 [10010) + 1 By [11011)]y4, a5 = [O)

Alice’s result | Bob’s result | OpeartionX on qubits (bg)(a1)
0 0 I®I
0 1 I®X
1 0 X®I
1 0 X®X

Measurement in the X basis: On the qubits A and B in the corrected state |©),
The case where the results of measurement are

-|A) = |+) and |B) = |+) :

5\ _ A (g (+]16) 1o
o) = o AT GRT T 2
1
AlHp (H18) = S0/ + (1) ® (0] + (1) [®)
= 5005 000) + a0, 010) + a1y 1100) + iy [110)]
Then,[B), = 120801000 + a0 010 + o 100 + s 110)
Mao\ 1Bl + a0 181 +laa? o + o 1617)
= [a0B(|000) + apB; |010) 4+ a1 By |100) + 154 \11())]boa1C (4.13)
14) = [+) and |B) = |- -
), = [20891000) — 081 [010) + 16y [100) — 161 [110)];,,,
4) = |-) and |B) = |+)
), = [20891000) + 08 [010) — 16y [100) — 161 [110)];,,, (4.14)
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|A) =|-) and [B) = |-) :

‘é>4 = [050,80 |000> — 040/31 ‘010> — 06150 ’100> + 04151 ‘110>]b0a10 (415)

Z unitary operation:

We apply Z operation to the qubits(bp ai) to otain the qubits (bg a1, c) in the state:

apfy [000) + a7 |010) + a1 8¢ [100) + a5, [110) (4.16)
Alice’s result | Bob’s result | OpeartionZ on qubits (bg)(a1)
+ + I®I1
+ — I®Z
- + Z@1
- - 77

The final state of qubits (bpai): On the state(4.16), we measure the qubit of the controller (c),in
the x basis , we find two different states of the qubits (bg a1),

(1) _In the case where the result of measurement of the qubit c is |+) :

80)" = 01+ (@08 [000) + a0, [010) + sy 100) + a5y [110))
= 0B 100) + 08y 02) + 0 By [10) + gy 1)
— (00 l0) +an [1) ® (B [0) + B4 1) (117)
— v =T101 (4.18)

(2) _If the result of measurement of the qubit ¢ is |—) :

817 = 01— ({05 [000) + a0, [010) + sy 100) + a5y [110))
= a0f|00) + aoBy |01) + a1 By [10) + e By [11)
= (a0[0) + 1)) @ (B, [0) + By 1) (1.19)
T R (4.20)

For the rest channels the treatment it totally the same,



4. Bidirectional quantum controlled teleportation 28

(II) _ The channel encoded with 01

Wy 100000) + [00111) + [11000) + [11111))

1
aoboaichy — 5(

The general state of the system:

|q)2>a0boalcb1AB = |\112>a0boalcb1 ® |¢>A ® |¢>B

Alice and Bob perform controlled-not operation with A and B as control qubits, agand by as targets
respectively.

The general state will be |®%)
|©5) wbgarcban = Ucnotas @ Ucnotpy, @ I @ I ® Io ® |®)y 01 by A
= %[a050(|00000> 4 ]00111) + |11000) + [11111)) |00)
+apB1(]00001) + |00110) + [11001) 4 [11110)) |01)
+a180(]10000) + |10111) + [01000) + |01111)) |10)
+a131(]10001) + |10110) + [01001) + [01110)) |11)]. (4.21)

Measurement in the Z-basis of the qubits agb; : The four possible outcomes, and the corre-

sponding corrections to transfer the obtained states into the state:

01030 100000) + o3, [01101) + 1 5y [ 10010) + a3, [11111) (4.22)
or
apfy|00100) 4+ B4 [01001) + a1 8, |10110) + 13, [11011) (4.23)
Alice’s result | Bob’s result the state of the qubits (bgpajcAB) OpeartionX
0 0 0B [00000) + B [01101) + a1 58, [10010) + 1 51 |11111) I®I
0 1 apfo |01100) 4+ a5, [00001) + a1 8, [11110) + 15, [10011) I®X
1 0 apf |10000) + B, [11101) + a1 8, |00010) + 15, [01111) X®I
1 0 apf |11100) + apB; [10001) + a1 8, |01110) + 15, |00011) X®X
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Measurement in the X basis:

the states obtained after measuring the qubits A and B, and the

corresponding Z operation on (bg)and(a;) that allows the unmeasured qubits to be in the state:

(04060 ’000> + 05051 |011> + alﬁo ‘100> + Oélﬂl ’111>)boalc

(4.24)

Meas of A | Meas of B states of the qubits bpaic Operation Z
+ + (oo [000) + gy [011) + 1 Bg 100 + vy By |111)) Il
- + (0B |000) — apfBy [011) + 1B [100) — a1 51 [111)) Zx1
+ - (0B |000) + g3 |011) — a1 By [100) — 15, |111)) I1®7
- - (0o [000) — apfy |011) — 1By [100) + By [111)) Z®7Z

The final state of qubits (b a;):

states and the correction operations of the two users Alice and Bob are:

(1)_

V2
aofy[00) + 0By [01) + 18y [10) + ca By [11)

(a0 [0) + 1 [1)) @ (Bo |0) + 51 1))
UM =101

V2
aofo [00) — aof1 [01) + 1o [10) — By [11)

(20 |0) + a1 [1)) @ (B [0) = A1 1))

— P =I2z

(II) _ The channel encoded with 10

Y

1
= 5(\0000()> +1(00101) + |11010) + |11111))

aogboaichy

The state of the system:

|(I)3>a0boalcb1AB = |qj3>aoboalcb1 ® |¢>A ® |¢>B

The controller measures his qubit ¢ in the X basis, so the finale

L(<0| + (1)(@00 [000) + aofy [011) + 18 [100) + 1 By [111))

(4.25)
(4.26)

L(<0| = (1)) (@06 [000) + aof1 [011) + 184 [100) + 1 B [111))

(4.27)
(4.28)
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C-not operation:

&)
agbpaicb1 AB

Measurement in the Z basis and X operations:

= (Ucnotaq, @ Ucnotpy, @ I @I ®1I) |(I)3>aoboa1cb1AB

= %[a060(|00000> +100101) 4 |11010) + |11111))]00)
+ap31(/00001) 4 ]00100) + [11011) + [11110)) |01)
+a180(]10000) 4 ]10101) + |01010) + [01111)) [10)
+a131(]10001) 4 [10100) 4 |01011) + [01110)) [11)].

corrections that let the remaining qubits be in the state:

The results of measurements and the

@080 100000) + a3y [01001) + a1 8, |10110) + a1 3, |11111) (4.29)
Alice’s result | Bob’s result the state of the qubits (bpaicAB) OpeartionX
0 0 @00 100000) + apB; [01001) + a1 B, [10110) + a1 84 |[11111) Il
1 0B [01000) 4 By [00001) + 15, |11110) + a1 34 [10111) | T® X
1 0 0B [10100) 4 gy |11101) + a1, |00010) + a1 3, [01011) | X @1
1 0 0B [11100) 4 gy |10101) + 154 ]01010) + a3 31 [00011) | X @ X

Measurement in the X basis:

boa1, to tranfer the the obtained states to the state:

on the qubits A and B, and the operations Z on the qubits

(@080 [000) + a0y |010) + 1 5o [101) + e 5y [111)) (4.30)
Meas of A | Meas of B states of the qubits bga;c Operation Z
+ + apfy [000) + By |010) + a1 8¢ [101) + an 5y |111)) I®l
+ - apfy [000) — By |010) + a1 8¢ [101) — a5y |111)) Z@1
- + o [000) + apf3y [010) — a1y [101) — a1 5, [111)) ez
— - (apBy |000) — o7 1010) — 1B [101) 4+ 57 [111)) Z®Z
on the state(4.30) ,the controller measures his qubit in the X basis,the finale states are:
(1)_
B0 = 01+ (105 [000) + a0, [010) + sy 101 + 0By 1)
= apf|00) + apfBy [01) 4+ a1, [10) + a1 31 [11)
= (@00) + a1 [1)) @ (Bo[0) + 51 (1)) (4.31)
— P =IwI (4.32)
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(2)_
8a) 7 = 00~ (1) (0B 000) + 0B 010) + an i 101} + 1)
— 0B 00) + a0y [01) — g [10) — cny 1)
= (00 l0) —an [1) @ (B [0) + B4 1) (4.3
— U =zeI (4.34)

The channel encoded with [11]:

100000) + |00111) + [11010) + [11101))

1
"Il4>a0b0alcb1 - 5(

The state of the system:
|<b4>a0b0alcb1AB = |\I’4>a0b0a1cb1 @ |¢>A ® |¢>B

After the operation C-NOT it transfered to:

, 1
’CI>4> = —[apBy(|00000) + [00111) + |11010) + [11101)) |00)
agbpai1cb1 AB 2
+ap1(]00001) + [00110) + |11011) + |11100)) |01)
+a16,(]10000) + [10111) + [01010) + |01101)) |10)
+a151(]10001) + [10110) + |01011) + |01100)) |11)]. (4.35)
Measurement in the Z basis : after measurement we apply X operation on the unmeasured

qubits (bgay), to transfer all the states to :

0B [00000) + a3y [01101) + 1 B |10110) + oy By [11011) (4.36)
Alice’s result | Bob’s result the state of the qubits (bpaicAB) OpeartionX
0 0 08, |00000) + apBy [01101) + a1 8y [10110) + a1 By [11011) | T@ T
0 1 0B [01100) + gy [00001) + aBg [11010) + @ By |10111) | I ® X
1 0 a0y [10100) + aoB; [11001) + a1y [00010) + a1 8, [01111) | X &1
1 0 0B |11000) + gy [10101) + a8y [01110) + au By [00011) | X © X
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Measurement in the X basis

08, |000) + anBy [011) + a1 B [101) + a1 By |110)

in this stage, the the qubits bpaic will be in the state:

Meas of A | Meas of B states of the qubits bgaic Operation 7Z
T T+ | (0B |000) + By [011) + ar By [101) + n By [110) | @1
- + | 008y |000) — agB, [011) + a1 By [101) — a1 By [110)) | Z @[
+ — (0B |000) + g3 |011) — a1 By [101) — 13, |110)) I®Z
— - (0B |000) — g3 1011) — a1 B [101) 4+ 15, |110)) A4

The finale states after the controller’s measurement:

(1)_

1
NG
0B [00) + By [01) + 184 [10) + a1 81 [11)

(a0 [0) + a1 (1)) ® (5o [0) + B1 [1))
Ut =I1er

1
V2
@030 00) — apBy |01) — 134 [10) + 134 [11)

(a0 |0) = a1 [1)) @ (B [0) = £1|1))

({0 + (1) (0B [000) + 0By [011) + 1By [101) + a1 By [110))

({0 = (1) (0B [000) + 0By [011) + 1 B [101) + a5y [110))

(4.37)

(4.38)
(4.39)

(4.40)
(4.41)



Chapter 5

Switched quantum teleportation:

In this chapter, we follow a protocol of switched teleportation[17] , where we have two initial qubits
and a controller who choose which qubit to teleport to the receiver with a five-qubits entangled state
as a quantum channel.

we will use the ket’s formalism and the density matrix formalism where a noise impinge on the

protocol and we will calculate the fidelity factor F in this case.

5.1 Ket’s formalism

Two emitters Alicel and Alice2, each one have a single-qubit to teleport to a receiver Bob,

their initial states are :

|[©)y = 1 ]0) + 51 |1) (5.1)

@)y = a2]0) + 52 |1) (5.2)

The quantum channel linking the users is a five-qubit entangled state |C)

1
1C) A, 4sC50a, = 5 (100000} +[01011) + [10101) + [11110)) (5.3)

where qubits Ajand Ay belong to Alicel and Alice2, C3 and Cy belong to Charlie ,B5 to Bob.
The global state is:
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‘GS>12A1A203C4B5 = |q)>1 ® ‘®>2 ® ’C>A1A203C4B5
1
— 5[0102100) (J00000) +[01011) +[10101) +[11110))

)
+a135 [01) (J00000) + [01011) + |10101) + [11110))
+8; a2 [10) (J00000) + [01011) 4 |10101) + [11110))
4,85 [11) (J00000) + |01011) 4 |10101) + [11110))]. (5.4)

1
G 1a2m,05048, = 3lonaz (/0000000) +[0001011) +[0100101) + [0101110))

)
+a1 35 (]0010000) + [0011011) + [0110101) + |0111110))
+ /3, a2 (/1000000 + [1001011) + |1100101) -+ [1101110))

)

+, 85 (]1010000) + [1011011) 4 |1110101) + [1111110)))]. (5.5)

Operations of Alicel and Alice2: Bell-states measurements on qubits (1, Aj)and (2, Ag) .

after measurement:

‘é5> _ 14, <Bx1y1|2A2 <Ba:2y2| |GS>1A12A20304B5 : (x17x2’y17y2 —0; 1)
C3CyBs \/<GS| ‘Bx1y1> |B:p2y2> <Brly1| <Bx2y2’ |GS)

The remaining qubits C3C4Bs5 will collapse into one of the following states:

(1)_

1

141 (Boolaa, (Bool (GS) 141045050485 = I ((0000[ + (0011[ + (1100] + (1111|) |GS)1 4,294,050, Bs

= (a1as|000) + a1, |011) + Byas [101) + 518, [110))  (5.6)

(2)_

141 (Booloa, (Boil |GS)14,24,05058;, = ;1A12A2 ((0001] + (0010[ + (1101] + (1110]) [G'S)} 4,24,0,624)
= (a1 [011) + 1 85 |000) + B2 |110) 4 5,55 |101))

(3)_

14, (Boolaa, (B1ol [GS)14,24,050,8; = ! ({0000] — (0011[ + (1100| — (1111]) |GS)1 4,904,050, B5

214:24,
= (a102]000) — a1, [011) + B1a2 [101) — 154 |110)) (5.8)
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(4)_

1A <BOOI2A2 <B11| ‘GS>1A12A203C4B5

(5)_

14, <BUI|2A2 (Bool |GS>1A12A2()3C4B5

(6)_

141 (Botlaa, (Boil 1GS) 1 4,24,050485

(7)_

141 (Botlaa, (B1ol |GS)14,24,050485

(8)_

1A <B01|2A2 <B11| |GS>1A12A203C4B5

(9)_

1A <BlOI2A2 <B00’ ‘GS>1A12A203C4B5

(10)_

1A, <BlO|2A2 (Bon |GS>1A12A203C4B5

(1) _

141 (B1olaa, (B1ol |GS)14,24,050,85

1
214124,

1
1 (1a2 [011) — @185 [000) + Bz [110) — 8185 |101>)0304B5

({0001] — {0010[ + (1101] — (1110]) [GS) 1 4,24, 05631

1
5149, (01000 + (O111] + (1000] + (1011 |GS) 14, 215¢005

(@102 [101) + @185 [110) + B1a2 [000) + BB, [011)) ¢, ¢, £3.10)

1
214,24,
(011042 |110> + 04152 |101> + ﬁlag |011> + 61B2 |000>)0304£>’§'11)

((0101] + (0110[ + (1001] + (1010]) [G'S) A,2.4,05CB5

214124, ((0100] — (0111] + (1000[ — (1011]) [G'S) a,24,05CuB5

i (a2 |101) — a5 [110) + B2 [000) — 5, B |011)) ¢, £5,42)

1
214124,
(a1az [110) — a1 85 [101) + fyaz [011) — 515, 000)) o f,13)

((0101] — (0110[ + (1001| — (1010]) |GS)1 4,24¢504B5

1
214124,
(12 [000) + a1 85 |011) — Bag [101) — B0, |110>)Cac4[§55.14)

((0000| 4+ (0011] — (1100| — (1111)) \GS)1A12A20304B5

1
214124,

1 (10 |011) + 015, 000) — 1005 [110) — 5,5 [101)), §55)

({0001] + (0010] — (1101] — (1110]) |G'S)1 4,24, 5

214,24, ((0000] — (0011] — (1100] + (1111|) |GS)1 4,294,050, Bs

(@102 [000) — 18 [011) = 102 [101) + £, 65 110)) 1,0, 63.16)
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(12)_

145 (Bioloa, (B11||GS)14,24,050,B5

(13)_

141 (B1ilaa, (Bool |GS)14,24,050,85

(14) _

141 (Biiloa, (Boil |GS) 14,204,050,

(15) _

141 (Bitlaa, (B1ol |GS) 1 4,24,050485

(16) _

1A <B11|2A2 (Bi1 |GS>1A12A20304B5

First case:

511412142 (<0001| - <0010| - <1101’ + <1110‘) |GS>1A12A203C4B5

(@102 |011) — @185 ]000) — Byaz [110) + 18y [101)) 0, f3-17)

1
214124,

i (s [101) + 0B, [110) — Byaxz [000) — By B |011)) ¢, £5,48)

((0100] + (0111] — (1000] — (1011} [G'S) 1 4,24,05CuB5

1
214124,
(@102 |110) + @18, [101) — Byas [011) — B, B4 [000)) oy of 3,19)

((0101| — (0110] + (1001| — (1010|) |GS)1A12A030435

2 1A, ((0100] — (0111] — (1000] + (1011} [G'S) A,24,05CuBs

(@102 [101) — a1 85 [110) — Bya2 [000) + 5435 [011)) ¢, ¢, £3.20)

1
214,24,
(a2 [110) — a1, [101) — Byag |011) + 8185 [000)) o, £5:21)

((0101] — (0110[ — (1001| 4 1010) |G:S)1 4, 9450, Bs

When Charlie decides to transmit the qubit of Alicel, he performs Hadamard gate on his qubit Cs,

\éS>CBC4BS — (HeIx]) (Gs>

C3CyBs

then he measures his two qubits in the Z-basis.

after Charlie’s operations, Bob’s qubit Bswill be in the following states:

H(C3) on (1) —

1
|Q1>H1 = 5[0110@ |000> + ai1an |100> + Oq,32 |011> + Oz152 |111>
+B1a2[001) — Biaz [101) + B1 85 [010) — 185 [110)]cy¢4Bs- (5.22)

(1) _ when the result of measurement is |C3) = |0), |Cy) = |0) :
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0 >00 s (0l (0]€21) g, %0&1 (a1|0) + 81 (1)) g,
1/H = = T
1 V(e 0le, (01190 1), (Ole, (01121 5, va ol

= (a|0) + 51 (1), = [®1)

= U’=1

(2)_1Cs) =10}, |Ca) = 1)
¢s (Ol (11191,

V@, 0)¢, We, o, Ole, (11204,

= (o |1) +5110))p,

— UM=X

)y, =

(8)=1Cs) = 1), [Ca) = 10) :
ol - os (e, (O11) g,
1 Vs, e, 0)c, ¢, (e, 011207,
= (@ 0) - B [D)g,

— U{’=Z

(4)=1C3) = 1), |Cy) = [1) :

Cs <1’C4 <1’ ’Ql>H1

)y, =
Vs, e, Me, ¢, (e, (1120,
= (1) = 5:110)p,
— Ul'=iY
H(C3) on (2) —
|Q2> = \}5[0110[2 |011> + a0 ‘111> + Oé1,62 |000> + 05152 |100>

+5102 [010) — Bya2|110) + 3135 |001) — 5155 [101)]cycyBs-

The final states and Bob’s corrections:

|Cs) | |Cy) | the state of Bob’s qubit Bs | The correction operation

0 0 a1 |0) + B4 |1) I
0 1 ai|l) + 5, 0) X
1 0 a1 (0) — By [1) Z
1 1 ai 1) — B4 ]0) IY

(5.23)
(5.24)

(5.25)

(5.26)
(5.27)

(5.28)
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H(C3) on (3) —
|Qg> E[Ozlag |000> + ajan ‘100> — OzlﬂQ |011> — 04152 |111>
+B122]001) — B1an [101) — B85 [010) + 8185 [110)] 50, Bs- (5.29)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a1 0) + 51 ]1) I
0 1 —aq |1) — 1 10) X
1 0 a110) — B4 10) Z
1 1 —a1|1) + (1 0) 1Y
|Q4> = ﬁ[alag |011> + ajan ‘111> — 011,62 |000> — 051['32 |100>
+61021010) — B1az2 [110) — 5185 [001) + 185 [101)]c504B; - (5.30)
The result of Charlie’s measurement
Table
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 —aq [0) — B4 (1) I
0 1 ag |1) + 5, 10) X
1 0 —aq [0) + B4 1) Z
1 1 o |1) — 51 10) 1Y
|Q5> E[Oqo@ |001> — 12 ‘101) + Oz1ﬁ2 |010> — 04152 |110>
+B1a2 |000) + 81z [100) + B1 85 [011) + 5185 [111)]cscyBs - (5.31)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 ay 1) + (1 10) X
0 1 a1]0) + 5 ]1) I
1 0 —aq |1) + (1 ]0) iY
1 1 —a10) + 61 |1) Z
H(C3) on (6) —
|QG> = ﬁ[alag |010> — 1o ‘110) + CL’1,B2 |001> — 04152 ‘101)
+81021011) + Byaz [111) + 8185 [000) + 8185 [100)]cs0,Bs- (5.32)
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The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a1 |l) + 5,10) X
0 1 a1 0) + 51 ]1) I
1 0 —a1 [1) + 5, 0) iy
1 1 —a1 [0) + 51 |1) Z
H(Cs) on (7) —
|Q7> \/5[041042 |001> — 12 ‘101> — OqﬁQ |010> + 04152 |110>
+81221000) + B1a2 [100) — B85 [011) — 8185 [111)] o504 Bs- (5.33)
The result of Charlie’s measurement
|C3) | |Cy4) | the state of Bob’s qubit Bs | The correction operation
0 0 aq |1> + ,81 |0> X
0 1 —a1]0) — B [1) I
1 0 —a1|1) + (1 0) iY
1 1 a1]0) — By |1) Z
H(C3) on (8) —
’Qg) = \/i[alocg ’010> — 12 ‘110) — a1ﬂ2 ’001> + 04152 ‘101)
+81021011) + 81z [111) — 185 [000) — 8185 [100)] 50, Bs- (5.34)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 —a1 |1) — 1 10) X
0 1 a1 [0) + B [1) I
1 0 aq |1) — 3, 10) iY
1 1 —aq |0) + (1 |1) Z
H(C3) on (9) —
|Qg> = \/i[oqag |000> + a1an ‘100) + CL’1,B2 |011> + 04152 ‘111)
—B,02 1001) + B102 [101) — B, 5 010) + B, 55 |110)] o 5, (5.35)
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The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a1]0) — 6, 11) Z
0 1 aq |1) — 3,10) iy
1 0 a110) + 5 11) I
1 1 a1 [1) + B4 10) X
H(C3) on (10)—
|Qlo> ﬁ[alag ’011> + ajan ‘111) + Otlﬁz ’000> + alﬂz |100>
—B1a2(010) + B1az [110) — 51585 |001) + 5153 [101)]c504Bs- (5.36)
The result of Charlie’s measurement:
|C3) | |C4) | the state of Bob’s qubit Bs | The correction operation
0 | 0 a1 ]0) — By [1) Z
0 1 ap 1) — 3110) iY
1 0 a1]0) + 5 11) I
1 1 ar|1) — 5 10) X
H(C3) on (11) —
1
|Qll> ﬁ[alag ’000> — 10, |011> + Biae ‘101) — 8154 ’110>
+ajag [100) — a1y |111) — B1a2|001) + 3,55 |010)] ey Bs - (5.37)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 | 0 a1 ]0) — By [1) Z
0 1 —a1 |1) + 51 |0) Y
1 0 a1]0) + 5, ]1) I
1 1 —a [1) = 51 0) X
H(C3) on (12) —
1
[g) = \/5[010@ 011) — o185 [000) — B2 [010) + 335 [001)
+onaz [111) — 183 [100) + Bz [110) — 8185 [101)]csc, 85 - (5.38)

The result of Charlie’s measurement
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|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 | 0 —ay]0) + By [1) Z
0 1 ag |1) — 31 10) iY
1 0 —a1[0) — By (1) I
1 1 ai |1) + 51 10) X
H(Cs3) on (13) —
013) = \2[011042 1001) + a1 By |010) — Byrs [000) — B,y |011)
—a1]101) — a1 85 [110) — B2 [100) — 5159 |111)]cucyBs - (5.39)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 ap |1) — B110) iy
0 1 a1 [0) — 61 (1) Z
1 0 —oq |1) — 51 0) X
1|1 —a1[0) — By [1) I
H(C3) on (14) —
1214) \%[am 010) + 185 [001) — By [011) — B, B [000)
—a19|110) — a1 85 [101) — B |111) — 5155 ]100)]cucyBs - (5.40)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0| o ar |1) — B, |0) iy
0 1 a1 |0) — B [1) Z
1 0 o |1) + 51 10)
1 1 a |0) + By 1) I
H(C3) on (15) —
5) %[am 1001) — 13, [010) — B, [000) + B, 3, 011)
—a19|101) + a1 85 [110) — B [100) + 5159 |111)]cucy Bs - (5.41)

The result of Charlie’s measurement
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|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a1 |l) — 5,10) iY
0 1 —aq [0) + B4 1) Z
1 0 —oq |1) — 51 0)
1 1 a1 [0) + B 1) I
H(Cs) on (16) —
1) = \2[041042 1110) — a1 By |101) — Byaus [011) + B, 34 000)
—a1as |110) — a1 By |101) — Byan [011) + B, By [000)]cucy s (5.42)

Measurement in the z basis and the coresponding corrections :

|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a1 |1) — 5110) iY¥
0 | 1 —ay]0) + B [1) z
1 0 —aq 1) — 31 |0) X
1 1 a1 [0) + 61 (1) I

we can concludethe relation between the measurements of Charlie and Alicel and bob’s corrections:

Charlie’s results 14, (Boo| 14, (Bo1| 14, (Bio| 14, (Bi1]
00 1 X Z 1Y
01 X I 1Y Z
10 A 1Y I X
11 1Y Z X I

Second case:

when Charlie decides to transmit the qubit of Alice2, he performs Hadamard gate

on his qubit Cy,then he mesures his two qubits in the Z-basis, we obtain the final states and the

corresponding corrections of Bob:

H(Cyq) on (1) —

) = \2[041042 |000) + a2 [010) 4 3 B4 |001) — a1 54 [011)
5,02 101) + Braz [111) + 5,85 [100) — 8,8 [110)]cy0,5
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0| o az |0) + B, [1) I
0 1 a2 |0) — B2 [1) Z
1o az 1) + B |0) X
1|1 as |1) — By |0) iy

(5.43)
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H(Cy) on (2) —

1
Q) = ﬁ[alag |001) — ayava |011) + a1 B4 |000) 4 cv1 B4 |010)
+8102[100) — B1a2 [110) + 8,85 [101) + 5185 [111)] 504 Bs- (5.44)
|Cs) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 az |1) + B85 0) X
0 1 —a 1) 4+ 31 |0) iY
1 0 az |0) + By 1) I
1 1 —a20) + B, [1) Z
H(Cy) on (3) —
1
|Q3) = ﬁ[alaz |000) + ayare |010) — a1 85 |001) + g B4 |011)
+B102[101) + Braz [111) — 5185 [100) + 8185 [110)]cycy Bs- (5.45)
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a2 |0) — By |1) Z
0 1 az [0) + B4 1) I
1 0 ag|1) — 55]0) iY
1 1 az [1) + B, [0) X
H(C4) on (4) —
1
|Q4> = ﬁ[alag ’001> — X1 ‘011) - CklﬂQ ’000> — 04152 ‘010)
+B102 |100) — Brap [110) — 5185 [101) — 5185 [111)]cycyBs- (5.46)
|C3) the state of Bob’s qubit Bs | The correction operation
0 az |1) — B, 0) 4
0 —az[1) — 550) X
1 az[0) — By |1) Z
1 —a2(0) — By 1) I
H(C4) on (5) —
1
|Q5> = 7[0&10[2 |101> + a1 ‘111> + o189 |100> — a1, |110>

V2

+,31062 ’000> -+ ,31042 ‘010> + 5152 ’001> - ﬂlﬂ? ’011>]C’304B5'

(5.47)
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|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 az|0) + B2 [1) I
0 1 az [0) — B1|1) Z
1 0 az 1) + B, 10) X
L o [1) — B [0) iy

H(Cy4) on (6) —

Q%) = 7

+81021001) — B1az [011) 4 8135 ]000) + 3185 |010)]c5c,Bs -

1
— a2 [100) — a2 |110) 4+ a1 85 |101) + a1 59 |111)

(5.48)

|C3) | |C4) | the state of Bob’s qubit Bs | The correction operation
0 0 az |1) + B85 10) X
0 1 —az |1) + B, 10) iy
L |0 az[0) + B, [1)
1|1 —ag |0) + S, [1) Z

H(Cy) on (7) —

Q) = \}i[alo@ 1101) + agas [111) — 4355 [100) + a1 B, |110)
+812 |000) + 8102 [010) — 5,55 [001) + 5185 [011)]cs04B5 - (5.49)
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 a2 [0) — By 1) Z
0 | 1 02 0) + B, |1) 1
1 0 ag [1) — B4 0) iy
1 1 az 1) + B, 10) X

H(Cy) on (8) —

1Qs) = 7

+B1a2|001) — B1a2[011) — 5,85 [000) — 5152 [010)]cs0,B;-

The result of Charlie’s measurement

1
—[anaz [100) — s |110) — a1 By |101) — a1 55 (111)

(5.50)

|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 az [1) — B2 10) Y
0 | 1 —az[1) — 55 0) X
1 0 az0) — By |1) I
1 1 —a20) — By [1) X
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H(Cy) on (9) —

90) = —5[01021000) + 4102 [010) + 15, [001) — 1 011)
—B102[101) — B1az [111) — 51585 [100) + 5183 [110)]c504Bs- (5.51)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0| 0 az(0) + B, [1) I
0 1 a2 [0) — By 1) Z
1 0 —az[1) = 5 0) X
1 1 —az|1) + (5 0) Y
H(Cy) on (10)—
Q) = \}i[alag 001) — @10 [011) + 0155 |000) + a1 B [010)
—B1a2[100) + B1az [110) — 5155 [101) — 5153 [111)]c504Bs- (5.52)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 az |1) + B2 10) X
0 1 —ag |1) + B ]0) iy
1 0 —a20) — By [1)
1 1 a2 |0) — By 1) Z
H(C4) on (11) —
) = lon0a000) — a1 [001) ~ Bra2[101) = 5,4 |110)
+ajag |010) + a1 85 |011) — B |111) + 8155 [100)] cucy Bs - (5.53)

The result of Charlie’s measurement

|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0] 0 s |0) — B, [1) z
0 1 az |0) + By 1) I
1 0 —o [1) 4+ 35 |0) 1Y
1 1 —az|1) — B, 10) X
H(C4) on (12) —
912) = —5[a102[001) = 015, [000) — Breia [100) + 3,5 |101)
— a0 [011) — g By [010) + By a2 [110) + 5185 [111)] ey s - (5.54)
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|C3) | |C4) | the state of Bob’s qubit Bs | The correction operation
0 | 0 az [1) — 55 0) iy
0 | 1 —az|1) — B, |0) X
1 0 —a2|0) + B, [1) Z
1 1 az[0) + B2 [1)
H(C4) on (13) —
Q) = —la102[101) + 015, [100) — B2 000) — 3,5 [001)
Faras [111) — a1 By |110) — Byas |010) + 185 [011)]cucy s (5.55)
The result of Charlie’s measurement
|C3) | |C4) | the state of Bob’s qubit Bs | The correction operation
0 | 0 —02(0) — By [1) I
0 | 1 —ay[0) + B2 ]1) Z
1 0 az |1) + B2 [0) X
1 1 ag |1) — B510) iy
H(C4) on (14) —
) = lonaa[100) + a1 [101) = B2 [001) = 5,5 000)
—aras [110) + a1 By [111) + Byaz |011) — 8185 [010)]cucybs (5.56)
The result of Charlie’s measurement
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 az |1) + B2 [0) X
0 | 1 az|1) — By |0) iy
1 0 az |0) + B, [1) !
1 1 az[0) — By [1) Z
H(C4) on (15) —
) = lonaa[101) a1 [100) = B2 [000) + 515 001)
Faras [111) + a185 |110) — Byas [010) — By By |011)] ¢,y 5, (5.57)
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation
0 0 —ag |0) + B4 |1) Z
== | 0 1 —ag|0) — B4 |1) I
1 0 az 1) + B2 0) X
1|1 az 1) — B, |0) iy
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H(Cy) on (16) —

) = lor0a[100) a1 [101) + B2 [011) + 515 000)
—on0[110) — a1 85 [111) — B102[001) + 3,85 [010)] ¢4 B5 - (5.58)
—
|C3) | |Cy) | the state of Bob’s qubit Bs | The correction operation

0 | 0 —az|1) + 5, (0) 1Y

0 1 az |1) + 51 [0) X

1 0 az |0) — By 1) Z

1 1 —a2|0) — By [1)

the relation between the results of Alice2 &nd Charlies measurement and the correction opeartions:

Charlie’s results 24, (Boo| 24, (Bo1] 24, (Bio| 24, (Bi11]
00 I X A Y
01 VA Y 1 X
10 X I Yy A
11 1Y A X 1

Using the density matrix formalism, in the case of pure state, we will get similar results to which
we obtain using the ket’s formalism and will get the unit fidelity F=1, so we are interested in the case

of noisy quantum channel.

5.2 The Protocol with noisy quantum channel

The channel transformed as:

A
b= |(1- A 2
pe=|( )Pc+32 32

where (0 < A < 1) ,and p,, is the density operator of the channel |C):

p, = |C)(C| = >[l00000) +[01011) + 10101} + [11110)] ® [{(00000| + (01011| + (10101] + (11110]]

I

1
;1100000) (00000] + |00000) (01011] + |00000) (10101| + |00000) (11110] + |01011) (00000)

)
+101011) (01011] + |01011) (10101 4 |01011) (11110] + |10101) (00000| 4 |10101) (01011]

)

)

(
(
+10101) (10101] 4 |10101) (11110| 4 |11110) (00000| 4 |11110) (01011| + [11110) (10101
+[11110) ¢

11110]] (5.59)
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the density operators of the teleported states are:

pr = [21) (1] = (a10) + 1 [1)) @ (o7 (O] + 57 (1))

= [laaf10) (0] + a1 8510) (1] + Byt [1) (0] + |8, 1) (1] (5.60)
pr = |®2) (P2 = (a20) + 5 [1)) @ (3 (O] + 53 (1])

= [l2P 0) (0] + 2283 10) (1] + Bya3 [1) (0] + Bl 1) (1] (5.61)

Pz = p1®py=laaf*aa]?]00) (00| + |ou|* e85 [00) (01] + |ar [* By |01) (00|
+laa[*|B5]?01) (01] + 1 B} |2 |* [00) (10] + 1 B3 285 |00) (11] + 01 B} Bye3 [01) (10]
+01 37 |85 [01) (

+ 18117 283 [10) (11] + 1058505 |11) (00| + By} | B [11) (01] + |8, |* By3 [11) (10)
+ 18111827 111) (1] (5.62)

11| + Byaf az|* [10) (00] + B1aiaz /3 [10) (01] + |B,] |az|* [10) (10]

The density operator of the general state is

p = PPy p,
= [leu?*[aal* 00) (00| + [a|* 283 [00) (01] + [exr|? Byrs [01) (00| + | B2 [01) (01

+au 87 |azf? |00) (10] 4 a1 233 00) (11] + a1 55 B0 [01) (10] + a1 7 |Bo|* [01) (11]
+B107 || [10) (00] + Byaf s [10) (01] + [ [* || [10) (10] + || B3 [10) (11
+8101 8205 [11) (00] + By [Bo|* [11) (01] + |8 |* Baas [11) (10] + |8 [*Bo[* [11) (11]]

®[i (1 — ) (]00000) (00000| + |00000) (01011| + |00000) (10101|

+/00000) (11110| + |01011) (00000| + |01011) (01011| + [01011) (10101| + [01011) (11110]

+[10101) (00000| + [10101) (01011| 4 [10101) (10101| 4+ |10101) (11110 + |11110) (00000

A
+11110) (01011 + [11110) (10101 + [11110) (11110]) + o= I50] (5.63)

Bell states measurement:

Alicel and Alice2 measured their qubits in the Bell basis { B,y } :
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"
= tr?@ fé‘]@ ) (5.64)
where
M =[Bay),, |Big),, ,, (Buyl,, (Bigl®@L@Lel
1)_
M =M = [Boo), ,, 1Bo0),,_, 4, (Bool,,, (Bool @ o © Iy @ I
M"pMy = |Bu),, |Boo),, ,, (Bol,, (Boolp|Boo),, |Bo),, ., (Bool,, (Bool
= i[(l - A)i(\alﬁ [[*000) (000] + [ena[* 233 [000) (011] + [as|* Byr3 [011) (000)

+ |aa|* By* [011) (011] 4+ @187 2| [000) (101 + a1 B2 /33 [000) (110] + a1 85 B |011) (101
+au B} |Byl? [011) (110] + Byaf [az]? [101) (000 + By 35 [101) (011] + | B1|* |ao|? |101) (101]
+181]% @283 |101) (110] + ByaiByaj [110) (000] + Byaf |By]* [110) (011] + |8y |* Byas [110) (101]

)
181 18/ [110) (110]) + 23 1y (5.65)

A
tr (M pM1) = 7131 = N (lon[? aof? + fon [ 18517 + 18  faaf? + 184 |8%) + Str(Ts)] = =2 (5.66)

32 16
=
p = (1=N[a]?|az*|000) (000] + |a1]?* @283 [000) (011 + a1 B} |az|? |000) (101]
+a1 B85 000) (110] + |ar|? Byad [011) (000] + [aa|* |Bo]*|011) (011] + a1 3} By [011) (101
+a1B7 [Byf* [011) (110] + Byaf Jas|* [101) (000] + By afas s [101) (011] + |8y | |az|*[101) (101
+B1) 233 [101) (110] + By} By [110) (000] + Byaf [Bo]* [110) (011] + |By]* Byes [110) (101
A
+1811% B[ [110) (110]] + 3l (5.67)
(2)_

M=M= |Boo>1A1 |BOI>2A21A1 <BOO|2A2 (Bol| @ Ir ® Iz @ Iy
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o R T T, B, s o,
= (1= N)[laa]* |az]?[011) (011] + |ar|? oz B3 [011) (000] + a1 35 |v2|* 011) (110]
+a1BianBs011) (101] + |aa]? |B5]? [000) (000] + |a1]? Byar [000) (011] + vy 53 Boads [000) (110]
+a187 B2/*000) (101] + By} |az|* [110) (011] + By 085 |110) (000] + |8, | |er2|* [110) (110]

+1811% @285 |110) (101] + ByaiByaj [101) (O11] + Byaf|By]* [101) (000] + |8y |* Byais [101) (110]
A
+ 1811718 [101) (101 + T Ts. (5.68)
(3)_
M=M"= ’BOO>1A1 ‘Blo>2A21A1 <BOO’2A2 <B10| DLOLOIL
14, (Bool,,, (Buolp|Boo), . |B1o),,
P =
: tr(,4, (Bool,,, (Biolp[Boo),, 1Bo),, )
= (1= N)[|ea|?|aa]*|000) (000] — |ex|* o33 [000) (011] 4 a1 3% ea|? [000) (101
—a1 BB |000) (110] — || Boas [011) (000] + |1 |? |By]? [011) (011] — a1 % By |011) (101
+a1 B [Byl* 011) (110] + Byaf Jas|* [101) (000] — By afan B3 [101) (011] + By | |az|* [101) (101
— 81| @283 [101) (110] — By} Byl [110) (000] + Byaf |By]* [110) (011] — |By|* Byars [110) (101
A
+ 1811718 [110) (110]] + S Ts. (5.69)
(4)_
M=M= |Boo>1A1 |Bll>2A21A1 <BOO|2A2 (B|®@ LI ® I
14, (Bool,,, (BulplBo), ., |Bu),,
p'm =
! tr(,4, (Bool,,, (Biilp|Boo),, [Bi),, )
= (1= N]|aa]?|az]*[011) (011] — |a1|* azB% [011) (000] + o 5% |arz]? [011) (110]
—a1Bjaz B3 |011) (101] + |au [* | B2]* [000) (000] — |1 |* Byes [000) (011 — a1 35 By [000) (10|
+a187 [Bf* 1000) (101] + Byaf Jas|* [110) (011] — Byajas B} [110) (000] + |8y | |az|?[110) (110]
— 811 23 [110) (101] — By aj Baas [101) (011] + By |By|* [101) (000| — |8, |* By [101) (110]
A
+1811% 18 [101) (101 + T s. (5.70)
(5)_

M =M* =|Bo),, |Bw),, ,, (Bol,, (Bol®L®L®I

24914
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14, (Botl,, (Bool p|Bo1), . |Boo),,
tr(,4, (Boil,,, (Bool p|Bo1),, [Boo),, )
(1= N[Je|* |oz|* [101) (101] + |o1|* 235 [101) (110] + a1 B} |eva|* [101) (000)
+a1BiaB3101) (011] + o |? |B2)? [110) (110] 4 |ar|? By [110) (101] + a1 5 By [110) (000
+a187 Bo[* [110) (011] + By} |az|* [000) (101] + 1085 [000) (110] + |, | |er2|* [000) (000]
+ 81 285 1000) (011] + By Baas [011) (101] + By [Bo]* [011) (110] + |B4]? Baas [011) (000
(

A
+ 16117185/ 1012) (011[] + 5.

M = MT" = |Bo),, |Bor) Bol,,, (Bo|® I © I ® I

2A91A7 <
14, (Bol,, (Boilp|Bow), . |Bot),,

tr(,4, (Boil,,, (Boilp|Bo1),, [Boi),, )

(1= N[|ar]?|az]?[110) (110] + |1 |* azB5 110) (101] + o1 87 |a|* [110) (011

+a1 Bz B3 |110) (000] + |aa|? Byad [101) (110] + [aq|* |Bo]* |101) (101] + a1 3} By [101) (000]

+a1 3} |Bl? [101) (000] + Byaf [az|?|011) (110] + B33 [011) (101] + | B1|* |aa| |011) (O11]

+1B1]% @285 |011) (000] + By} Bya [000) (110] + Byaf|By|* [000) (101] + |8y |* Byas [000) (O11]
(

A
181/ 1B51* [000) (000]) + £ Js.

M = M+ = ’BOI>1A1 ‘Blo>2A21A1 <BOI’2A2 <B10| ® IQ ® 12 ® IQ

14, (Botl,, (Bl p|Bo),, |Bo),,,
tr(,a, (Boil,,, (Buolp[Bo1),, [Buo),, )
(1 = N)[|oa)? oo |101) (101] — |ovy |* 285 [101) (110] + a1 8% |az|? [101) (000

—a1 a3 101) (011] + || [Bo]* [110) (110] — |ax|* Byay [110) (101] — a1 35850 |110) (000)

+a1 7 |Bo]? [110) (011] + By |aa|*|000) (101] — Byaiiaz B3 [000) (110] + |B4]* |az|*|000) (000]

—1B1]* @283 1000) (011] — By o} Byl [011) (101] + Byaf |By]* [011) (110] — |B1]? Byars [011) (000
(

+1811%B)* 011)

A
011 —Ig.
]+ g8

M = M+ = |BOI>1A1 |Bll>2A21A1 <BOl|2A2 <B11| ® I2 ® 12 ® IQ
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by - trl(Al <i§12A2 (Bulp|Bon),, |Bu),,,
14, (Bail,, (Bulp|Boi),, [Bu),, )
= (1= N]|aa)?|az*[110) (110] — |a1|* agBs [110) (101] + o B |az]? [110) (011
—a1BFagBs [110) (000] + |az|? |Bo]? [101) (101] — |az|? Beas |101) (110] — a1 8% By |101) (011
+a1 37 |B5]* [101) (000] + 507 [az[* [011) (110] — Byafanfs [011) (101] + [B; * [az|* [011) (011]

—|B1]* aaB3 |011) (000] — By} By [000) (110 + Byaf [B,f* [000) (101] — |B4]* By [000) (011
A
+ 18117182 [000) (000]] + S Ts. (5.71)
9)_
M = ]\4Jr = |Blo>1A1 |BOO>2A21A1 <B]‘0’2A2 <B00| ® .[2 ® .[2 ® ]2
, - (Biol, ., (Bool p|Bio), . |Boo),,
" tr(,4, (Buol,,, (Bool p[Buo),, [Boo),, )
(1 — N [|a1]? |ea]*|000) (000] 4 |ovy |* ca335 [000) (011] — ay 8% |az|? [000) (101
—a1BFagB5(000) (110] + |az|? Beas [011) (000] + |a1|? 8] [011) (011] — an 8% By |011) (101
—a18} |8,/ 1011) (110] — B |az|?[101) (000] — Byaiae/3s [101) (011] + |By|? [ez|? [101) (101]
+181]% @285 |101) (110] — ByaiByaj [110) (000] — Bya|By|* [110) (011] + |8y |* Byas [110) (101]
A
+ 1811718 [110) (110 + S 1s.
(10)
M =MT" = |B),, |Bor),, ,, (Buol,, (Bul®lLolLelh
14, (Buol,,, (Boil p|Buo), ., |Bo),,
p’HL =
10 tr(,4, (Buol,,, (Boilp[Bo),, [Bo),, )
= (1= N)[|oa|?|az]*011) (011] + |a1|* @85 [011) (000] — a1 B | |? |011) (110]
—a1Bi 285 [011) (101] + |a|* |B4]* [000) (000] + |1 |* Bce [000) (011] — ary 35 B3 [000) (110
—a187 | B3] 1000) (101] — By} |aa|* |110) (011] — Byaiae/35 |110) (000] + |By]* |ez|” [110) (110]
18,17 aB3 [110) (101] — By Baars [101) (011] — By} |Bo|? [101) (000] + |8, |* Bay [101) (110]
A
+ 18117 B2 [101) (101]) + 2 s, (5.72)
(11)_

M = M+ = |BIO>1A1 |BlO>2A21A1 <BlO|2A2 <B10| ® I2 ® 12 ® IQ
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— trl(Al <$0\2’A2 <go||ﬂ|15’1o>m1 B0, ,,
14, (Buol,, (Biol p[Buo), , |Bro),, )
(1 — N [|a1]? || ]000) (000] — | |* 235 [000) (011] — g 8% |aa|? [000) (101
+a1BanBs1000) (110] — |an]? Byars [011) (000] + |a|? |Bo] [011) (011] + v 53 Boads [011) (101
—01 8} |B2f” 011) (110] — By |ag|* [101) (000] + By 0fcz 85 [101) (011] + |B; |* [ez|* [101) (101]
— 1811 a5 [101) (110] + 105 By03 [110) (000] — By |Bo]* [110) (011] — [, [* Byes [110) (101]
(

A
+ 1811 18 [110) (110]) + S Ts.

(12)_

M=M"= ’Bl()>1A1 ‘BH> 310’2A2 <B11| ® I ® I, ® Iy

2A91A7 <

b i (Bol,,, (Bulp|Bo), , [Bu),,
tr(,, (Boil,,, (Bulp[Bo),, |Bu),, )
= (1= N[aa|?|aal?|011) (011] — |1 |* a3 [011) (000] — a1 B} |z |* [011) (10|
+on BB 011) (101] + | [B2]* [000) (000] — [er|? By [000) (011 4 a1 B} By03 [000) (110]
—a1 87 |B2]* 000) (101] — By |a|* [110) (011] + B;afaz 35 [110) (000] + |B; |* [aa|* [110) (10|
— 1811 a5 [110) (101] + 105 By [101) (011] — By |B5[* [101) (000] — [B,[* Byess [101) (110]

) (
182 18,12 101) (101]) + 275 (5.73)

(13) _
M=M"= !B11>1A1 ‘BOO>2A21A1 <Bl1!2A2 (Boo| ® Io @ I3 ® I

VRN (Buil,,, (Bool p|B11), . |Boo)aa,
tr(,, (Bul,,, (Boolp|Bu1),, [Boo),, )
= (1= N)[|ea|?|aa|*|101) (101] + | |* o83 [101) (110] — a1 3% |ex2]? [101) (000
—a1Sazf3[101) (011] + |a1[*|B5[* [110) (110] + |ax1|* a3 [110) (101] — @157 820 [110) (000)
—a1 B} [Bof* [110) (011] — By} |az|* [000) (101] — By afaz83 [000) (110] + [B;[* |aa|* [000) (000]
+ 8117 @2851000) (011] — B107 B0 [011) (101] — B1a] |B,[* 011) (110] + [ [* Bpas [011) (000]
1B 18212 o11) (011 )] + 21

(14)_
M=M"= |B11>1A1 |BOl>zA21A1 <B11|2A2 (Bot| @ 2 ® [ ® I



5.2 The Protocol with noisy quantum channel 54

14, (Bl (Boalp[Bi1), . |Bo1)aa,
Pras = 4(,, (Bul,, (BolplBu),, [Bo,, )
= (1= Nleal*[az]? [110) (110] + |oa |* 285 [110) (101] — a1 B} || [110) (011
— a1 BiagBs [110) (000] + |a1[? |8o]? [101) (101] + |a1|? By |101) (110] — a1 3% B [101) (011
—a1} |B5|*[101) (000] — By aa|* [011) (110] — Byajfs [011) (101] + |8y [* |az[* [011) (011]
+1811% aaB3 011) (000] — B} By [000) (110] — By} [By]?[000) (101] + [B,]? By [000) (011]
#1812 15a12 1000) 000] + 3T

(15)_
M =MT" = |By),, |Buw),, ,, (Bul,, (Bul®LhelLelh
1y Buly, (Bolp|Bu),, |Bio)aa,
Prms =, (Bul,,, (BulplBu),, [Bu),, )
= (1= N[aa]?|az|?[101) (101] — ou |* a5 [101) (110] 4 a1 B} |a2|* [101) (000]
—a1 875 [101) (011] + |ar [* [B5]* [110) (110] — |as |* B3 [110) (101] — 1 57 8503 [110) (000)
+au 7 |Bo|* [110) (011] + By [aal* [000) (101] — Byaiasf3 [000) (110] + |B,]* |az[* [000) (000]
— B11% @285 000) (011] — By} Boais [011) (101] + Bya} |B,]? [011) (110] — [B;[* Boais [011) (000)
18218512 011) (O11]) + 2. (5.74)
(16)_

M = M+ = ’Bll>1A1 ‘Bll>2A21A1 <Bll’2A2 <B11| ® IQ ® 12 ® IQ

14, (Bul,, (Bulp|Bu),, |Bu),,
Prio = r(,, (Bul,,, (BulplBu),, [Bn),, )
= (1= N)[|ea|?|aal*|110) (110] — | |* o 85 [110) (101| — a1 37 |az]? [110) (011]
+a1 8285 [110) (000] + |as |* |By|* [101) (101] — |as |* Byass [101) (110] — 1 83 Boei [101) (011
+a1 87 |Bol* 1101) (000] + By e [011) (110] — Baf ez B3 [011) (101] + [By]? e * [011) (011
— |81[% 85 |011) (000] — By0f By [000) (110] + By} [B5]* [000) (101] — |B,]* By [000) (011]
+18:/2 18,12 000) (000]) + 21 (5.75)

The controllers’s operations:
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When the teleported state is Alicel’s state: An Hadamard operation applied on the first
qubit of the controller (C3) in the matrices p,,;

then we perform measurement in the Z basis on qubits (C3,C4).

P — P = H (C3) p,, \H' (C3) = (H® Ly ® I)p,,(H @ I, ® I) (5.76)
P
Py, = HI(C3)p, H'(Cs)
(1-X)

= 5 lloaf* 2] (|000) +[100))({000] + (100]) + |exs |* €235(]000) + [100)) ((011] + (111])
+a1 87 [az|? (/000) +[100))((001] — (101]) + a1 57az55(|000) + [100))((010] - (110])

(
(

o~ o~

+|a1|? By (J011) 4 [111))((000] + (100]) + |1 |* | 8] [011) + [111))((011] + (111])
a1 8} Bya [011) + [111))({001] — (101]) + a1 8} |B,|* [011) + [111))((010] — (110])

+6107 |az|* (|001) — [101))((000] + (100]) + By afazf5(|001) — [101))((011] + (111])
+1811* Jaz[* (/001) — [101))((001] — (101]) + |51 |* a263(/001) — [101))({010] — (110])
+/104 B203(1010) — [110))(000] + (100]) + Byaf [Bo|* (J010) — [110))((011] + (111])
+1811 B2053(1010) — [110))((001] — (101]) + [B;|* |55 (010) — 110))((010] — (110])
+3%Ig (5.77)

Measurement in the Z basis:

(Mab)+
ab\+ 3

sy (M)T)

(la) (a @ [b) (b| ® I)

M)y,
P= w(Mabyp

Mab

a=0,1/b=0,1

Depending on the four possibilities of measurement,the results that Bob will receive and his cor-
rection operations (U) are:

(1) _ the case where the result of measurement is [0), [0), or (a =0,b=0):
(M00)+
(1%0))

00
00 (M )pl(H1)
P = (%)

(5.78)

1(Hy

(M®)*F = (|0)(0] @ [0) (0] @ I)p
1A

= —5 laa|*(jaa]*|0) (O] + a1 7 [0) (1] + By [1) (0]

G121 1) + 51 (5.19)

vy, (10) (0] @ 10) (0] @ 1)
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11— A
00 00 _ 2
tr((MP)p, p, (MP)T) = —=las|* + 7 (5.80)
—
0o LA 2o 210) 0] + @183 10) (1] + Byat (1) (O] + B4 1) (1)) + 1]
Prmy T A g2 420 2 2 1 1P1 10 1 3
1 1=A, A]
= o ()] Ol + =1
12A|a2,2+2[ 5 o2 7 1@1) (1] + ¢
Foo= Ty [|0) (@] (05,6, (%) (5.81)
1 . . 1—)
= iy P10 O+ a3 10) 01+ 810 1) 0+ 4] 1) (A5 el *(en 0 0
2 4
" " A
Fou10) (1 + Byad 1) {01 + 18,17 1) (1) + 211}
1 1—X * %
- Trf 22 ag) 2o 0) (0] + o] 20 53 10) (1] + Jena| > [B1] 2 0) (O] + |81] 2 83 10) (1]

%\aﬂ?—%—% 2
A

+laa] 281t [1) (0] + |aa] 2 B82] * 1) (1] + 184" 1) (1)) + < (I 10} 0] + @1 87 10) (1]

+B1a1 [1) (0] + 8] 2 (1) (1))}

1 11—\ A
= X [ |a2!2(|a1|4+|a1|2|ﬁ1|2+|a1|2|ﬁ1|2+|51I4)+§(|a1\2+Iﬁl\z)

% || 2 4 2 2
1 1—XA, 5 A
15)\ ’a2‘2+A |: 92 ‘OQ’ + 8:| ( )
(2) _if(a=0,b=1) o .
POl _ (M )pl(H1)(M ) (5 83)
o = G (M), ,, (1)) |

(M = (o) (ol @ (1) (1] @ Dp,,, , (10) (0] @[1) (1] @ 1)

1(Hy) 1(Hy)

1—-A A
= —5 |5 2(Jaa| 1) (1] + 1 57 [1) (0] + B17 [0) (1] + |11 |0) (0]) + 3!

1—A A
tr(M%)p (M = 5 82| 2 + 1

1(Hy)
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1 1- A . . A
W = sl 1Bal (o] 1) (1 + an8i 1) 0] + Braf 0) (1 +111210) (0] + 21
5= B2 2+ 4
S Bl 1) (0] + 1]
218,24+ 4 2 2 8

Fidelity:

Fo= el @l (U) , (U0) 1= Trli@n) @ (X) 0, (X))

1(Hy)

1
= g Tron]210) (0] + a7 10) (1 + By 11) (0] + 18417 1) (11)(10) 1] + 1) (O]
B2l + 4
1—A A
(52 182120 2 1) (1] + 85 1) 0] + B0 10) 1]+ 18412 10) 01) + 31)(10) 11+ 11) 0D}
1 1—X A
= g el el B el 8 1841+ Sl 1)
- 1 1=X, 2, A
F - [ ]
(3)_(a=1b=0)
(MIO)Pl " (M10)+
i) = T (TTT) .

1(Hy)

(M), (MO = (1[{0]® Dp,, (1)]0) &)
1—A A
= 25 Jaal 2] [0) (0] — x5 10) 1] = Byad [1) (0] + 184 11) (1)) + 51,
1-AX A
B ((M)p, ,, (M) = == gl 2+
1 1—AX
Pl = Tl el el 10101 - 1810} 1] Braf ) 0

1 1—)\ A
Z as|2(|®1) (@1 + 21| (ZF

FIBI2 1 (1 + 1) =
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Jr
Fo= Trl|@) @] (Uf) 010, (Ui) 1= Trl@n) (@] - (2) 10, (2)7]

= HM;Q“TT{(I%I 210) (0] + a1 87 10) (1] + By [1) 0] + |81 * 1) (1[)(|0) (O] — [1) (1])
2 4

1—-AX A
(—5— laz] ?(laa] 2 [0) (0] — cr B3 10) (1] = By [1) (O] + [B4] % 1) (1]) + g 10103401 = [1) {1}
1 11— A
= %IQQ‘M%TT{ 5 (Ia2!2(la1|4+Ia1\2|51\2+Ia1\2|ﬁ1\2+I51I4)+§(Ia1!2+lﬁl\2)}
B 1 1—A 9 i
b lrflaz|2+i[ 2 +8]
(4) if(a=1,b=1)
(Mll)p ( 11)+
11 _ 1(Hy)
Pramy = tr((M1)p (M™)+) (5.85)

1(Hy)

(MM, (MY = (@@ Dp,, (1)@ 1)
1—X A
= 5 18] 2(leca| 2 |1) (1] — a1 85 [1) (0] — Byag |0) (1] + [B1]20) (0]) + gI
- A
(M), (M0 = 252 [5]2 4 5
P = ! [1_AWﬂ%mﬂﬂwﬂkﬂnﬂﬂﬂm—BMNWCH+WNQ®®D+AI
1(H1) 218,024+ 5 L 2 8

— Ull(lHl) =iy
Fidelity:

Fo= el (@] (Ul ) ol (Ulf) 1= Trll®n) (@] GY) L, (Y)7]
= ey Tri(ea]210) (0] + aa5 10) (1] + Byad [1) (0] + 18:] 2[1) (1)(10) 1] — [1) (O]
2 ‘B2| +4
(152 1812l 2 1) (11 + @55 1) (0] + 810 10) (1] + 1841 10) (0]) + S7)(10) (1] — 1) 0D)}
1 1—A

A
= Txas i (Jen] 2 1) (1] = e BT [1) O] = By [0) (1] + (8112 [0) (O) + S (e |® + 15811 %)}
2 ‘/62’ + 4 2 8

1 1—-A A
F = + [ ’52|2+}
218,02+ 3 1 2 8

Pm2:
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Poyy = HI(C3)p,,H"(Cs)

= “;”Wmﬂwﬁmnywnnmmu+unp+mﬁaﬁymu+nwmmm+amp
a1 B az]? (J011) + [111))((010] — (110]) + a1 BfaeB3(]011) + |111))((001] — (101])
+ | [* [B2]? (1000 + [100))((000] + (100]) + || Ba(J000) 4 [100))((011] + (111])
+a1 818205 (|000) + [100))((010] — (110]) + 157 [B2[” (|000) + [100))((001] — (101])
1810 |l (|010) — [110))((011] + (111]) + By afazB3(]010) — [110))((000] 4 (100])
+81* Jaz[* (]010) — [110))((010] — (110]) + |8 |* a2/35(|010) — [110))({001| — (101])
+B101B205(|001) — [101))((011] + (111]) + By [B2[* (|001) — [101))((000] + (100])
+B1% B2a3(|001) — [101))((010] — (110]) + |31 |* | B2[* (|001) — [101))((001] — (101])]
+g&. (5.86)

Measurement of the qubits C3 and C4 in the z-basis:

(1) (a=0,b=0)

S0 (Moo)p2(H1)(M00)+ (5.87)
i YT |
(M™)p, . (MO = ((0{0] @ Dp,,, (10)]0) ® 1)

= 28,02 210) 0] + B 10) 1]+ Bra 1) (0] + 18412 1) {1]) +(§88)

1—X A
tr(M™)p,,,  (MO)T) = == 82| * + 3 (5.89)
00 o ]. ]. - )\ 2 2 %
pg(Hl) o %‘52’2_’_%[ 9 ’ﬂQ‘ (|041‘ |0> <0|+OZ151 ’0> <1’
. A
+B10 1) (0] + 8,12 11) (1)) + gf] (5.90)
1 1—\ A
= - 8] 2 |®1) (®1] + ST (5.91)
g,z +3 1 2 7 8

= Uply =1 (5.92)
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Fidelity:
Foo= Ty [|00) (@1 (U8, (US)" (5.93)
1 1—A
= g Trilad 10 (0] + a5 [0) (1] + Byad 1) (0] + 8,12 1) (NI(—= |8s] 2(|e| [0) (0]
7 1Bal? + 7 2
A

a7 10 (1l + Brai [1) (0] + |81] 2 1) (1) + 511}

1

1—A
= T |2+ATT{ 5 1821 2(lea[*10) (O] + |eva] 2 57 10) (L] + [ar | * 811 [0) (O] + 81| 21 57 10) (1]
1Bl g

A
+laa] 2Byt [1) (0] + |aa] 2 B1] * 1) (1] + 14" 1) (1]) + < (laa| 10} 0] + e1 87 10) (1]
+y0 [1) (0] + 8412 [1) (1))}

1 1-—A A
e A[ 2 18l 2l + ol 18112 + laa | 218112 + B2 [*) + = (|2 + 184 )
2 ‘ﬁ2| +4
1 1—A A
= F=_— [ |ﬁ22+] (5.94)
B2+ g L 2 8

oo (MM, 1t
a7 (M, (MO
1 1—-A
= = (=5 lazl (] |1) (1] + en 85 1) (0
a2t g 2
. A
816 [0) (1] + 1811 10) {0)) + £1
1 1—-A A
= X ez | ? [ @1) (@1] + T 11X
ey e 8

—— Ug(lHl) == X

Fidelity:
Fo= Trl@n) @] (U)) o2, (UStm) 1= Trl@0) (@] (%) 42, (X))
1
= g Tl 210) (0] 4 an B 10) 1] + Byt [1) 0] + 1841 1) (1)(J0) (1] + [1) (0])
T|042| +Z
1—=A A
(== laal (o] 2[1) (1] + a1 85 1) (0] + Byt [0) (1] + 18412 10) 0D + SD(10) {11+ 1) (0])}
1 1—A A
= Trpr g leel el +laal? B + ol 81+ 18,1 + Slleul* + 1811}
B 1 1=X 5 A
b ?Iaglui[ 2 1 +8]
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(3) (a=1,0=0)
10 10\+
o O, 000
iy (3, (1))
1—A A l—=A .
= S 1Bl + g 1Bal Xl [0) (0] - a5 [0) (1
% A
—Bra7 1) (0] +[84] 2 1) (1)) + 31l (5.95)
1 [ 1—A 9 A
= = Z( Bl |®1) (@1] + 1) ZT
5612 + 9 2 8

Fidelity:

+
F o= oo @] (Usf,)) ol (Usly) = Trlien) @i - (2) o), (2)
1

= 1o Dr{(laal?10) (0] + a1 87 0) (U] + By [1) (0] + 18112 1) (1])(10) (0] = [1) (1))

%|52\2+1

<£%3Wﬂ%mﬂﬂwwwﬂnﬁMMu—6wmw«n+wn%wun+§n

—~

1 1-A 4 2 2 2 2 4, A
= 1= Tr{ (1B *(loa|* + |aa | [B1] 2 + ea] 2 |81 * + 181 ") + 5
1521812 + % 2 8
1 1—A A
Fo= g
%’@P‘F% 2 8
@) (a=1,b=1)
11 11+
i _ (M )Pz(Hl)(M )
2 tT((MH)PQ(Hl)(MH)Jr)
1 1-—A %
= )l || *(Jeu | ? 1) (1] — ca 85 |1) (O]

Pragl?+ 37 2
. A
—B1a|0) (1] + |B1]2[0) (0]) + gf]

1 1—-A A
= E— e 21\ (P 2NGY))T
ESYIREIP! (@) (=5 le2| 7 |@1) (@1] + S )(EY)
= Usly,) =Y

10) O] = 1) (1)}
(loa]® +18112)}
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+ . .
Fo= Trl|@0) (@] (Vs ) o1ty (Ualiy) 1= Trl@0) (@] - GY) 1l (7))

= oy ol 100 01+ o5 10) 01+ B 1) 0+ 15212 1) (1)(10) (1] = 1) o)
2 4
(5> las| (a2 1) 11+ @155 1) (0] + 10t 10} (1] + 1841210} 01) + 51)(10) 1] = 1) 0D}
2 8
= a7 (el I 0B 10 0] By 10 11+ 18412100 0D + Gl +1341%)

1 1-A A
F = [ ’0422-1-]

52 g2+ 4 [ 2 8
Pons
Poy, = HI(C3)p, H'(Cs)

= “gA%mnﬂwFﬂmm+|wmxwmw+MWDhnﬁwﬁamm>+um»«mu+<nu>
o187 |az|” (1000) + [100))((001] — (101]) — 1 5{a253(000) +[100))({010] — (110])
—laa]® Boa(J011) + [111))((000] + (100]) + Jon|* | B[ (J011) + [111)) ((011] + (111])
—a1514505(/011) + [111))((001] — (101]) + a1 57 5[ (011) + [111))((010] — (110])
+8107 |az|* (J001) — [101))((000] + (100]) — B a7 a25(/001) — [101))((011] + (111])
+1B1[* 2] (J001) — [101))(001] — {101]) — [5y]* a235(]001) — [101))(010] ~ (110])
~f103505(|010) — [110))({000] + (100]) + By} [B5[* (/010) — [110))((011] + (111])
181/ B203(010) — [110))({001] — (101]) + [B4]* | B,] (/010) — [110))((010] — {110])]

+25 (5.97)

(1)_When Charlie’s result of measurement is |0) 4, |0), :

Piry) - tr((MOO)p3(H1)(MOO)+) (5.98)
1 1-A ¥
= %m’hr%[ 5 |oz| *(Jea| *10) (0] + 137 |0) (1]
A
+B1a3 11) (0] + 84| 1) (1)) + 51 (5.99)

8
1 T—X, A
= an| 2 |®1) (B1] + 21
15/\|a2|2—|—%[( 5 a2 7 |@1) (®1] + 2)]

00
— U®=1 (5.100)
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+
Fo= Tr®0) @1 (U)o, (0360)) 1= Tr [1@0) (@1] - 0, |
1 1-A A
= i |aa| 2 + ] (5.101)
il wal
(2) _if the result is |0)c, [1)¢,
01 01N+
o (M°Y)p, ., (M)
3(H1) tT((M01)p3(H1)(Mo1)+)
1 1— A
= [ 1Ba] *(Jaa| 2 [1) (1] + e 81 [1) (0]
218,024+ 5 2
. A
+B10110) (1] + [811* [0) 01) + S 1] (5.102)
1 [ 1=\ A
- = (2 1512 o) (1] + 307
R °
= Ul =X (5.103)
—
+
F o= Tr [|c1>1><«1>1|-(U&lﬂﬂ)pss,{l) (US) ]=Tr 1) {@1] - (X0, (X)*
1 [1)\ . A
= — 1By +] (5.104)
B2+ g L 2 8
(3) _if the result is |1), [0)¢, :
10 10\+
S0 (M )Py (M) (5.105)
3(H1) tr((Mlo)pS(Hl)(Mm)ﬂ
1 (R
= ! a1]210) (0] — a1 87 [0) (1
%mﬂ“%[ 5 laz|*(laa] 710) (0] — @157 10) (1]
. A
—B1at [1) (O] + 81/ * [1) (1) + T 1] (5.106)
1 =X A
= ag|? @) (®1] 4+ 21 Z*} 5.107
ww“i[(? joa]2 [@1) (@] + 1) (5.107)
+
Fo= ool @] (U, ) o1l (Usliy) = Tr [ 100 @1 - (26, (2)F
1 [1 D PP
= |az| +} (5.109)
Bl 2 T
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(4) _if the result is 1), [1)¢,

Pm4:

’04(H1)

(M), (M)

11 _ 3(Hy)
Pyuy = tr((Mn)pS(Hl)(Mu)ﬂ (5.110)
1 1-A *
= Tl 18] (o] 211 (1] = a8 1) (0]
A
~810310) (1] +18,]210) (0]) + 5 1] (5.111)
_ 1[(iY><H|ﬂ|2|<I>><<I>|+AI><iY+>} (5.112)
Pl [T RS |
= U'=iY (5.113)
+
= Tr{j@2) @] - (Ut ) it (Vb)) 1= T 100} (@1] - Yl (7)*
B 1 L=XA, . 5 A
- TRl (5.114)

= H(C3)p, H"(Cs)

(1-X)
2
+au B} |ae]? (|011) + |011)

)(

+ o |* B2 (1000) + [100) )(

—a1 87 B2055(1000) + [100))((010] — (110]) + a1 37 |Bs|? (000) + [100))((001] — (101])
)(
)(
((

[loa|* |oz|® (J011) + [111)) ({011 4 (111]) — |ea|* 2B5(|011) + [111))({000] + (100])
(110] — (110]) — a1 BazB5(|011) + [111))({001] — (101])
(000] + (100]) — |a1|? Boa(J000) + [100))((011] + (111])
+B107 ag|? (|010) — [110))((011] + (111]) — B;afB5(]010) — [110))({000] 4 (100])

010] — (110]) — |B,]* @283(|010) — [110))({001] — (101|)

o~ ~

+184 [ |az|? (/010) — |110)
— B0 By (|001) — [101))((011] + (111]) + By} |Bo]* (J00L) — [101))({000| + (100])
— |81]? Bo3(|001) — [101))((010] — (110]) + |5,]* [B5/* (J001) — [101))({001] — (101])]

A
+31s (5.115)
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(1) _if the result of measurement is [0), [0)o, :

00 00
o0 _ (M), I)T
Pacay) tr((MOO)p4(H1)(MOO)+)

1

1—A %
= %\lehr%[ 5 |Ba] *(lea| * 10) (0] + e 57 |0) (1]
A
+6104T|1><0|+|ﬁ1|2|1><1|)+§f]
B 1 =X, A
= %\le“ré[ 5 182l [21) (1] + 2]
= UP=1

+
I [“I’D (@1]- (UE(()HJ) Pam) (UEPH1)> } =1 [|¢1> (@1l (D, (D

1 |
= = A1
%‘BQP"‘% [ 2 |/62| +8:| (5 6)

(2)_for the result [0)¢, |[1)¢, or (a=0,b=1):
01 01)+
o, )
4(Hy) tT((M01)p4<H1)(M01)+)

1 [1—)\
et 2

Ja| ?(Jeur| 1) (1] + 1 7 [1) (0]

A
+810110) (1] + 1] *0) 0]) + S 1]
1 [ (1—)\
Dlal+] 2

— Ui=X

A
o] ? |@1) (@1] + 3DX'

+
Fo= Trfjn) @i (Ut ) o0, (Ulty) 1= Tr [l@0) (@] - (X)), (0
1 [1 - A A

2
Z 5.117
] R .17
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1,b=0)
10 10+
o, (1)
4(H1) tr((Mlo)p4(Hl)(M10)+)
1 1—A
- = (=52 1823 (| 210} (0] — @ 85 [0) (1]
52182+ 7" 2
i} A
~Br0f 1) (0] 18,2 1) (1) + 511 (5.118)
1 1-—A A
- = [2(—= 2] 2 |@1) (@1 + S D) 2] (5.119)
ety 2 8
10 10 10 \7T 10
= Trl|en) (@1 (Ul ) 025, (Udliny) 1= T7 ||@0) (@] - (2005, (2)F
1 [1 .
= 4= |Ba] = + } (5.121)
5282+ 5 L 2 8
1,b=1)
p11 (Mll)p4(H1)(M11)+
i) tr((M)p, (M)
1 1—A
= = 552 laal (o] 2 1) (1] = a1 8511) (0
Fhloal? 43 2 1
i} A
=610 10) (1] +18,]210) 0]) + 5 1]
1 1—A A
= ———— (Y o] 2 |®1) (D1 4+ =1 iY*}
a7 |5 el 1) @11+ 506
= Ul'=iY
+ . .
= Tr [|<1>1> (@] (Ul ) ity (Udliny) ] = Tr [|@1) (@1 - V)l (V)F
1 1—A A
- lag|? + } (5.122)
2 a2l + 3 [ 2 8
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Prns

= H(C3)p, H" (Cs)
= M a2 02 (1001) — [101))((001] — {101]) + o ? 0235(1001) — [101))((010] — {110])
000| + (100]) + a1 BanB5(1001) — [101))((011| + (111])

+a1 87 Jag|? (1001) — [101))({
(010] = (110]) + |a1|* Byr3(|010) — [110))((001] — (101])

)

+a1[? B (|010) — [110)
+a131B203(/010) — [110))((000] + (100]) + @157 82| (J010) — [110))((011] + (111])

)
)(
((
+B,a7 |az|? (]000) + [100))((001] — (101]) + By efa283(]000) + [100))({010] — (110])
)(
((

o~

000] + (100]) + |B1]? a2 83(]000) + [100))((011| 4 (111|)
001] — (101]) + 10} |By]* (011) + [111))((010] — (110])

+184 1% [a2]? (|000) + |100)

+B81aiBaa5(]011) + [111))

+ 817 Bra3(|011) + |111))({000] + (100]) + | By |* [Ba]? (JO11) + [111))((011] + (111])]
A

+51s (5.123)

(1)_When Charlie’s result of measurement is |0) ¢, |0)¢, :

00 00+

o (M, ()

5(H1) tr<(M00)p5(H1)(MOO)+)
1 1—A

— 2 2 *
(%) a|“]1) (1] + a1 67 |1) (0
15A\a2|2+§[ 5 a2 “(laa] 7 [1) 1] 111) (0]

610 10) (1] +161110) {0)) + 31
1 1—A A
= W[(X)( 5 \a2|2\<1>1>(©1|+§1)(X)+]

= U¥=X

+
F = Tr [|<I>1><<I>1].<U§(OH1)) o0 (U86) ]:TT [181) (@] - ()5, | (X)*

1 1—AX 9 /\}
= as| 4+ — 5.124
15*|a2|2+3[ y ety (5.124)
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(2) _When Charlie’s result of measurement is |0)¢, [1)¢,

01 01y+
0 _ (M™)py (M)
T (0, (1))
1

11—\ ]
= %\lehr%[ 5 1Bl *(ln] *10) (0] + @157 [0) (1]

A
+Bya 1) (0] + 1812 [1) (1)) + 3]

- 1 -\ A
= gy [Co e @l )

= UM=1

_l’_
F o= Trd) <¢1|-(U§(1Hl))pg(1Hl) (UQ(IHI)> | =Tr [|<I>1> <<I>1\-pS}H1)]

1 1=, 5 A
= - 5.125

(3)_When Charlie’s result of measurement is [1)4, |0)¢, :

10 10y+
o, 00
5(H1) tT((MlO)p5(H1)(M10)+>

1 1—X

= [ Jaa| *(Jer| * |1) (1] = a1 57 1) (O]

%|a2|2+%
A
~B107 10) (1] + 1811210} (0) + 21
1 ) 1—A AL,
=y [0 el @il 506v)*]

= UMY =iy

2

+
F o= Tr [|<1>1><¢>1|-(U§€H1>) ol (Ul ]=Tr ) (@1] - (1)), (@¥)*

1 [1—)\ s A
= — o] 2 + } (5.126)
Pragl?+ 3 L 2

8
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(4) _When Charlie’s result of measurement is 1), [1)¢,

(Mll)Jr
M11)+)

1 _ (M5
Py = (M)
1 1—-A *
= sl Bl el 10 0 - i 0 4
A

B0t )01+ 1841 1) () + 21 (5.127)

N N I TP A
= Ty (A0S e @+ g0’ (5.128)

11

5(H1)(

+
F o= Tr [|q>1> @il (Udt)) oth) (V) ]:Tr [1@1) (@1 ()60, (2)"

_ 1_2”6;“2 [1;A\52!2+2] (5.130)
P
Poy, = HI(C3)p, H'(Cs)
= (1_2)\)[|a1|2 |aa[* (]010) — [110)) ((010] — (110]) + [er|* @285 (/010) — [110))((001| — (101])
+a1 57 |a2]2 (|010) — |110))((011] 4 (111]) + a1 57 2f5(]010) — |110))((000| + (100])
+ |an|? By (1001) — [101))((010] — (110]) + [ar[*B5[* (|001) — [101))((001| — (101])
+a131B205(1001) — [101))((011] + (111]) + @157 [Bo|* (J001) — [101))((000] + (100])
+B10 Jaol® (J011) + [111))(010] — (110]) + ByafesB5(011) + [111))((001] — (101])
+ 8117 ol (J011) + [111)) ((011] + (111]) + |81 |* a2 83(|011) + [111))((000] + (100])
+B1.05 B55(/000) + [100))((010] — (110]) + By} B[ (J000) + [100))((001| - (101])
+|B1]% B23(|000) + [100)) ((011] + (111]) + [B1]* | B2|* (|000) + [100))((000| + (100])]

A
—1Ig.
—|-88
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(1) _if Charlie’s result of measurement is |0)., [0)¢,

00 00\+
0 _ (M) Py, (M)
6(H1) tr((MOO)pG(Hl)(MOO)—O—)
1 11—\
= [ 1B ?(Jea|* [1) (1] + 1 87 [1) (O]
B+ 2
. A
+610710) (1] + 151/ 10) (0]) + 31
1 [ 1—XA A
— oy [OF S 80208 @]+ 000
218217 + 3 2 °
00 _
= Ugwy =X
So the fidelity:
1 1—A A
F=Tr||®) (@] (X)p2? (XT)| = 242
e fle @ 0008, 0] = R
(2) _if Charlie’s result of measurement is [0)¢, |1)¢, :
01 01\+
o _ (M) gy, (M)
6(H1) tr((M01)p6(H1)(M01)+)
1 1—A

2 2 *
(6} a1|“10) (0] + a1 57 10) (1
15A|a2|2+§[ 5 a2l “(laa] 70 (O] 110) (1]

et 1) 40] + 181 2 1) (1)) + 21)

8
1 1- A A
= ——— |[(X)[—=" || 2(|®1) (P | + ST)(XT
e | el (1] 50
01 _
- UG(HU_I
1 1- A A
F=Tr||®1)(®1]-pg, | = 1= [ \a2|2+} (5.131)
6(H1)i| %|a2\2+% 2 8

(3)_if Charlie’s result of measurement is [1)4, |0), :

(M), (M)
10 — 6(H;)
Pe(ry) tT((Mlo)pﬁ(Hl)(Mw)ﬂ
1 1-A «
= gyl el i
A
~Br0t [0) (1] + 18,1 10) 0]) + 31
~ 1 S T Ao
= ey (0 ) @ G|
= Ug,, =i
. . 1 1—A A
P flo) @1 @), 0] = iy [ g
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(4) _if Charlie’s result of measurement is |1), [1)¢,

(M), (MU)*
11 _ 6(1y)
Pe(ry) tr((M11)p6(H1)(M11)+)
- L2 asl (a2 [0) (0] — aa 35 [0) (1]
BRCITIE B .
A
By 1) {0 +18:]711) (1) + 21 (5.132)
B 1 =X, A
= [0S el @ 50 (5.133)
— U;(lHl) =7 (5.134)
1 1—A A
F="1r [|¢1> (@] (Z)'O;}Hﬁ(zﬂ} T L0242 [ g o2l *+ 8]
pm7
Poy, = HI(C3)p, H'(Cs)
= 0 aaf? (1001 — 1101))((001] — (101]) — s ? az35(1001) — |101))({010] ~ {110]
TarBi laal? (1001) — [101))((000] + (100]) — a1 B3azA5(001) — [101))({011] + (111])
+|aa[*Ba]? (010) — [110))((010] — (110]) — |a1|* Bpa3(|010) — [110))((001| — (101])
— 13 B30(1010) — [110))((000] + (100]) + a1 3 B2 (1010) — [110))((011] + (111])
15,01 |aal? (1000) +100))((001] — (101]) — B, aaz35(]000) + [100))({010] — (110])
18117 [ (1000) + [100)) ({000] + (100]) — |8, ” a235(]000) + [100)) (011| + {111])
— 8,0 By (1011) + [111))((001] — (101]) + By} B2 ([011) + [111))({010] — (110])
~ 1817 B (011) + [111))({000] + (100]) + 8% B (1011) + [111))((011] + (111])]
(1) _if the result of measurement is |0)o, |0), or (a=0,b=0):
0 B (MOO)P7(H1) (MOO)-i-
P T (), (1))
1 1-—A «
= CajnEral e (P st n
A
8103 10) (1] + 1841210} (0]) + 31
— Ufgm =X
1 1—A A
P=1r (100 @ (206, (20)] = iy | el g
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72

01 01\+
o (%, 00
) (M), , (MO
1

1-A X
= %\B2|2+§[ 2 1821 % (1] * 10) 0] + @157 [0) (1]

A
+Bya7 [1) (0] + |11 [1) (1)) + 3!

1 1-—A A
= — [ |Ba] % |@1) (®1] + S1]
%‘52|2+% 2 8
01 _
— U7(H1)_I
1 1—A A
F=Tr || (@0 | = — [ m|2+]
7(H1)] ¥|ﬁ2‘2+% 9 2 8
(3)_(a=1,b=0)
0 B (MIO)p7(H1) (MIO)—l-
Pry  — tr((MlO)p7(H1)(M10)+)
1 1—A
= — [ |aa| *(lan| 2 (1) (1] — 1 B [1) (O]

ol 4] 2
" A

—B1a5 |0) (1] + |81 %10) (0]) + gf]
1 1—A A

= — = _IGY 2191) (1| + ZD)(iY) T
%’M”%[(Z )(—5— le2] 7 [@1) (@1] + S D)(EY)7]
10 s
— U7(H1)—1Y
(4)_(a=1b=1)
I B (MH)P7<H1)( 11)+
from T (), (M)
1

1—-A X
= %\le“r%[ 5 1821 % (|l * 10) 0] — 157 0) (1

By 1) 0] + 18117 1) (1) + 21

= SO0 Bl ) @l ()
2 4

11 _
- U7(H1)_Z
1 1—A A
P=Tr[|o0) @ (201, (2] = 1 W“[ 1817 +3]
2 12 4

(5.135)

(5.136)

(5.137)
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i)

= H(C3)p, H"(C5)
S 5 M (oa? s (1010) — [110))(020] — {110]) o[> a2835(]020) ~ [110))({001] ~ (101
157 |az|” (/010) — [110)) ((011] + (111]) — a1 B1a85(|010) — [110))((000] + {100])
+ o B[ (|001) — [101))({001] = (101]) — |er |* B5a5(]001) — [101))((010] — (110])
—178205(/001) — [101))((011] + (111]) + e 57 | 85| (|001) — [101))({000] + (100])
+ 610 |aal? (|011) +111))((010] — (110]) — By B3(|011) + [111))((001] — (101])

It (1011) +[111))({000] + (100])

It

(

Pyay)

o~

+1811* ezl (011) + [111))((011] + (111]) — |5 |* 255

5101 82033(]000) + [100)) ((010] — (110]) + By} |B,[* (|000) +[100))({001] — (101])
—[B11% B2a3(1000) + [100)) ((011] + (111]) + |8y * [ 5] (|000) + [100))({000] + (100]))
2

(1) _if the result of measurement is [0)c, |0)¢, :

0 B (MOO)pg(Hl)( 00)+
Poom T (M), (M)
1 1—A *
= gty el I e o
A
+610710) (1] + 18117 10) (0]) + 5]
1

B 1-A . A
= %|52|2+%(X)[ 5 |B2] “(|P1) (1] + 81](X+)
— % =X

8(H1)

So the fidelity:

1 1-A A
F:Tr{\@ﬁ@ﬂ-<X>p2?H1)<X*>}:wﬁzmz[ 710+ 5]

(2) _if the result of measurement is [0), [1)¢, :
01 01+
N VL VAR
Fotn) tr(M*p,,,, (7))

8(H1)(

1 1-A 9 9 .
1
i |a2|2+%[ 5 laz2|*(Jaa| 710) (O] + a1 57 10) (1

. A
+B101 [1) (0 + (8] * 1) (1)) + T 1]
= « D) (1| + <1

01 _
U8<H1> =1
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1 1—A A
F=Tr|[®1) (1] 90, | = 1 [ o] * + }
8(Hy) %|a2‘2+% 2 8
(3) _if the result of measurement is [1), |0), :
10 10\+
o 00
8(H1) tr((Mlo)ps(Hl)(Mw)ﬂ
1 1—A
= i [ 1821 * (|l * 1) (1] = 1 7 [1) (O]
282+ 2
x A
=B10110) (1] + 1841/ *10) {0) + 2]
1 1—A A
= = (@Y)[=5= 18s] * [@1) (@a] + ST(EY )
YA R 8
1 1—A A
F =T [j@0) @] - V)2, (V)] = 210243
o S+ L2 8
(4) _if the result of measurement is [1), [1)¢, :
11 11\+
. (M )y gy, (M)
8(H1) tr((Mll)ps(Hl)(Mu)ﬂ
= e a1|“0) (0] — a1 87 |0) (1
%’a2‘2+%[2 |az| “(|a1] 7 |0) (O] — 157 [0) (1]
x A
=Bro1 [1) O + 81| *[1) 1)) + 2] (5.138)
1 1-2A A
= Z |2 |®1) (@] + S1)(ZF 5.139
3O el @1+ 57 (5.139)
1 1—A A
P o) @120l (2] = oy |y el g G0
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i)

= H(C3)p, H" (C5)
(1-=X)

= 5 (Jon]* |oa|* (000) + [100))({000] + (100]) + |ou1 | a235(]000) + [100))((011] + (111])

pm9(H1)

—a1 B} || (/000) + [100))((001] — (101]) — a1 B7er285(|000) + [100))((010] — (110])

+ || Baads (|011) + [111))((000] + (100]) + || |Bs|* (JO11) + [111))((011] + (111])

—a1 3 B5053(|011) + [111)) ((001] — (101]) — a1 B} | B, (|011) + [111))((010] — (110])

—B1a} |az|* (|001) — [101))((000] 4 (100]) — By afaaB5(|001) — [101))((011] + (111])

+ 811 Jaaf® (J001) = [101))((001] = (101]) + |3, |* .o 35(|001) — [101))({010] — (110])

— 10} B2055(/010) — [110))({000] + (100]) — By} [Bo[* (|010) — [110))((011] + (111])

+811% B2a3(1010) — [110))({001] — (101]) + |81 [*|B5|* (|010) — [110))((010] — (110]))
A

(1)_ for the results |0)c, [0)¢, :

00 00+

o (M, ()

9(H1) tr((MOO)pg(Hl)(MOO)—i-)
1 1-—A

= - [~ |a2| 2(Je1| 210) (O] — a1 3% [0) (1
Fhlasl? +3 2 1
. A
—61a1!1><0!+I61\2!1><1!)+§I]
1 11—\ A
= Z ao| 2 |®) (P + ZT1(ZT
%MM%( i 5 o = |@1) (P4 8]( )
— U’ =27

The fidelity:

A A
- 141
ol 4 5 (5.141)

F=Tr ||®1) (®1] - (U°)p

1 1
] - |
(2)_

9 = 1=
57 laa]? + ¢

(MOl)p (MOI)—i-
01 _ o(Hy)
Pouny = (Mg, (1))
1 11— %
= %‘52|2+%[ 5 |Ba] % (e | * 1) (1] — 1 85 [1) (0]
A
—B1a310) (1] + |81 %0) (0]) + gf]

- 1 N D U A

= W@Y)[? |Ba| = |®1) (P1] + gI](ZYJr)
= U =iy

9(H1
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—
1 11— A
P =17 (18 @] O3, O8] = oy [ el 5
2 4
(3)_
10 (M) py ) (MO)F
p =
o(Hy) t?“((Mw)pg(Hl)(Mlo)Jr)
1 1=X o0 s .
= Trgrraly e el 10 01+ i ) 4
" A
+B101 1) (0] + 18112 |1) 1)) + 21
1 1—A A
H— Lo a2 ) (@] + 21
I ;
= U0=1
1 1—A A
F = Tr[[@1) @] - (U300}, (03)* Zuwagmx[ 2 ’0‘2‘“8]
2 4
(.
I (Mll)p9<H1)(M11)+
p =
9(ty) tr(MD)p,,, (MT)7)
1 1—A
H— L2 8,2l 1) (1) + a7 1) (0
52082+ 2
. A
810510 (1] +161]210) o)) + 21
1 1—X A
S =2 18512 @) (@1] + 21X
EYEETE 8
00 _
- Us(Hl)_X
1 1—A A
P =Tr [|o0) (@] - (@Y1, (U :wa[ 1817 +3]
2 4
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pmlo:

= H(C3)p,, H"(Cs)

= (1_2)\)(](341\2\042]2(\011>+\111))((()11|+<111\)+|a1]2a2[3§(|011>+|111>)((000]+(100])
—on Bt |aa)? (|011) + [111)) (110] — oy BLaaB5(|011) + [111)) (101
+ || |B5]* (000) + |100))({000] + (100]) + |a1|? Boers(|000Y + [100))((011] + (111])
—a181B2055(/000) + [100)) (110] — a1 37 | B5|* (000) + 100)) (101]

—B10] az|* [110) ((011] + (111]) — Byaiaz53110) ((000] + (100])

Progiy)

{
+1811* Jaz|” (1010) — [110))({010] — (110]) + |8, |* a285(|010) — [110)) (101]
—B107 8205 [101) ((011] + (111]) = B1a7 |Bo[* (010) — [110))({000| + (100])
+1811* B2 [101) (110] + | 81| [B2] (001) — [101))({001] — (101]))
A

—1Ig.
+88

(MOO)+
(M0)*)

o0 M,
p10(H1) tT((MOO)p
1 1—A *
= %If&\uﬁ[ 5 |Ba] 2(la1| 2 [0) (0] — a1 87 [0) (1]
A
—Byai 1) (0] +184] (1) (1) + g1l
B 1 1—A 9 A i
= 15JWM%(Z)[ 5 182l |®1) (P1] + T](Z7)

— U =2

10(H7)

1 1—A A
P =T [j00) (@] - OB, U] = = 210243
10(H;) %|ﬁ2‘2+% 2 8

01 01\+
ol (M™5) gy, (MTT)

plO(Hl) tr((MOl)pw(Hl)(
1 1—A

— 2 2 *
1) (1] — 1
et el e 01— a5 )

A
=811 10) (1] + 181 10) {0) + 1]
= %m‘hr%(ﬂ”)[ 5 a2l |®1) (1] + 2I1GYT)

01 _
= UIO(HI) =Y

01)+)
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1 1— X\ A
F=Tr |<1>1><<1>1|-<U1°&>p?;(Hl)<U?&>+]=W%MZ[ ol 5
(3)_
10 10
" _ (M)p, g g,y (M1O)F
Progay) tr(MO)p,, , (M10)F)
1 11—\
= = [ |Ba] *(le1| 210} (0] + a1 57 |0) (1]
Bo2+q 2 1
; A
+6107 [1) (0] + 1811 1) (1) + g1l
1 1—\ A
= - [ |B2] % [®1) (®1] + 1]
sz 2 8
11 _
- UIQ(H1) =1
1 1—\ A
P [l 001 @RI, O8] = sy [ 03]
(4)_
11 11
u _ (M)pg gy (M) T
Piogay) tr((Mn)pw(Hl)(Mn)Jr)
- 1) (1 il
%Iaz\“r%[ 5 Izl “(laa| “[1) (1] + 157 1) (0]
; A
+810110) (1] +181] *10) {0) + S 1]
1 11—\ A
= X 21®y) (O 4+ SI)(X T
%MM%( )5 laz] 7 [@1) (@a] + S I](XT)
11 _
— UlO(Hl)_X
1 1— A A
P=Tr \@1><<1>1r-<Uf&>p1;(H1)<U%&>+]=1_2%2%[ ol 4 5
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i)

mll

P11(H) — H(CS)Pm11H+(CS)

= A 2 s (1000) + [100))({000] + (100]) — s 25351000 + [100))((01L1] + (111])
— 15 Jaal? (J000) + [100))({001] — (101]) + a1 Fx233(000) + [100})((010] — (110])
~ Jon[? By3(011) + [111))({000] + (100]) + s 2 B, (J011) + [111))({O11] + (111])
11 Ba03(1011) + [111))((001] — (101]) — a5 B[ (J011) + [111))((010] — (110])
— 6105 Jaal? (J001) — [101))({000] + (100]) + §,ax33(/001) — [101))((011] + (111])
+ 1811 |az|* (1001) — [101))((001| — (101]) — |8 |* 283(|001) — [101))({010| — (110])
+ 5,0 B203(1010) — [110))((000] + (100]) — 6,07 B, (J010) — [110))({011] + (111])
— 142 Bpa5(1010) — [110)) ((001] — (101) + |8, 2 |8, (J010) — |110))({010] — (110]))
2,
(1)_
A, 00
s (M), (M0)7)
= LR a2 (a1]210) (0] - aa [0) (1]

A a2+ 4 2

A
—5104’{\1><0\+|ﬁ1|2!1><1!)+§ﬂ
1 1-A A
= %m‘h&(z)[ 5 |a2|2|(1)1><<1>1|—|—§f](2+)

— UN=Z

The fidelity:

P =T 10 (1] WAL, O] = 1 T ; 5 el g (5.142)
(2)_
N B (M01)p11(H1)( 01y+
P = (), ., (1))
= Srppreate Bl DOl o
~B10310) 1] + 161110 {0)) + 31 (5.143)
1

o L= A AL
= %WWJF%[(%Y)( 5 \52|2\¢1><‘P1|+§1)(1Y)+]

Uy = iy (5.144)
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1 1—A A
_ _(7701y 01 01N+ | _ 2 A
P =Tr [|03) (@] - @0, (U%) ‘Wﬁﬂuz[ 102+ 3] (5.145)
(3)_
10 10\+
S0 _ (M0, 1y (M)
11(Hy) tr((MlO)pH(Hl)(Mlo)—i-)
1 1—A
= I [ 2| 2(Jaa] 2 |0) (O] + 1 57 10) (1
o’ +] 2
. A
+B107 1) (0] + 1651] 2[1) (1]) + 3! (5.146)
= 2| 2 |®1) (] + 2T
%!az\%%[ 5 2] 7 |®1) (Ba] + 21
— U=1 (5.147)
1 11—\ A
_ _(7710y 10 10V+| 2 A
F=Tr [an) (@1]- (U11)Py, 4, (Ui1) _12)‘a2|2+2{ 5 |l +8] (5.148)
(4)_
11 11\+
S _ (M )y, (M)
11 11+
°(H1) tr((M1)p,, | (MH)T)
1 1— A
= i [ B2l *(laa| 2 [1) (1] + e 57 (1) (0]
A2+ 2
. A
+B1a3 [0) (1] + |51/ *10) (0]) + 3]
1 11—\ A
= oy (DS Bl P @) (@] + S 1(XH)]
SR L 3
00 —
= Uy =X
1 11—\ A
F=T P P - Ull 11 Ull +| — 2 -
7 |[®1) (P1] - ( 11)P11(H1)( i1) ] %|ﬂ2‘2+% 9 |Ba] —|—8
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piomyy = H(C3)p,, ,H' (Cs)
= (1= XN (|aa[*azf? (|011) + [111)) ((O11] + (111]) — a1 |* @2 B5(|011) + [111))((000] + (100])
—on B} |azf? (|011) + [111))((010] — (110]) + a1 BaB5(|011) + [111))((001] — (101])
+ o * B2 (1000) + [100)) (¢
+a1 87 B2a5(]000) + [100)

)({000] 4 (100]) — |a1]? Boars(|000) + [100))((011] 4 (111])
)(¢
—B10] [aal? (|010) — [110))(
)(
(

010] — (110]) — a1 B} [B/* (|000) + [100))({001| — (101])
011] + (111]) + Braqa2f3(]010) — |110))((000[ 4 (100])

(
+1611* ez (|010) — [110))({010] — (110]) — [5;]* a255(|010) — [110))({001| - (101])

+5101505(|001) — [101)) ((011] + (111]) — 107 |B,[* (J001) — [101))({000] + (100])
— |81/ Boa3(001) — [101))(010] = (110]) + [5]* [ B[ (001) — [101))((001| — (101)))
+glg
(1)_
(MOO)p (MOO)—i-
00 _ 12(Hy)
Pragay) tr((MOO)pIQ(Hl)(MOO)—l-)
1 1—A *
= 1;7“62‘24&[ 5 1Bal *(ln] *10) (0] = @137 10) (1]
A
=Bro7 [1) O + (81| * 1) (1) + 2 1]
B 1 1-X . Ao
= %mz‘M%(Z)[ 5 B2l 7 [®1) (1] + £T(Z7)
— UR=Z
1 1-A A
F=1r[j@y) <<1>1|-<U1°§>p?§(,,1)<vf§>+]—1_2%2”[ 107+ ]
(2)_
ol _ (MOI)p12(H1)< 01>+
Piagay) tr((Mm)pm(Hl)(MM)Jr)
1 1-A 2 2 *
= 5l |az| “(laa] 7 [1) (1] = a1 57 [1) (0]

a2+ 7 2

A
—B1ai [0) (1] + |B1]210) (0]) + e
1 ol = A A
= %|a2‘2+%(ﬂf)[ 5 |a2!2|¢1><¢1|+§f](2Y+)
01

— Um(Hl) =Y
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1 1— A A
F=Ty "1’1”‘1’1"<U1021>P?3<H1><U1°21>+]:1;|a22+3[ ol 5
(3)_
10 10
0 _ (M)p g,y (M) F
Pragay) tr(MO)p,, , (M10)F)
1 1— A
= [ |Ba] *(le1| 210} (0] + a1 57 |0) (1]
Bo2+q 2 1
) A
+B101 [1) (0] + |81 1) (1) + S 1]
1 1—A A
= - [ |B2] % [®1) (®1] + 1]
sz 2 8
11 _
- UIQ(H1) =1
1 1— A A
P [l 001 @I, O] = sy [ 03]
(4)_
11 11
" _ (M)pg gy (M) T
Piagay) tr((Mn)pw(Hl)(Mn)Jr)
_ 1) (1 i
%Iaz\“r%[ 5 Izl “(laa| “[1) (1] + 157 1) (0]
\ A
+810110) (1] +181] *10) {0) + S 1]
1 1—A A
= X 21®y) (O 4+ SI)(X T
%Ia2\2+%( )5 laz] 7 [@1) (@] + SI)(XT)
11 _
== Um(Hl)_X
1 1—A A
P=Tr \@1><<1>1r-<Uf21>p1;(H1)<U%21>+]=1_2%2%[ ol 4 5
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RS

m13°

P13(H)) — H(CS)P7,L13H+ (Cs)
= 2 sl (1001) ~ [101))((001] — (101]) + an [ a33(1001) ~ 101))((010] — (110])

—a1 8% |aa|? (|001) — |101

))({000] + (100]) — a1 B;aaB3(|001) — [101))(011| + (111])
+ o] [Bo]? (]010) — [110))({010] — (110]) + [ar1|* By (|010) — [110))((001] — (101])
— a1 B3 B5053(|010) — |110)

)(

)(

)(000] + (100]) — a1 85 |B* (|010) — [110)) ({011 + (111])

— 5107 |az|? (1000) + [100))(
N(

(¢

001] — (101]) — B, aaaB5(]000) + |100))((010] — (110])

000| 4 (100]) + |3, |2 cr2/35(]000) + [100))((011]| + (111])

— 101 B0 (|011) + [111))((001] — (101]) — By [Bo[* (|011) + [111))((010] — (110])
)

+1811 B2053(1011) + [111))((000] + (100]) + [ [* [ B[ (011) + [111))(011] + (111]))
A

o~

+184]? |2/ (|000) + |100

+3 s (5.149)
(1)_
00 00
00 _ (M2)Pr ) (M)
Piaayy tr((MOO)pw(Hl)(MOO)Jr)
1 1— A
= i [ Jaa| 2(Jen| 2 [1) (1] = a1 57 |1) (O]
P4 2 1
X A
—B1a7 [0) (1] + |B41] 2 10) (0]) + e
1 S D S Ao
_ % ag| 2 |®1) (®1] + S1)(iY)T
%|a2\2+%( )5 lazl 7 [@1) (®a] + S I](Y)
— UX =iY
1 1-A A
P17 (18 @] )AL, O8] = oy [T el 4
2 4
(2)_
01 01
o1 _ (MO)p gy, (MO T
Piscay) tr((M01)p13(Hl)(Mo1)+)
1

1- A .
= %|B2\2+2[ 5 1Bal *(lon] #10) (0] — @137 10) (1]
A
—Bra1 [1) 0] + (84| * 1) 1) + T 1]
B 1 1-X . A
= 1%AWQJF%(Z)[ 5 182l 7 [®1) (@] + 2T1(2)"

— UM =iy
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1 1-\ A
P =Tr [0 @ 020, O8] = W“A[ 1807+ 3]
T2 1M2 4
(3)_
T ) o
Piscay) tr((MlO)pm(Hl)(MlO)—i-)
1 1-\
= [ || *(Jaa| 2 [1) (1] + a1 57 |1) (0]
Brasl2+7 2 1
; A
+B107 0) (1] + 1611 10) (0]) + 3!
1 1— A A
= X g 2| @) (@] + SI)(X)T
%’aﬂu%( )5 laz] 7 [@1) (@a] + 211(X)
— Uf=X
1 11—\ A
P =17 [l8) @] )08, O8)] = oy |55 el 4
2 4
(4)_
" B (Mll)pls(Hl)(Mll)Jr
Pisayy tr((Mn)plB(Hl)(Mn)Jr)
1 11—\
= [ |Ba] *(laa] 2 [0) (0] + a1 57 [0) (1]
2182+ 2
\ A
+ﬁ1a1|1><0|+I51|2|1><1|)+§I]
1 1-\ A
= = [ |Ba] 2 @1) (@1] + 21
2182+ 2 7 8
= Uj=1I
1 11—\ A
F=Tr||®) (<I>1\-(U11§)pi§(H1)(U11§)+] EESITAERS: [ 5 \52!2+8}
T2 12 4
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Prnra’
Prairy = HI(Cs)p,, ,H'(C3)
= “‘2”(1041\2 |ovz|? (|010) — [110))({010] — (110]) + Jev1|* @v233(]010) — [110))((001| — (101])
—a1 3% |asl® (1010) — [110))((011] + (111]) — a1 Bia285(]010) — [110))({000] + (100])
+ e |*B5)? (|001) — [101))((001] — (101]) + |a|? Bai3(]001) — [101))((010] — (110])
—a1 3% B5035(1001) — [101))((011] + (111]) — a1 85 |Bo]* (|001) — [101))((000] + (100])
— B0 an|? (J011) + |111))((010] — (110]) — ByafasB3(|011) + [111))((001| — (101])
1811 |az]? (J011) + [111))((011] + (111]) + [B4] a2 B3(]011) + [111))((000] + (100])
—B10 855 (|000) + [100))((010] — (110]) — By |Bo]* (|000) + [100))((001| — (101])
+181 1% B2a3(1000) + [100))((011] + (111]) + | B1]* |85/ (000) + [100))({000| + (100]))
—i—%[g
(1)_
0 _ (MOO)'OM(HI)( 00)—1—
P14<H1) tr((MOO)pM(Hl)(MOO)—&-)
- L A2 20 (1] — auB 1) (0
B T o
A
~B107[0) (1] + 18112 |0) (0]) + 1]
1 ) 11— A
= W [(ZY)[Q 18] 2 |®1) (@] + SI](ZY)+]
= U}y =iY
1 1—) A
P o) @] @A, O] = e
(2)_
(MOl)p (M01)+
01 _ 14(Hy)
Pracay) tr((MOl)p14(H1)(M01)+)
1 1—\ 9 9 .
= <[ |az| % (la] 210) (O] — 1 37 10) (1]

oo+ 3 2
. A
—Brag 1) (0] + |B1] 2 [1) (1]) + gﬂ
1 [1
FYSLES:

— U =2

“A A
D) (D I
= lag] 2[@1) (@] + 21
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1 11— A
_ 7701y 01 01y+] _ 2 A
F = [j@0) (@] - U2, U] 12/\|O‘22+2[ ol 5
(3)_
10 10\ +
O, 0
14(Hy) tr((Mlo)plzL(Hl)( 10)+)
1 11—
- 2 18,020 211) (1] + a3 1) (0
218,024+ 5 2
% A
107 10) (1] + 18,12 10) ) + 21
1 [ 1=\ A
O AP REIF <¢>1+11<X>+]
218217 + 3 2 °
— U =X
1 1— ) A
F =T [|8) (@] (U)p° U19)*] = — [ |62|2+}
oo U] = gy [T T
(1)
11 11\+
e, 00
14(Hy) tr((Mll)pM(Hl)(Mll)—I—)
1 L= o 1o
= o a1|“0) (0] + a1 87 |0) (1
3l ol el 0) 0] easi 0 0
" A
4107 1) (0] + 13,]2 1) 1)) + 21
1 1-XA A
= o O (D] + =1
xmr sl e @+ g
— Ui =1I
1 1—) A
_ X 11 11 11\+ _ 2 -
P[00 @] @)l O] = oy | el g
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i)

ml5”°

= H(Cs)p, H" (Cs)
= (1= XN (laa[*|az]? (J001) — [101))((001] — (101]) — [a1|* @2B5(|001) — [101))((010] — (110])

Prsi)

+a15] ]ag\z (|001) — |101))((000| 4 (100]) — 1 572 B5(]001) — [101))((011] + (111])
o2 8512 (1010) — [110))((010] — (110]) — Jar[2 B3 (1010) — [110))((001] — (101])
—enB1503(]010) — [110))((000] + (100]) + a1 55 |82 (J010) — [110))((011] + (111])
18107 |aaf? (000} + [100))((001] — (101]) — Bya%an33(1000) + 100))((010] — (110])
1B, ol (1000) -+ 100))((000] + (100]) — |84 ]2 35(1000) -+ |100)) ((011] + (111])
B Byaf(011) + [111))({001] — (101]) + By |8/ (J011) + [111))((010] — (110])
— 1By ? B0 ([011) + [111))((000] + (100]) + 5y ? | B5[2 (J011) + [111))({011] + (111]))
9
(1)
o, 0
150y (), (MO)7)
- L A (a2 ) (1] — a1 (0)
T ey z o .
A
~B10310) 1]+ 181110) {0)) + 31
1 ) 11— AL
= W [(ZY)[Q oo 2 |®1) (1] + 81](ZY)+]
— U} =iy
1 1—X A
P = [j00) @1l OR088, O8] = xa 5 laal g
2)_
(Mm)p (M01)+
01 _ 15(H71)
Pisgyy T tr((M01)p15(Hl)(M01)+)
1

1—A
= QW’Q‘FA[ 5 1B2] 2(Jar| * 10) (0] — e1 37 10) (1]
3~ 1P2 1
A
—51QT|1><0|+|B1\2|1><1|)+§I]
- 1 1=\ A
= W (Z)[TWz\ |®1><‘I’1’+§—7](Z)+
— Up =iy
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1 1-X A
_ (7700 00 00\+] _ 2, A
P =Tr [|00) (@1] - @)%, (%) ]—12%2”[ 1807+ 3]
(3)_
10 10
N e L
15(Hy) tr((Mlo)pls(Hl)(Mlo)Jr)
1 L=XA o 1o
= o o (1] + o187 |1) (0
sl o el ) i )
" A
8107 10) (1] + 1841210} 0]) + 21
1 1—A A
_ (X)) —L s 2(|®1) (B + Z1(X)T
ey |01 el @l 01007
— U{d=X
1 1—X A
_ 7710y 10 100+] _ 2 A
P =Tr [|80) (@] - @190, (U) ]—1_2%2%[ ol 5
(.
p11 _ (Mll)pl5(H1)(Mll)+
15(Hy) tr((Mll)pw(Hl)(Mll)—i-)
1 1—A
- = 222 16,12l 210) (0] + @ 5710) (1
%|ﬁ2\2+% 2
. A
107 1) 0]+ 18412 11) 1))+ 21
1 1—X A
= [ 182 ?[®1) (®1] + S 1]
g2 +5 2 8
— Ul =1
1 1—A A
_ X 11y 11 11\+| __ 2 -
P =Tr [Joy) (@] - @), (1) ]—15%2%[ 107+
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plG(Hl) - H(C3) pm16H+ (03)
- 4 5 M (a? s (1010) — [110))((020] ~ (110]) a2 a235(020) ~ [110))({001] — (101
—a1 87 Jasl* (|010) — [110))((011] + (111]) + a1 35 a235(]010) — [110))((000| + (100])
+]ea]? 857 (|001) — [101))((001] — (101]) — |1 |* Bya3(|001) — [101))((010] — (110])
—a183B503(|001) — [101)) ({011 + (111]) + a1 B} |Bo]* (JOOL) — [101))((000] + (100])
+By07 [az|? (J011) + [111))((010] — (110]) — ByafanB3(|011) + [111))((001] — (101])
+181 1 oz (J011) 4 [111))((011] + (111]) — |8, |* c2B3(|011) + [111))((000] + (100])
—Bya} B2a3(]000) + [100))((010] — (110]) + By |Bo]* (J000) + [100))((001] — (101])
— 181 [? Bo3(]000) + [100))((011] + (111]) + |B1]*[B|* (J000) + [100))((000| + (100]))
—l—%]g
(1)_
(MOO)p (MOO)Jr
%0 _ 16(Hy)
16(H1) tr((MOO)plﬁ(Hl)(MOO)+)
1 1—A "
= 33,2 +%[ 5 1B2] *(Jaa| * 1) (1] — 1 B3 [1) (O]
A
—B10710) (1] + 1] [0} (0]) + £ 1]
1 . 11— A .
= m [(ZY)[Q 18| % |®1) (@] + 81](ZY)+]
= U =iY
1 1—A A
P= 1 [l (- O, O] = 2180243
(2)_
(MOl)p (M01)+
0L _ 16(Hy)
oty tr((M)p, ., (1))
1 1—) 9 9 N
= < |az| 2(Je1| 210) (O] — 187 [0) (1]

oo+ 3 2
. A
—Brag 1) (0] + |B1] 2 [1) (1]) + gﬂ
1 [1
FYSLES:

— Ui =2

“A A
D) (D I
= lag] 2[@1) (@] + 21
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1 1-X A
_ 7701y 01 01+] _ 2 A
P =Tr [Jo0) (@] - @)%, (0% ]—W%“i[ ol 5
(3)_
10 10\+
O, 0
16(Hy) tr((Mlo)plﬁ(Hl)( 10)+)
1 1—A
H— L2812 2 1) (1] + a5 1) 0
%Wﬂ?‘i‘% 2
" A
107 10) (1] + 18,12 10) ) + 21
1 [ 1=\ A
— Sy |(OF S Bl e @l + 10
218217 + 3 2 °
— Uid=X
1 1—A A
_ (7710 10 10\+] _ 2 A
F =T [[#0) (@] - W02, (U1)*] 1_2%2%[ 107+
(4
11 11\+
O G
16(Hp) tr((Mll)pw(Hl)<Mll)+)
1 1—A
- = 222 g 2(Jaa] 210) (0] + a5 10) (1
Frlasl?+4 2 1
" A
4107 1) (0] + 13,]2 1) 1)) + 21
1 1-XA A
= « D) (1| + =1
xmr sl e @+ g
— Ul=1I
1 1—A A
_ X 11y 11 11\+| 2 -
P[00 @] @0l O] = oy | el g

When the controller choose to teleport the qubit of Alice2: he applies Hadamard oper-

ation on his second qubit Cg4,then performs measurement in the Zbasis on his two qubits.

P = Pty = H (Ca) p,, H" (Ca) = (I © H © Is)p,, (I @ H @ I) (5.150)

The final states and the corrections of Bob for each measurement possibility are:
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RS

ml:

Pi(Hy) = H(C4)pm1H+(C4)
= A g aof? (1000) + [010))((000] + (010]) + [ ? a35(1000) -+ [010))((001 | — (011])

2
(101] + (111]) + a1 f7a23(]000) + [010))((100[ — (110])
(

+a1 8% |ae]? (|000) + |010))

(

+ a1 |? B23(001) — 011))((000] + (010]) + |as|* [ 82| (001) — 011))({001| — (011])
a1 81 205(|001) — [011)) ((101] + (111]) + 57 |B5f (/001) — [011))({100] — (110])

+6107 |az|? (|101) + [111))((000] + (010]) + By afazf5(|101) + [111))((001] — (011])

181 1% |azf* (]101) + [111))((101] + (111]) + |8y |* e85 (|101) + [111))((100] — (110])
+6107 8205 (|100) — [110))((000] + (010]) + 8107 |85]* (|100) — [110))((001] — (011])

+1811% Boa3(1100) — [110))((101] + (111]) + |8, [* [B]* (]100) — [110))({100] — (110]))
2

(1) _ If the result of Charlie’s measurement is [0)c, [0)¢, :

00 00+
PR, = WPy O (5.151)
= (W), (I)F)
1 1=X, 9 o
= o as|“|0) (0] + a2 55 |0) (1
%|a1|2+%[ 5 el “(laz] 7[0) (0] + @263 |0) (1]
% A
+B205 1) (0] + 18] * [1) (1)) + 2] (5.152)
1 1=\, A
= « Do) (Po| + =1 5.153
%!al\%r%[ 5 1] 7| B2) (®2f + 21 (5.153)
1 1—X A
F=Tr[|@y) (@] - p° | = [ o 2+}
‘ 2>< 2| pl(H2) %|a1‘2+% 2 | 1| ]
(2) _ If the result of Charlie’s measurement is [0), [1)¢, :
o1 1)+
Pl = )Py M) (5.154)
) = (), (HOT))
1 1=X, 9 o
= e} as] “10) (0] — a5 |0) {1
%|a1|2+%[ 5 e “(laz] |0) (0] — @263 |0) (1]
x A
—B203 [1) (O + (8] * [1) (1)) + 2] (5.155)
1 1—A 9 A
= a1 % |®2) (Bo| + 1) 27 5.156
%|a1|2+%[( 5 o] *|@2) (2] + 2 1) Z7] (5.156)
1 1—-A A

- ( ]+ %)
Fareitz S

F="Tr (@) (@] - (2), (2)"] =

1(Hg
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(3) _ If the result of Charlie’s measurement is 1), [0)¢, :

10 10+
oo (), ()
P T (010
1 1-A
= = (=5 18112 (la2l 1) (1] + 83 1) (0
S N
A

4503 10) (1] + 1651210} (0) + 21
_ 1 1-—A 9 i
- 116,24+ 2 [X( 5 |51] © | @2) (P2] + 8I)XJF]

vty (M)

1 1—A A
_ . 10 +| 2 -

(4) _ If the result of Charlie’s measurement is [1), [1)¢, :
Mll)-l—
(M1)F)

o e
p1(H2) - t?”((MH),O
1 1-A x
= %Iﬁﬂ“r%[ 5 1811 *(Jeea| 2 [1) (1] = @283 |1) (0]
A
—B205[0) (1] +[B2] 2 10) (0]) + 3]
1

. 1-A AL
= %\51!24-%[(21/)( 5 ’51\2’@2><¢2\+§I)(2Y+)]

1(Hg)

1
%‘51?4‘%

. . 1—A A
F=Tr [|®5) (@a] - (iY)pl, (i¥)"] = (=182 +2)

(5.157)

(5.158)

(5.159)

(5.160)

(5.161)

(5.162)

P
Poy = H(Ca)p,,H(Cy)
- U 5 M (oa? s ? (1001) ~ 011))((001] — {O11]) + Jau > a2835(1001) ~ 011)({000] + (010])

0157 |az|” (|001) — [011)) ((100] — (110]) + a1 Ffa85(|001) — 011))((101] + (111])
+ [o1 |2 [* (/000) +[010))({000] + (010]) + e |* B55(1000) + [010))((001] — (011])
+01878205(1000) + |010)) ((100] — (110]) + e 57 [B5]* (|000) + 010))((101] + (111])
+107 |zl (|100) — [110))((001] — (011]) + 5yeja2/55(]100) — [110))((000] + (010])
+1811% || (1100) — [110))(100] — (110]) + [B4[* 22/35(|100) — [110))((101] + (111])
81078205 (|101) + [111))((001] = (011]) + 5,07 85| (]101) + [111))({000] + (010])
+ rflma;(uow + [111))((100] = (110]) + |8] B[ (|101) + [111)) ((101] + (111]))
+<1s.

8



5.2 The Protocol with noisy quantum channel 93

(1) _ If the result of Charlie’s measurement is [0), [0), :

00 00\+

oo (M), (M)
20t2) tr((M%)p, . (MO)*)
1 )
SrHeal?+7 2

(5.163)

| (Ja] * 1) (1] + @263 [1) (0]

A
+B050) (] + |B2|*[0) (Of) + T 1

]
8
1 1—AX A
REE=YPE +%KX)( 5 loa|?[@2) (@2] + 2D (X)) (5.165)

(5.164)

1 1-A

A
- (
a2 +7 2

a2+ 3)

F =Tr ||®2) (@] - (X)p2 (X)ﬂ -

2(Hz)
(2) _ If the result of Charlie’s measurement is [0), [1), :
01)+

(MO1)*)

01
o0 _ Mpy
Poiy) tr (M)

(5.166)
2(Hg)

1 1—-A

2 2 *
1) (1] — 1
15)\ |a1]2—|—%[ 9 a1 | “(Jaz| “ 1) (1] — a23 |1) (O]

~620310) (1 416217 [0} (0] + 21 (5.167)
1 o1—2A A
= %Im!%%[(ly)( 5 loa] 2 [@2) (@] + 21 (iY)] (5.168)

A
al?+ 3]

F=Tr [I‘I’2> (P2 (iy)pg(le)(iY)Jr - : {1 7

FHaal?+5 L 2
(3)_ If the result of Charlie’s measurement is [1), [0)4, :
10y+

M10)+)

0 _ (M),
P = (M0
1 1-A «
= Tl Al el 0 01+ a3 0) (1
A

8505 |1) (0] + 18,12 1) (1)) + 51] (5.170)
1 1—A

- (—

%Wﬂz‘l‘%

(5.169)
2(H2)(

|B1]? [®2) (P2 + gI)} (5.171)

1 1—A A
P =T [j@2) (@] -, | = = 210243
2(Hy) 21802+ | 2 8
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(4) _ If the result of Charlie’s measurement is 1), [1), :

11 _ lel)ﬂ?(ffz)(jwnrr 5.172
p2(H2) - tr((MH)pZ(H2)(M11)+) ( . )
1 1—A "
= %w”%[ ) 1811 % (la2| * [0) (0] — 235 |0) (1]
A
—Baai5 [1) (0] + (8] % 1) (1)) + 3!l (5.173)
_ 1 1—-A 9 A

= %w”%[(Z)( 5 18117 [®2) (B2] + 2 1)(2)] (5.174)

1 1—AX A

F=Tr \<I>2><<I>2].Zpi(lH2)Z} = %‘51’24_% [ 5 ]51\24-8}

= H(Cy)p, H" (C)

_ 4=y ; A (laa|* |aea|? (J000) + [010))(000] + (010]) — |ax1|* 2 B3(]000) + [010))({001| — (011])

p3(H2)

+a1 51 |azf* (/000) + [010)) ((101] + (111]) — a1 f1a25(|000) + |010))({100] — (110])

— Jau]? B203(001) — 011))((000] + (010]) + [as|* |Bo|* (|001) — |011))((001] — (011])

—a1818203(/001) — [011)) ((101] + (111]) + @1 57 |B,f* (|001) —[011))({100] — (110])

+ 610 o] (|101) + [111))((000] + (010]) — ByafazB3(]101) 4 |111))((001] — (011])

+181[* Jez|” (1101) + [111))({101] + (111]) — |8, |* aaB5(|101) + [111))({100] — (110])

— 10 8505(]100) — [110))({000] + {010]) + 510} |8, (]100) — [110))(¢001] — (011])

— 1811 8505 (|100) — [110))((101] + (111]) + |81 |* [8,]* (|100) — [110))({100] — (110]))
Y

(1) _ If the result of Charlie’s measurement is [0), [0), :

00 00
pOO — (M )p3(H2)( )+ (5 175)
3(Hsg) tT((MOO)pS(H2)(MOO)+) .
1 1—\
= T [ 1| % (Jez] ? 0) (O] — 235 |0) (1]
a2 +3 2 ?
. A
—Byaiy 1) (0] + |By] 2 [1) (1]) + gl] (5.176)
1 1—\ A
= Z aq| 2| @) (Bs] + =1)(Z)T 5.177
%Mu%[( ) 5 1| [@2) (P2 8)()] ( )
1 1—\ A
F =T [122) (@l - (2)68,,, (2)] = H\anzw{ 2 '“””8]
2 4
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(2) _ If the result of Charlie’s measurement is [0), [1), :
01 01y +
P = (M )pS(HQ)(M ) (5.178)
s = (I, ()
= (6%} (6%) 0) (0 +a2ﬂ* 0) (1
%!al\“r%[? || “(Jez| 7 10) (O] 2 [0) (1]
. A
+B205 1) (0] + 18] * [1) (1)) + 2] (5.179)
1 1—A 9 A
= «a Do) (o] + =T 5.180
%|a1|2+%[ 5 o] 7 |®2) (2] + 1] (5.180)
1 1—A A
F=Tr|[®) (®a] - p,, | = [ Ia1|2+}
3(Hz) % |a1‘ 2 4 % 2 8
(3) _ If the result of Charlie’s measurement is [1), [0), :
10 10y+
pl0 = (L)) M) (5.181)
s = (M), , (MO)T)
1 1—A
= i [ 18112 (Jeez] * 1) (1] = @265 1) (0]
el +g 2
. A
—=B20510) (1] + 18] *10) {O]) + T 1] (5.182)
1 1—A A
= oY) (55 1B @2) (@of + 1)) (5.183)
B2 16:02 + ¢ 2 8
1 1—A A
F=Tr ||®1) (®1]- (iY)pl0  (Y)"| = 242
fle0 @i @0k, ] = Bl
(4) _ If the result of Charlie’s measurement is 1), [1), :
11 11+
ol = (L) Py ) (M) (5.184)
3(H) tr(MT)p, ,, (M)
1 1—-A
= [ 1811 % (Jeea| * [1) (1] + @265 [1) (0]
BB+ 2
* A
+B20510) (1] + 821 [0} 0]) + 2] (5.185)
1 1-A A
= (O 1811 [92) (®a] + SD)(X)] (5.186)

218,12+ ¢

F=Tr ||®2) (P2] - (X)p

11
3(Hg2)

1

(X)*| =

%Wﬂz"‘%

1=A 5 A
R3]
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Py’

Putiy) = H(Ca)py, H(Cy)
S 5 A (a? asf? (1001) — [011))((001] — (011)) ~ Jaa? 2235(1001) — 011))((000] + {010])

+ou 57 |a2]2 (|001) — |011))((100| — (110]) — a1 ST2B5(|001) — |011))((101| + (111])

+ o[ |B/” (/000) +010)

)
)
—a1823(1000) + 010)) ((100] — (110]) + a1 57 |55|* (|000) + [010))((101] + (111])
)
)
((

o~

000] + (010]) — a1 |* Boa3(/000) + [010))((001] — (011])
+6107 |az|* (|100) — [110))((001] — (011]) — B;afazB5(|100) — [110))((000| + (010])
(

+ (811 |ez|* (100) — [110))((100] — (110]) — |By]* ce2B3(|100) — [110))((101] + (111])

—B10i B0 (|101) + [111))((001] — (011]) + By} [Bo]* (|101) 4 [111))((000] + (010])
—1B1? B (101) + [111))((100] — (110]) + |8, |*[Ba]* (1101) + [111))((101] + (111]))
—|—%Ig

(1) _ If the result of Charlie’s measurement is [0), [0), :

(MOO)p 00)+

4(H2)(

00
p = (5.187)
4(t3) tr(M®)p, ,, (MO)7)
1 I
= o as| 1) (1] — a5 |1) (0
15)\’&1‘24—%[ 9 ‘1| (‘ 2| ’><’ 22|><|
% A
—B205 [0) (1] + |8/ *10) {0]) + 1] (5.188)
1 S T U A
= —— 1Y Q Do) (Po| + =1)(2Y 5.189
15)\|a1|2+%[( )5 lea| 7| @2) (@2f + S ) (V)] (5.189)
1 1—A A
— (s 00 . +| _ 2 A
F =T [@3) (@] - (Y )olf,, (7)°] = 2 |a112+2[ g |l +8}
(2) _ If the result of Charlie’s measurement is [0), [1)¢, :
01 1)+
P L)y M) (5.190)
4(Hg) tT((M01)p4(H2)(M01)+)
= — aq] “(|az] “ 1) (1] + az35 1) (0
Sl el el I+ e 1 0
" A
+B20510) (1] + 1521 *10) 0]) + S 1] (5.191)
1 1-A A
= X ar]? |®g) (Ba| + S1)(X)T 5.192
15)\|a1’2+%[( (=5 leu| 7 [®2) (@2 + 2 1)(X)7] (5.192)
1 1-—X A
_ 01 +] — 2 A
P = [[92) (@] (008}, 0] = oy R el 3]
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(3) _ If the result of Charlie’s measurement is [1), [0), :

(1)
M)

0 _ (M), 1
p4(H2) tT’((Mlo)p
1 1—X *
= %w”%[ 5 1811 * (o] *10) (0] — @235 [0) (1]
A
—B203 1) (0 + (8] * [1) (1)) + 2]
= %W”%[(Z)( 5 18117 ®2) (B2] + 2 1)(2)]

4(H2)(

F=Tr[[02) @l - (20, (2)] = gy | 1B

2] = T )

(4) _ If the result of Charlie’s measurement is 1), [1), :
11)+

(M11)*)

1 (M)P, 0
Picr = (M)
1 1—A *
= %Iﬂllhr%[ 5 1811 2 (2] * [0) (0] + @283 |0) (1]
A
+Bza§\1><0\+162|2!1><1!)+§f]
1 1

_ N A
= gl 10 1) (@l D]

4(Hg)

1 1—A A
F=1r |6 (@] 0%, ] = A3
) =gz MS

A

m5°

puy = H(Cip, H*(Ca)
(1-3)

(5.193)

(5.194)

(5.195)

(5.196)

(5.197)

(5.198)

= (Jaa* Jazf* (]101) + [111))((101] + (111]) + |ar [* a2 83(]101) + [111))({100] — (110])

2

+a1 5% Jaa|? (J101) + [111))((000] + (010]) 4+ a1 S5 B5(]101) + [111))((001] — (011])

{
+ o [* B2 (1100) — [110))((
+a1 51 B205(|100) — [110))(
+B10} |az|* (/000) + 010))

)
(

+1811* Jaz|* (|000) + |010)

100] — (110]) + e | By3([100) — [110))((101] + (111])

101] + (111]) + Baja2B5(]000) + 010))((100| — (110])

(

(

(000] + (010]) + @157 |B2|* ([100) — [110))((001| — (011])
(«

({000] + (010]) + |5, |* 253(]000) + 010))((001| — (011])
(

+104B203(1001) — [011))((101] + (111]) + Byaf [Bo|* (J001) — |011))((100] - (110])

+1811* B205(|001) — |011))((000] + (010]) + |81 |* [B/* (|001) — [011))({001| — (011]))
A

+-1s.

8
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(1)_
00 00\+
P )Py () (5.199)
o) tr((M®)p, ,  (MO)T)
1 1— A
= - [ 18112 (Ja2| * [0) (O] + @285 10) (1]
22+ 2
\ A
+8505 |1) (O] + |Ba] 2 [1) (1]) + gﬂ (5.200)
1 1—A A
= [ 18112 |@2) (@2 + £1] (5.201)
R 8
1 1—A A
F=Tr ||®) (Po] - p»° | = — [ \51’2‘1‘]
5(H2)] %WHQ‘F% 2 )
(2)_
01 01\+
! )Py () (5.202)
o01) tr((M%)p, . (MOT)T)
1 1—A
= — [ 18112 (Je2| * [0) (O] — 285 10) (1]
A 802+ 2
) A
—B203 1) O + 18] * [1) (1)) + 2] (5.203)
1 1- A A
= [Z( 18112 [®@a) (®2| + S1)Z7] (5.204)
Pz 2 8
1 1- A A
_ 01 +| 2
P =T [10) @l (D08}, ()] = e 21024
(3)_
10 10\+
pl0 = )13 M) (5.205)
o(1) tr((M'0)p,,,  (M0)*)
1 1=XA, o
= a| “(lag| 1) (1] + a2B85 (1) (0
%!a1\2+2[2 || *(Jez] “ 1) (1] 311) (0]
\ A
+B20510) (1] + 1851 *10) {0]) + 2] (5.206)
1 1—A A
= || ? | ®2) (o] + 31X (5.207)

F=Tr||®2) (P2 - (X)p;?Hz)(X)+] -

- [X(
Bl 2

A
al?+3]

1 [1—/\

Sl +g L 2
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(4)_
(M™M)p, ., (M)T
11 _ 5(Hg)
Py = tr((MH)p5(H2)(M11)+) (5.208)
1 1—AX *
= %qu!“r%[ 5 o | ?(laa] 2 1) (1] — @285 |1) (0]
A
— B3 [0) (1] + |B2] % 10) (O]) + 3] (5.209)
B 1 . 1—A 9 A,
= %Ia1!2+%[(zy)( 5 lai] !@2><¢2\+§I)(ZY+)] (5.210)
. . 1 1—A A
=7 o 0al- @l )] = gy [ e+ ]
P
Poiy = H(Ca)p, H(Ca)
= (1_2)\)(|041!2 |al* (100) — [110))((100] — (110]) + |ar |* @2 B5(]100) — [110))((101] + (111])

a1 7 |az|” (]100) — [110))((001] — (011]) + a1 Ffa35(] 100) — [110))((000] + (010])
(100] — (110]) + Ja |* 85" (]101) + [111)) ((101] + (111])

)(
+ o |? Byai(]101) + |111))(
((001] = (O11]) + a1 37 [ B2|* (|101) + [111))({000] 4 (010])
)
)(
((

)

)

+a118505(101) + [111))

+B105 Joa|* (001) — [011))({100] — (110]) + Byafar235(]001) — [011))((101] + (111])

+1B1[* [ea]* (J001) — [011))(001] — (011[) + [4]* a235(]001) — [011))((000] + (010])

+ 8107 8205(]000) + 010))((100] — (110]) + 109 ]ﬂ2\2 (1000) + 1010))((101| + (111])
)

+181 1 B203(1000) + [010))((001] — (011]) + |54 [* | B5|* (000) + 010))((000] + (010]))

A,
1)
Patyy = W%ng;ﬁ%;i;) (5.211)
= xppral g 18 el 0 A+ aass 1)
+650310) 1]+ 1621 0) 0]) + 31 (5212)
- T X ) @+ 50X (5.213)

1 1-\ A
F=Tr ||®2) (2| - Xpl X]: — [ W”}
S AR R g
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(2)_
01 01\+
P01 = )Py M) (5.214)
6(H3)) tr(<M01)p6(H2)(M01>+)
1 1—X
= i [ 1811 % (laa] 2 1) (1] — @283 |1) (0]
20812+ 2
. A
—B205 |0) (1] + |B2] % 10) 0]) + gf] (5.215)
1 11—\ A
= 1 [1Y ( 18117 |®2) (®a] + S 1)(Y) 7] (5.216)
B+ 2 8
1 1—X\ A
F =Tr ||®) (B - iY)p" (V)| = 24 A
r [192) (@al - V)L, (0Y)7] 1_2%,2”[ 1107+ 3]
(3)_
10 10\+
o0 = M)y (M) (5.217)
6(H2) tr((Mlo)pG(HZ)(Mlo)Jr)
1 1—X\
= i [ || *(lez] 10) (O] + 2635 [0) (1]
Fml2+7 2 i
. A
+6205 1) (0] + (82| 2 [1) <1D+§I] (5.218)
1 1—X, A
= 1|2 |®g) (Bo| + =1 5.219
%Iml”%[ 5 o] 7 [®2) (P2 8] ( )
1 11—\ A
_ .10 _ 2 N
e el o) = ey [0
(4)_
11 11\+
ol = )Py (M) (5.220)
6(Hz) tr((Mn)pﬁ(HZ)(Mu)ﬂ
1 11—\
= 1 [ || % (|aa] 2 0) (0] — @235 10) (1
Plaal2+3 2 ’
. A
—B20 [1) (0] + [B2] 2 [1) (1]) + gf] (5.221)
1 1—X\ A
= i [(Z)( | ? [ @) (2] + 1) (Z7)] (5.222)
EEEE R ;
1 11—\ A
_ . 11 +| _ 2 A
F=1r [|(I)2><(I)2’ (Z)pﬁwz)(z)} 12A|a1|2+2[ 2 o +8]
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Pm7*

P (Hs)

= (Hy)py7(H2)™

(1=X)

(Jr|* Jevz|* (J101) + [111))({101] + (111]) — [er1 |* 285 (|101) + [111))({100] - (110])

2
B Jan]? (1101) + [111))({000] + (010]) — a1 Baz83(|101) + [111))((001] — (011])
+ o [Bo]* (|100) — [110))((100] — (110]) — |as |* By (|100) — [110))({101] + (111])
— 151 8505(]100) — [110))((000] + (010]) + a1 57 | 85| (/100) — [110))({001| — (011])
+By0 Jaz|? (000) + |010))((101] + (111]) — By a2 /33(/000) + [010))({100] — (110])
+81 1 |az]? (1000) + [010))((000] + (010[) — [B;|* 285(]000) + [010))((001]| — (011])
— B0 By (|001) — [011))((101] + (111]) + By |Bof* (J001) — [011))({100] — (110])
—B11? B23(1001) — [011))((000] + (010]) + |8 |* [Bo[* (|001) — [011))((001| — (011]))
—I—%Ig
(M®)p_ (M)
00 _ 7(Hg)
Pry = tr((MOO)p7(H2)(MOO)+) (5.223)
1 11— *
= %rmm%[ 5 18117 (la2] * 0} {0] — a2 10) (1]
A
B3 (1) (0] + 18] * 1) (1)) + S1] (5.224)
B 1 1-\ s A
MRS +%[Z< 5 161]* |@2) (@2] + TD)Z] (5.225)
1 1-—A A
P10 @] 25,7 = s [ 10
(MOl)p (M01)+
01 _ 7(Hg)
Primyy tr(M™)p, ,, (MO)7) (5.226)
1 1—A %
= %w”%[ 5 1811121 10) (0] + 0265 10) (1]
#6203 11) 0] +1821 1) (1) + 51 (5.227)
B 1 1-X s A
= %wu%[ 5 16117 |@2) (@a] + LT (5.228)

1 1—A A
F =Tr ||®) (o] - o2 ] = 1= [ \51’2‘1‘]
ool =~y 2 S
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(3)_

Pms:

Pg(H>)

10 10+
pl0 = )01y M) (5.229)
) tr((M*0)p, . (M10)*)
1 11—\
= i [ || 2 (lez] 2 1) (1] = 283 (1) (0]
a2 43" 2 ’
. A
—B205[0) (1] + [B2] 2 10) (0]) + gf] (5.230)
1 Y A
= — = iy 1|2 |®9) (Bo] + S1)(iY 5.231
%,al‘u%[( )5 lea| 7 @2) (@2 3 )(@Y)] ( )
1 1—X A
_ (4 10 . + 2 A
F =Tr [|®) (®a] - (iY)pl, (i) ]_ 1_2A|a1’2+2[ 5 lon| +8}
11 11N+
ol = (M )Prsyy (M) (5.232)
T(H2) tr(M™)p, (M)
1 1—X
= 1 [ ot | * (|| 2 [1) (1] + @283 [1) (0]
%’OQP-F% 2 2
. A
+820510) (1] + 1851 *10) {0]) + 2] (5.233)
1 11—\ A
= X 1|2 |®9) (Bo] + ST)(X 5.234
%Ia1|2+%[( )5 len] 7 [@2) (@2 + S 1) (X)] ( )
1 1-X A
F =Tr ||®) (D] - (X)p (X)F| = 2, 2
r [19) (@] - (X002, ()] 1_2%,2%[ el 5

= (Ha)p,g(Ha)"

(1-X)
2
+o1 87 Jag|? (100) — [110

)
+|an|? |Baf? (|101) + [111)
—a187B205(]101) + [111))
+p1aj |as|* (001) — [011)
)
)
)

(la|? Jeea|* (]200) — [110))({100] — (110]) — |a1|* o B3(|100) — |110))((101] + (111])

)(001] = {011]) — a1 B1eaB5(]100) — [110))((000] + (010])
)((101] + (111]) — |au|* B0 (|101) + [111))((100] — (110])
(001] = (011]) + a1 B B (|101) + [111))({000] + (010])
)((100[ = (110]) — B1a7aaf5(]001) — [011))((101] + (111])
+181 1 Jazf* (/001) — [011))((001] — (011]) — |51 |* a285(001) — [011))({000] + (010])
— 5107 B5a5(]000) + [010))((100] — (110]) + 17 |B|* (000) + 010))((101] + (111)
—|)\61|2ﬁ2a§(|000> +1010))((001] — (011]) + |B4]* |B2]* (|000) + [010))({000] + (010]))

+31s. (5.235)
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(1)_
00 00\+
%0 W )Poiy M) (5.236)
B(H2) tr((M%)py,,  (MO)F) '
1 11—\
- [ 1811 (a2l 2 [1) (1] — B3 [1) (0]
21812+ 2
) A
—B203 [0) (1] + [B2]*10) (0]) + §I] (5.237)
1 1-\ A
- [(iY)( 18117 |®2) (o] + S 1)(iY)*] (5.238)
% 181] 2% + % 2 ! 8
) . 1 1-\ A
2 1M1 4
(2)_
01 01\+
pd W Paiy M) (5.239)
8(2) tr((M%)p, ,, (MO1)T) ’
1 1-\
- [ 1811 (laa| * 1) (1] + 2283 1) (0]
216,02+ 2
\ A
+Ba05 0) (1] + |82/ 210) (0]) + 31l (5.240)
1 1— 2\ A
- [X( 181 |®2) (o] + )X ] (5.241)
218102+ 4 2 8
1 1-\ A
P =7 [182) @al- (O, (7] = = 21024
2 M1 4
(3)_
10 10\+
plo O )ouiy M) (5.242)
8(Hg) tr((MlO)ps(HQ)(M10)+) :
1 1=X o0 s .
TX |2 4 %[ 5 lonl *(Ja2] *10) (0 — @23 10) (1
\ A
—=B205 1) O + [Bs] * [1) (1)) + T 1] (5.243)
1 1-\ A
N | * [@2) (@] + 21)Z7] (5.244)

F =17 [|02) (®] - (2)p0, (2)*] =

Faal?+ 57 2

A
al?+ 3]

1 [1—)\

A 2

-\
8(Hy) IT|O‘1|2+Z
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(4)_
(1), ,,, ()"
11 _ 8(Hg)
Py = tr((Mn)pS(HQ)(Mu)ﬂ (5.245)
1 1—A *
=Y ER %[ 5 ot | * (2| 2 0) (0] + 283 10) (1]
A
0503 1) (0] + [Bo] *[1) (1)) + 3] (5.246)
1 1—A A
EE=YPER %[( 5 o] *[®2) (@] + 3] (5.247)
1 1—A A
F=Tr |[®2) (P2 -P;(IH2) = X )2+ 2 [ 5 lag|? + 8}
Pmy:
Py(Hs) = (H2>pm9<H2)+
_ 1= ; )\)(|0¢1|2 |2 (/000) + [010))((000] + (010]) + 1 |* 12 85(]000) + 010))({001| — (011])
-1} |a2]2 (|000) 4 [010))((101| 4 (111]) — a1 872 55(]000) + |010))((100| — (110])
+ |on |* B05(|001) — |011))(000] + (010]) + [ar|* |Ba]* (|001) — [011))((001] — (011])
—0131B05(1001) — [011))((101] + (111]) — a1 37 [Bo[* (|001) — [011))((100] — (110])
—B10] [aaf? (|101) + [111))((000] + (010]) — ByajasB3(|101) + [111))((001| — (011])
+181 [ [azf* (]101) + [111))((101] + (111]) + |81 |* a3 (101) + [ 111))({100] — (110])
— 101 B203(|100) — [110))((000] + (010]) — 8107 | 82| (/100) — [110))({001| — (011])
+ 8117 Boa5(]100) — [110))((101] + (111]) + [ |*[B2[* (/100) — [110))((100| — (110]))
—|—%Ig
(1)_
(MOO)p (MOO)—i-
00 _ 9(Hy)
Pocryy = tr((MOO)pg(HQ)(MOO)—&-) (5.248)
1 1—A *
=Y ER %[ 5 || * (2| 2 0) (0] + 283 10) (1]
A
+B03 |1) (0] + |Ba] 2 (1) (1)) + 3! (5.249)
1 1-—A A
EE=YPER %[( 5 o] *[®2) (@] + 3] (5.250)
1 1—A A
F=Tr |[®2) (P2 -PS(OH2) = X )2+ 2 [ 5 1] ? + 8}
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(2)_
01 01\+
! W Paguy M) (5.251)
O(H2)) tr((MO)py . (MO1)T)
1 1=A, 9 s
= o o] “10) (0] — an 35 10) (1
%Iaﬂ”%[ 5 1] “(laz2| 710) (0] — @263 |0) (1]
. A
—Ba05 |1) (0] + |B2] 2 1) (1]) + 3] (5.252)
_ 1|2 @) (®o| + 21 2T 5.253
%!a1\2+§[(2 || % |®2) (@2 + S 1)Z7] (5.253)
1 1—A A
_ ) 01 +] — 2 | A
P =18 @] (260, (9] = ey | el g
(3)_
10 10\+
o0 = (AL)P ) (M) (5.254)
1) tr((M'0)p, .. (M*O)T)
1 1— A\
= i [ 18112 (Je2| * [1) (1] + @285 [1) (O]
A 802+ 2
. A
+B905 |0) (1] + [B2] *10) (0]) + 31 (5.255)
1 1— A A
= i [X( 18112 [®a) (D] + S1)X] (5.256)
g2+ 2 8
1 1— A\ A
F=Tr ||®) (®s] - (X)p!° (X)T| = 242
(1) (@21 - (X010, (X) 3me+3[2’m'+J
(4)_
11 11\+
Py = A Py ) (5.257)
1(Hy) tr((Mll)pl(H2)(M11)+)
1 1— A\
= 1= [ 1811 (2] 2 [1) (1] — B3 [1) (0]
28,12+4° 2 2
. A
—~B20510) (1] + 8] *10) O) + T 1] (5.258)
1 1= A
= [GY)( 181] 2 |®2) (Do] + S1) (Y )] (5.259)
2 8

F = Tr[|@) (@] - V)l (i¥)"] =

%‘51’2"‘%

1 1=A ., A
g

Y X
1) 218,12+ 2
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Pmio:
Pio(Hy) = (H2)ppmi0(Ha)™
= A 0P (001) — 1011))(001] — (O11)) + Jua?a23(]001) — [011))({000] + (010])
—alﬁ’{ |042|2 (\001) — \011))((100| — <110|) — alﬁfagﬁz(\om) — \011))(<101| + <111|)
+ Jar|* |Bo[* (1000) + 010))({000] + (010]) + |a1|* By(|000) + [010))({001] — (011])
— 011 8} B513(|000) + [010))((100] — (110]) — a1 57 |B5]? (J000) + |010))((101] + (111])
— B0 |az|” (]100) — [110))({001] — (011]) — By cfaaB3(|100) — [110))((000] + (010])
+1811% o] (]100) — [110))((100] — (110]) + |3, |* o35 (|100) — [110))((101] + (111])
— B3 By (|101) + |111))({001] — (011]) — Byarf |B,)? (]101) + [111))((000] + (010])
+ 1817 B3 (|101) + [111))({100] — (110]) + |3, [* |Bo|* (J101) + [111))({101| + (111]))
—I—%Ig
(1)_
(MOO)p (MOO)—i-
00 _ 10(Hs)
Piogry) = tr((MOO)plo(HQ)(MOO)+) (5.260)
1 1-—A «
= Tij: +%[ 5 laal 2ozl 2 1) (1] + a2 1) (0]
+B503 10) (1] + [B5] 210) (0]) + gf] (5.261)
B 1 -, A
— %‘a1|2+%[){( 5 ]al\ |CI)2> <(I)2‘—|-§I)X] (5.262)
1 1-—A A
F=Tr ’(I>Q> <(I)2|,X,0(1)(())(H2)X = %|a1|2+% |: 9 |Oé1|2+8:|
(2)_
(Mm)p (M01)+
01 _ 10(H3)
Piogrry) = t?“((MOl)pl(HQ)(Mm)"‘) (5.263)
1 1—A %
= Tij: +%[ 5 loa| *(laa| 2 1) (1] = 255 [1) (0]
A
205 [0) (1] + |85 |0) (0) + 1] (5.264)
1 . 1—A A .
= il () (=5 loa] ?[@2) (B + TN (iY) ] (5.265)
. . 1 1—X A
F=Tr |[®2) (@] - (iY)ply,,, (V)" | = LA |2 4 2 [ g laal® + 8]
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Pmi11’

Praiy)

10 10N\+
pl0 = L)1y M) (5.266)
102) tr((M0)p, p,. (M10)F)
1 1- A
= i [ 1811 *(Jz| 210) (O] + @283 [0) (1
% 18112 + % 2
A
+B203 1) (0] + (8] * [1) (1)) + T 1] (5.267)
1 1— A A
= [ 18117 [@2) (Bo| + = 1] (5.268)
5218102+ 2 8
1 1- A A
F =Tr||®) (o] - p10 | = 242
lle @8, ) = x| g
11 11\+
pll = L )y M) (5.269)
102) tr((M)p, gy, (MH)T)
1 1- A
= [ |B2] *(Ja| 210) (O] — 1 81 |0) (1
52182+ 7" 2
\ A
—B1a7 1) (0] + 8112 11) (1]) + gf] (5.270)
1 1- A A
= [Z( |Bo] % |@2) (D] + S1)Z7) (5.271)
2218,2+ % 2 ? 8
1 1A A
P = Tr [|0) (@] 201}, 2] = - 102+
[ 10(Hg) % 18112 + % 2 8

= (H2)pmn(Ha2)"
2 (s of? (1000) -+ 1010))((000] + {010]) — e ? 235(1000) -+ 010)) ({001 — {011
~0181 ol (J000) + 010))((101] + (111]) + s a235(1000) + 010))({100] — (110])
— || B505(1001) — [011))({000] + (010]) + [eva|* | 85| (|001) — [011))({001| — (011)
o 314,03(1001) — [0L1))((101] + (111)) — a5 |8, 7 (1001) — 011))((100] — (110])
— By |zl (J101) + |111))((000] + (010]) + B, ca85(]101) + |111))((001] — (011|)
FIB1I? sl (1101) + [111))((101] + (111)) — |8, 2 ax83(101) + [111)({100] — (110])
+8101303(1100) — [110))((000] + (010]) ~ 3107 |8, (1100) ~ [110))({001] — (O11)
~ 54 5505(100) = [LON(IOL + 111 + 51 55 (100 = [10)) {100 {110p)
+2 1.

8
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(1)_
00 00\+
K (M)Ps1 1y (M) (5.272)
HHH) tr((MPO)p,, . (MP)F)
1 11—\ .
= Q|al|2+é[ 5 || ?(laa] 210) (0] — @283 10) (1
2 4
. A
—By0s (1) (0] + |52\2|1><1|)+§I] (5.273)
= o) (By| + =1)Z 5.274
%‘aﬂ“%[( 5 |ar |2><z!+8)] ( )
1 1—X\ A
_ 700 _ 2, A
F=Tr ||®1) (D] Zpl(HQ)Z] 1_2)‘|041]2+i‘[ 5 || —1—8}
(2)_
01 01N+
H(H2) tr((M)p,, .y (MOH)F)
1 1—\ .
= Q‘aﬂué[ 5 || *(laa] 210) (0] + @233 10) (1
2 4
. A
+Ba05 1) (0] + |B2] 2 [1) (1)) + gf] (5.276)
1 1—X, A
= o) (Bo| + =T 5.277
%mlmg[ 5 (%1 |2><2|+8] ( )
1 1—\ A
_ ~ o1 _ 2 A
Pt ] = ey [ ]
(3)_
10 10\+
S0 L0011y ) (5.278)
H(H2) tr((M*0)p,, ) (M10)F)
1 1—\ .
= H\B|2+A[ 5 1811 (laa| * 1) (1] — 283 (1) (0]
T2 M1 4
. A
—Bya5 |0) (1] + [B5] % 10) (0]) + gf] (5.279)
1 11—\ A
= — [V (—= B 2 |®2) (Po| + =1)(3Y 2
%\ﬁﬂuﬁ[(l ) 5 18117 [@2) ( 2|+8 )(@Y)] (5.280)
1 1—X A
F=Tr||®) (®s] - (iY)p°  (Y)F| = 2 A
[l92 @ @0 )] = oy |



5.2 The Protocol with noisy quantum channel 109

(4)_
(M), (ML)
Priy = ”((M11>P1(1(H;( 7 (5.281)
- L A 82 (sl 2 1) (1] + 425 1) (0)
218012 +% 2
+650310) 1] + 1621 10) 0]) + 51 (5.252)
1 1—X A
= a8 ) (@l + GDOC) (5.283)
1 1—X A
F=Tr [0 2] (X001, 00°] = rpp s 102+
Pmi2:
P12(Hy) = (Hz)pim1a(H2) "
= A oy aaf? (1001) — [011)((001] — (O11]) ~ [ a35([001) — [011))((000] + (010])
—alﬂf |a2]2 (|001> — |011>)(<100| — (110|) + alﬁfagﬁ§(|001> — |011>)((101] + (111|)
o ? 852 (000) + [010))({000] + {010]) — |aa|? B55(]000) + [010))((001] — (011])
+a1 87 Bya5(]000) + 010))((100] — (110]) — a1 5] |52\2 (|000) + ]010))((101| 4 (111])
Byt Janl? (J100) — [110))((001] — (O11]) + Byafaz85(100) — [110))({000] + (010)
+ 1811 |ez|* (100) — [110))((100] — (110]) — |8,]* ce2B3(|100) — [110))({101] + (111])
By By05(1101) + [111))({001] — (011]) — By B[ (1101) + [111))({000] + (010)
~1B1[2 B0 (1101) + [L11))((100] — (110[) + [B[* | Bol? (1201) + [111))((101] + (111]))
—|—§Ig
(1)_
(M®)p,, . (M)
P?S<H2) = tr((MOO)pl(Q(H;(MOO)+) (5.284)
1 11—
= rprral g el el ) U+ a1 0
+620310) (1] + 162110 {0]) + 31 (5.285)
1 ) 1— A Ao
= WKZY)(T 1] 2 |@2) (Pa] + gI)(ZY)] (5.286)

. . 1 1—-A A
P [0 0l (18, V)] = oy [ el
2 4
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(2)_
01 01\+
V! = L)1y M) (5.287)
. tr((MO)p,y . (MOH)F)
1 1—A
= = [ || % (laa] 2 1) (1] + @283 1) (0]
a2+ 3 2 i
i} A
+B50a5 [0) (1] + |82/ 210) (0]) + gf] (5.288)
= 1|2 |®o) (Bo| + S1)X T 5.289
%\a1|2+§[(2’1‘|2><2‘ 8) ] ( )
1 Y A
_ ) 01 +| _ 2 A
P =T [l0) (@] (O, (0] = P el +3]
(3)_
10 10\+
p*? )01y M) (5.290)
12(H2) tr((M*0)p,y . (M10)F)
1 1—A
= i [ 1811 (Je2| * [0) (O] — 285 |0) (1]
218102+ 7 2
i A
—B20a5 |1) (0] + |B2] 2 11) (1]) + i (5.291)
1 1—A A
= [Z( 1811 % [®2) (@3] + ST) 2] (5.292)
g 2+37 2 8
1 1—X A
P =17 [182) @al- (2)03,,(2)] = =y |5 7+ ]
2 4
(4)_
11 11\+
pil — AL )Py (M) (5.293)
12(Hy) tT‘((MH)p12(H2)( 11)+)
1 1—X\
= i [ 1811 (lz| 210) (0] + 283 [0) (1
218,12+ % 2
. A
+B505 [1) (0] + [B2] 2 (1) (1)) + 3] (5.294)
1 1—X\ A
= i [ 181]% |@a) (@2 + 1] (5.295)
PEre: 2 3
1 1—A A
F=Tr[|®,) (@] p1} | = { 5 2+]
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Pmis:
Pis(H2) — (I_IQ)me(];I?)+
= oA a2 s (1201) + [L11)((101] + (111]) + o 225(1201) + [111)((100] ~ (110])
—a107 |042|2 (|101) 4 |111))({000] 4 (010]) — 1 B2 B5(]101) + [111))({001] — (011])
+Jar|? |8y ]? (|200) — [110))({100] — (110]) + |a1|* By (|100) — [110))({101] + (111])
—a1 31 Boai5(]100) — |110))((000] + (010]) — a1 7 |Bo]* (100) — [110))((001| — (011])
— B0 |aa]? (|000) + 010))({101] + (111]) — By afaaB5(]000) + [010))((100] — (110])
+ (811 |e2|* (|000) +[010))({000] + (010]) + |B,]* ce283(]000) + [010))(001| — (011])
— B0 B20(|001) — [011))((101] + (111]) — By |B,)* (J0O1) — |011))((100] — (110])
+181]7 Bya3(1001) — [011))({000] + (010]) + |34 |* |Bo|* (J001) — 011))({001| — (011]))
—I—%Ig
(1)_
(M®©)p,  (MO)*
00 o 13(Hg)
Pistry = tT((MOO)pm(HQ)(MOO)—&-) (5.296)
1 1—-A «
= %wug[ 5 1811 *(laz2| ?10) (0] + 25 10) (1]
+By0% 1) (0] + [Bo] 2 (1) (1)) + gn (5.297)
B 1 1=\, s A
= %wug[ 5 1811% |@2) (s + T1] (5.298)
1 11— A
P18 @i, ] = ey [ g
(2)_
(MY)p,, . (MOV)*
01 _ 13(Hy)
Pisry) = tT((M01)p13(H2)(M01)+> (5.299)
1 11— «
= %wug[ 5 1811 %(laz2| *10) (0] — a25510) (1]
A
~Ba0i |1) (0] + 18] * 1) (1) + £ 1] (5.300)
B 1 1—X , s A
= iy +%[Z< 5 18117 |@2) (@] + £1)Z] (5.301)
1 1—) A
Py \¢2><¢2|-<Z>p?;%><z>}=1_2%,2”[ 117+ 3]
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(3)_
(MW©)p,, . (MIO)*
10 _ 13(Hs)
Pistry) = tr((Mlo)pIS(HQ)( 10)+) (5.302)
- LR a2 (Jaal 2 1) (1] + aaB3 1) (0]
= % e % 5 1 2 2P2
+620310) 1]+ 162110 {0]) + 31 (5.303)
1 1-—A A
— S yrwEI: [X( 5 g | 2 | Do) (B + §I)X+] (5.304)
1 1—A A
=7 [0 0ol 00, 07] = g [ i
(4)_
(Mll)p ( 11)+
11 _ 13(Hg)
Pavy = (M), (A7) (5-305)
1 1—A *
= Ta gl e - e 0
A
~50310) (1] 418217 [0} (0 + 21 (5.306)
1 . 1-—A A .
= WKZYXT 1] 2 | @) (Pa] + g—’)(ly)] (5.307)
. . 1 1—X A
1 0 0l V0l ) = oy [ ]
Pmig:
Priay = (HQ)IOm14(H2)+
= o a2 asf? (1200) — [110))({100] — (110]) + Jos|? 2235(1200) — [110))((101] + (111])
—a1 ] ]ag\Q (|100) — |110))((001| — (011]) — a1 572 B5(]100) — |110))((000| + (010])
a2 B[ (1101) + [111)) ((L01] + (111)) + [ | Ba3(1101) + [111))({100] — (110])
— a1 B3 (1101) + [111)) ({001] — (011]) — ax 8] |8y (1101) + [111))((000] + (010))
— 8,0 laal? (j001) — [011))((100] — (110]) — B a}azA5(|001) — J011))({101] + (111])
1812 sl (J001) — 011)) ((001] — (O11]) + |3, ” a235(001) — 011))({000] + (010])
— B, By (1000) + [010))((100] — (110]) — By} B2 (1000) + [010))((101] + (111])
182 Ba3(]000) + [010))((001] — (O11]) + B, B2 (1000} + [010))((000] + (010]))
A
+—1I3.

8
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(1)_
00 00
00 — ( )p14<H2)( )+ (5 308)
P = (M), (1)) |
1 1—A
= [ 1811 *(lez| * 1) (1] + @263 [1) (0]
B2+ 2
% A
+820310) (1] + 185/ *10) (0]) + T 1] (5.309)
1 1—A A
= T [X( 18117 |®2) (Ba] + S 1) X] (5.310)
218112+ 4 2 8
1 1—A A
_ 00 +] _ 2
F=Tr [|<I>2> <<I>2!-Xpl4(H2) - ﬂ’51|2+3 { 9 181 +8]
2 4
(2)_
01 _ (]Mol)pwwg)(]M[H)Jr (5.311)
Piry = tr((MOl)p14(H2)(M01)+) .
1 1—A
= T [ 1811 % (Jaz] 2 [1) (1] — @25 |1) (0]
EENERS S
¥ A
—Ba0310) (1] 41821 *10) (0]) + 31 (5.312)
1 1—A A
= 1 [Y)( 18112 [®@2) (2| + ZT)(iY) "] (5.313)
% 18112 + % 2 ! 8
. . 1 1—A A
F=Tr [’¢)2> <q)2‘ ' (ZY)p?i(H2)<’LY)+ = JESY |ﬂ1‘ 5 I % |: 9 ‘51’ 2 + 8:|
2
(3)_
10 _ (]\/‘flo)plél(Hz)(]\/le)Jr (5.314)
014(112) - tr((MlO)p14(H2)(M10)+) .
1 1—A
= = [ | 2(la2| 210) (0] + @263 |0) (1]
% lag |2 + % 2 2
" A
+By0ai5 1) (0] + 82| * 1) (1]) + 31 (5.315)
1 1—A A
= ] ? [ @2) (@] + 2 1] (5.316)

F=Tr [|‘P2> (®of - p

- [
Slal?+g 2

10
14(Hzg)

1

Pl

1-A
5 el

A

8

|
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(4)_

Pmi15*

P15(Ho)

(MY)p,, , (MM)*

P = ()

1 I T
— * 1
%|a1|2+%[ 5 1] “(laz2| 710) (0] — @263 |0) (1]

205 11) 0] + 18211 1)) + 3] (5318)

= e 20 e 2 @) (@] + S )7 (5.319)

EITEES S

(5.317)

11)+)

1 1-A A
F=Tr|[0) (D] - (Z)p5,,, (D) | = 1= [ |a1|2+}
14(Hy) %|a1\2+% 2 8

= (H2>pm15(H2)+

(1_2A)(|041|2 a2 (|101) + |111))((101] 4 (111]) — |en|? ae2B5(]101) + [111)) ({100 — (110])

+a1 57 |a2]2 (|101) 4 |111))((000] 4 (010]) — 1 B2 B5(]101) + |111))((001| — (011])
+ a1 ]? | Bo)? (1200) — [110))((100] — (110]) — |eus |* Bya3(]100) — [110))((101] + (111])

)
—a1818203(|100) — [110))(
+8107 Jaz|” (|000) + [010))((101] + (111]) — By afaaB3(]000) + 010))({100| — (110])
)
(

(
(000] + (010]) — |81 * a235(|000) + [010))({001| - (011])

(
(
(000] 4 (010]) + a1 85 | B2 (100) — [110))(001| — (011])
(
+ 81/ |aa]* (|000) + [010))(
(

—B101f2053(/001) — [011))((101] + (111]) + Bya7 |B]* (|001) — [011))((100] — (110])

)
— [B11% B205(|001) — |011))({000| + (010]) + |51 | | 8| (|001) — [011))((001] — (011]))

A
2 Ia.
+8 3
00 00\+
pOO — (M )p15<H2)(M ) (5 320)
15(H2) tr((MP)p, . (M)F) '
1 1—)\
= [ 1811 % (Jexz] 2 [0) (0] — 235 0) (1
Ber+i 2 ’
. A
—B203 [1) (0] + 18] * 1) (1)) + 1] (5.321)
1 11—\ A
= Z 2Py (P Nz 5.322
%W“%[( 5 !ﬂ1\!z><z\+8)] ( )
1 11—\ A
F=Tr (@) (@] 25 7] = [ |51|2+]
[ 15(Hy) %|51|2+% 2 8
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(2)_
01 01
o1 _ (MOY)p oy (M) T (5.323)
Pis(iry) t?"((MOl)p15(H2)(M01)+) .
1 1—A
= i [ 1811 (laz| 210) (0] + 283 [0) (1
% 181] 2 +% 2 ! 2
* A
+B50a5 [1) (0] + [B2] 2 (1) (1\)+§I] (5.324)
1 1—A A
= [ 18112 |@2) (Ba| + £1] (5.325)
Ber+g 2 8
1 1—AX A
P =Tr[|@0) (@] -2, ] = 2102+
1(H2)] %|B1\2+% 2 8
(3)_
10 10
pY )iy (M (5.326)
19(12) tr((M*)p,; . (M10)F) '
1 1—A\
= i [ || 2 (|aa] 2 1) (1] — @285 |1) (0]
P4} 2
* A
—B20310) (1] + (82| *10) (O) + T 1] (5.327)
1 1—A A
= Y 2|®y) (Bo| + ST (1Y) T 32
x| 2 3 V) (g [l 72 (2l + D)) (5.328)
1 11— A
F =Tr ||®) (Bo] - (iY)p)2 . (iYV)F| = = [ |041|2+]
15(Hy) % o |2 + % 2 )
(4)_
11 11
15 W @ (5.329)
P = 1 (MM, ,, (LT |
1 1—X, )
= @ as| “|1) (1] + agB5 1) (0
%|a1|2+%[ 5 loa|“(Jaz| 7 1) (1] + 2653 [1) (0]
* A
+820310) (1] + 85| *10) (0) + T 1] (5.330)
1 1—A A
= X 1] ?|®g) (Bo] + S X 5.331
%‘aﬂ%r%[( 5 laa] ¥ [®2) (@2] + 2 1) X] (5.331)

F =Tr [|®) (] - (X))

1 1— A\ A
(X)) = [ mﬁ+]
15(Hg) ] % |ﬁ1|2 +% 2 8
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Pmi16*

P16 (Hz)

= (HQ)pm16(H2)+
L2 (0o (1200) — [110))(100] — (120]) — [an [ cp3([100) — [120))((101] + (111
—a1 87 |aal® (100) — [110))({001] — (011]) + a1 5;a283(|100) — [110))((000| + (010])
+ a1 ]? By (1101) + [111))((101] + (111]) — |eu|* Bya3(|101) + [111))((100] — (110])
— 1 B3 B0 (|101) + [111))((001] — (011]) + a1 8% | 8] (]101) + [111))((000] + (010])
+By0] [az|* (|001) — |011))((100] — (110]) — B, a2 35(|001) — [011))({101| + (111])
+1811% ] (J001) — [011))({001] — (011]) — |3, |* aaB5(|001) — [011))((000] + (010])
— B0} Bya53(/000) +010))((100] — (110]) + By |Bo]* (J000) + [010))((101] + (111])
— 811 B2ai5(1000) +[010)) ({001 — (011]) + [B;[* |B2|* (|000) + [010))({000| + (010]))
—I—%Ig
(MOO)p ( 00)—1—
00 _ 16(Hg)
Piorry) = tT((MOO)pw(HQ)(MOO)—&-) (5.332)
1 11—\ .
= %wug[ 5 1811 * (|| * 1) (1] — @285 [1) (O]
A
—Ba03 0) (1] + [B] *10) (0]) + 3!l (5.333)
1 1= A
= WKZY)(T 18112 |®2) (P2] + g”(ly)] (5.334)
. . 1 11—\ A
P =T [[0) (@l ()8, )] = x5 5 210243
(M), gy (MO T
IO?;(HZ)) = tr((MOI)p16(H2)(M01)+) (5.335)
1 11—\ .
= %w“%[ 5 o] * (2| 2 (1) (1] + @283 [1) (O]
+B9050) (1] + 82/ 210) (0]) + %I] (5.336)
1 11—\ A
— %‘Oﬂ'“%m 5 g | 2 | @) (Py +§I)X+] (5.337)
1 1-)\ A
F=1r o @ (0, (0] = iy [ e+
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(3)_
10 10\+
o (6, 00)
10 10)+
) = (M), (MUO))
1 1—X
= - [ 1811 (|ex2] 2 [0) (O] — 235 |0) (1
21802+ % 2
N A
— a5 1) (0] + 812 1) (1) + 27
1 1—X A
= [Z( 18112 |®2) (P2] + S1)ZT)
g2+ 2 8
1 1—X A
F=Tr ||®) (Bo] - (2)p!° (2)F] = 242
r [182) (@al - (2)01%, (2) I_ZAWQHL[ gz )
(4)_
11 11+
P (M)P 1531,y (M)
16(Ho) tr((Mll)plﬁ(H2)(M11)+)
1 1—A
= 1= [ || *(Jexa] * |0) (0] + 285 10) (1
B ea|2+ 7 2 ’
¥ A
-+ﬂ2az!1><0W+\52\2U><1\)+-§I]
= o Do) (Py| + =T
1 1-A A
_ 11 _ 2
F=1Tr [|(D2> <(I)2‘ p16(H2) - %‘O{1|2+% |: 2 |Oél‘ +
Discussion:

lets take the expression of the fidelity(5.82)

1 1—A A
F = 24+
12/\ |a2|2—|—i‘( 2 ° 8)
1 ;A A, A
2V F = A
< |aa] +4> 5 |aa] +8
e lgl?= A 1-2F
T\ Fo1

from the condition of normalization we have:

0<|ap|?<1 = 0< A L-20
= 1= S41-MN\F-1) "~

b A (F-1
“4(1-X ~\1-2F

since 0< F< 1,:

(5.338)

(5.339)

(5.340)

(5.341)

(5.342)

(5.343)
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the fidelity is maximal F=1 when A = 0,(when we don’t expect any noise)

The channel is useful for quantum teleportation if: F> 3
F-1)
1-2F

0 < A (F-L <1
= 4(1-x) ~\1-2F

A
<N
- sy <

- 0<A<4(1-N)

or

SO

4

[SURIN )

1
For a classical teleportation: 3 <F<

<A<l

O~

the minimum value of fidelity for a classical teleportation is F:%,When A= 1.



Chapter 6
Fidelity deviation:

6.1 introduction:

For a given protocol of teleportation, the average fidelity represents how well the teleportation, but it
says nothing about the fluctuation of the fidelity over all the input states, or which states shows lower
fidelity than the mean value, particularly in the case where a noise impinge on the protocols.

We introduce the fidelity deviation D to investigate such property for a two-qubit quantum channel
as an example, then we will develop the calculation to derive D for the protocol in the previous chapter

trough a five-qubit channel.

6.2 Fidelity deviation for a two-qubit state:

Deriving the fidelity deviation defined as([18])

6= J(f2) — (f,)> (6.1)

(f,) = / fupd¥ (and (f2) = / fu,d )

for a canonical two-qubit density matrix (quantum channel)

where

1
p:Z([@[—FI“U®I+I®S‘U+Ztij0’i®0’j) (6.2)
Z7j

Where r and s are unit vectors in R3,and the coefficients ti; form a real matrix(3x3),
we initially follow the standard protocol of teleportation in([19])

The teleported state represented by the density matrix

py = ) (7] (6.3)
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the initial state is:

pi = py @p

(6.4)

First, the measurement in the Bell basis{|¥y) ; k = 0, 1,2, 3}, then after the receiver get the result,

he performs the correction operations Uy to obtain the state of the sender:

_ My (py ® P)]W/r;|r
Tr(Mi(py ® p)M;)

where

My = Myl = [0p) (Ug| @ 1

the correction:

Pr= UKZ%'U;'

where

U, = I®I1I®o;

O = I7Ji
The final state,
1
pr = pI2I@0R)(1Wk) (Tel ® Dipy @ p) (V) (| @ I & T D 0)

_ ;k<|mk><xpk|®Jk><p@®p><|wk><wk|®ak>
(Pe = Tr(Mp(py ® p)M;))

Now, we take the partial trace ¢; over Alice’s qubit:

Sk = TTalicepy
= Y (wleny(n) e
k=0
= 23:< k:‘®I (|‘I’k><‘1’k|®%)(P@®P)(|‘I’k><\ﬂk!®ok (|w,) @ 1)
k=0
1

= <\Ijk‘ [Wk) (Ur| @ o) (09 @ p)(|Wk) (Ui |P},) @)
kj_g ~~—~—— —_————

P =
ol O CULIEIATERIEALAEER
k=

1

P

(Yi| @ 1) (pe @ p)(|¥k) @ 0%)

(6.7)

(6.10)

(6.11)

(6.12)
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In the Block sphere representation:

1
pu = 0) (¥ = (I +a-0) (6.13)
where a is an unit vector in R3
N
1 1
)y (¥ @p = §(I+a'0')®Z(I®I+P'U®I+I®S'O’+Ztij0i®Uj)
1]
1
= §(1®I®I—|—a-U®I®I+I®r-a®l—|—a-a®r-a’®]

+HI@IRs-ct+a-o1®s - o+1®) tjo;0;
]
+a-o®) tijo; ®oj) (6.14)
i7j
substituting (6.14) in (6.12)=-

1
Sp = 8?[@’“ I @ I| W) @ oplor+ (Pila- o @ I¥y) @ oploy
k

+<\I/ku®r~0"\lfk>®0’k10'k+<\I/k‘a-0'®1‘-0"\11k>®0'k[0'k

(U [ @ 1| W) o(s- o)k + (Vi la- o @ I| V) ox(s - o)oy

+<\I/k \I/k>®0k(0'j>0k—‘r <\I/k

1
= B [+ (a,Tyr) - I + (OF s)o + (a,T1T) (O} - 1)o]

1
= 5 [1+4 (a,Tyr))I + Of (s + T Ta)o } (6.15)

Where we used([20])for two vectors n and m in R3:

I® Ztijai

a-oQ@ Ztijai
] ’

%,J

\I/k> X Uk(O'j)O'k]

(Upn-o®@m-o|¥;) = (n,Tpm)

the matrices Ty, correspond to the projectors |Wy) (V| given by :

-1 0 O -1 0 0 1 0 0 10 0
To = 0 -1 0 , Tr = 0 1 0|, Te=] 0 -1 0 [|,Ts=]01 0
0 0 -1 0 01 0 0 1 0 0 -1

and
ox(n.o)oy = (Ofn)o

we have Tr(o;)=0 , so:

<\Ilk|a-a®l|\lfk) = Z<\Ifk|ai-0i®f|\l/k>

)

= <\Ijk|ax‘0'x®l|‘1/k;>+<‘I/k|ay‘0'y®l|\pk>+<\Pk|az‘0z®l|\pk>
= a;Tr(0, ®I)+ayTr(cy®@I)+a,Tr(c,®1I)
_ 0 (6.16)
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For k=0,1,2,3:
Of =Ty (6.17)
we substitute in (6.15) :
S = 8;3]{} [1 + (a, Tkr)]l + (—Tk)(s + T+Tka)0'}
— 8]1% (14 (a, Tpr)|I + (=Tps — Ty T Tra)o }
P, — 811% 1+ (a, Tho))] — (Tys+ T+ a)o ) (6.18)
The fidelity:
3
1= 1| (% ne) (o o]
= i Tr [; {1+ (a, Tyr)) — (Txys+T a)o} - %(I#— a-o)
k=0
3
= 1—16 kgo Tr I+ (a,Tyr)I +a-o+(a, Tyr)a-o — (Iys)o — (Tys)o(a-o) — (TTa)o — (Tta)o(a- o)]
_ %6 (2 4 2(a, Tyr) — (Tys)a — 2(T*a)a)
k=0
1 3
= 3 kZ::O [1 +alTy(r—s) — aT(Ta)]

The average fidelity
(we follow exactly the method used in([18]))

() = [ fupv

We use Shur’s orthogonality lemma on R?, [?] for every matrix X:

1
/ dyOy,X 0Oy = =Tr(X)Iy where / dg =1 (6.19)
e d G

Oy is an irreducible orthogonal representation of any element in the group G.
here the group G is the rotation group O(3) and the vectors a€ R,
we choose to present the vectors a by :a=R,z , where R, is the matrix of rotation , and z is the

unit vector.
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Then

() = /fapda:/gi 1+alTy(r—s)—a’ (Ta)}d
= ;kéo {/da / (r — s)da— /aT(Ta)da}
- 55 [orw)
= ;[1—;TT(T)] (6.20)

Expression for <f;> :

i [1+ aTzk—aT(Ta)] = (1—aT(Ta)) + 51; Z al'zy,
k=0 k=

OOM—l
N =

X = Tk(r - S))

1 12 S 1 1 3
2= (z(1-alTa)+ < > alz, | =>(1-alTa)* + Z a xkaTxk —(1-a’Ta) 3 alxy
r =2 8 &, 1 64,5, 8 =

<f;> - /fp’ da_/( (1 aTTa) 614 Z a .TkaTCCk é(l—aTTa) i aTLI?k> da

k,k=0 k=0

— / <i(1_aTTa)2> da :i/ 1+ (aTTa) (aTTa) — 2aTTa] (6.21)

we can write [?]

(al'Ta) (a’Ta) = (al @) (T®T) (a® a)
SO
1 1
<f;> = / <4(1—aTTa)2) da =1 / 1+ (" ®a’) (T ®T)(a®a) —2a’Ta] da (6.22)
using the generalization of Schur’s lemma for a matrix X on R @ R? :

/ dg(0y ® 0,)X (0T © OF) = A + BD + CP
G

Where I is the identity, D:(Zf 0le ® xl) (Z;l éxj ® x]> , ({x;}: is an orthonormal basis of R%),
and P= ZZ] o (% ®x) (% ® Xi)T
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The coefficients A,B ,C are given by:
A (d+1)Tr(X)—-Tr(XD)—Tr(XP)
N d(d—1)(d —2)
5 _ ~Tr(X) + (d+ )Tr(XD) - Tr(XP)
N d(d —1)(d —2)
o ~Tr(X)—Tr(XD)+ (d+1)T'r(XP)
- d(d—1)(d—2)
so we can evaluate the integral(6.22) :
/[1 —2a’Tal]da = 1- %TT(T) : (/da :1)
/ ('’ ®@a’) (T®T)(a®a)da = 115 ITr(TRT)+Tr(T®@TD)+ (Tr(T ® TP))
_ %(TrT)Q + Tr(TT*) + TrT?)
_—
<fj> - i [1 - ;TT(T) +%5(TTT)2 FTr(TT) + TTT2):| (6.23)
Fidelity deviation:
5, = (f2) = (fp) 2= \/i [1 - %TT(T) +%(TTT)2 +Tr(TT+) + TrTZ)] - B (1 - ;Tr(T)ﬂ 2
_ ﬁ 1= 200y v ey srvrn)] - [ (1= 2y + S|
1 1
= J,= 7% Tr(T)% — g(TrT)2 (6.24)

the corresponding T is diagonal, with eigenvalues,\; |t;;|, i = 1, 2, 3, where \; €{-1,+1}. In
particular, A\; =-1fort;; = 0,i =1, 2, 3,

if det T< 0; A, A\j = -1, Ay, = +1 for any choice of i = j = k € {1, 2, 3} satisfying|ty;| > |t;; | >
[tk |, if det T > 0.

6.3 Fidelity deviation for a five-qubit state:

Since the protocol is a transmission of a qubit state, we consider the protocol in the previous chapter,
of shwitched controlled teleportation, with noisy channel(second section) we will follow the same

method of deriving the fidelity deviation for a two-qubit state.
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First, the protocol to find the expression of the average fidelity f.
The five-qubit density matrix p :

A
. = (L=XN[C){C|+ 3*2132

1
= (1= 2)(00000) (00000] + 00000) (01011] + 00000) {10101 +[00000) (11110 + 01011) (00000|

(

+1]01011) (01011] + |01011) (10101| 4 |01011) (11110] + |10101) (00000| 4 |10101) (01011]

+[10101) (10101| 4 |10101) (11110| 4 |11110) (00000| 4 |11110) (01011| 4 |11110) (10101|
)

A
+[11110) (11110)) + o I (6.25)

The two teleported states of Alicel and Alice2 in the Block representation:

) @] = (T +a0)

|<I>2><(I)2‘ = %(I-l-agd)

where a; and as are unit vectors in R3.

the general state of the system:

p=|P1) (P1] ® |P2) (P2| ® p,, (6.26)

The measurements of Alice(1 and 2):

After the measurement :

Mlpr_

— L M =M =) (U U, (U, T RIRT 6.27
Tr (VM) = [UR) (0] © [ W) (T (6.27)

pP—= P =
(¥, = Byy ,k=0,1,2,3 correspond to Alicel , m=0,1,2,3 correspond to alice2)
define py = Tr (M1pM;) ,
1
p1= () (W] © (W) (Wl © 19 10 Dp(|4) (U] © [ W) (W TS TS 1)

we take the partial trace over Alicel and Alice2:
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3
Tralp) = Y, (W@ (Wnl@I@lol)p (V)W) elelol)
o
= p11(<\11k R (U | T RTRDp(|Vg) @ V) @ TR TR T)
- 4]101[1?(\00@ (000] 4+ |011) (011] + [101) (101] + [110) (110])
+(=1)" (a1), (|000) (011] + |011) (00| + [101) (10| + |110) (101])
+(=1)* (az), (|000) (101] 4 |011) (110| 4 |101) (000| 4 [110) (011])
+(=1)™Fm (a1) (ag), (/000) (110] + [011) (101] + |101) (011] + [110) (000|)
+%&} (6.28)
where :
(Wil I @10} (O] [¥g) = %(<0y\ + (=1)* (1g)I @ [0) (O (|0y) + (=1)" [17)) =1
(Ul T @[1) (1] [Pg) = 1
(V[ I @ 0) (1] |Wg) = (gl @][1)(0[[Pg) =0
(Uplao ®[0) (O] [Wr) = (¥klao @ |1) (1]|¥g) =0
(Uilao @ |0) (1] [Wr) = (Vilaoc @ [1) (0] |¥k) = (—1)%as

The controller’s operations:
in the case where the teleported state is Alicel’s state,

The operation H on the qubit C3 the density matrix defined by Tr4(p;) :

po=(HQIRI)Tra(p;))(HRI®I)

Measurement of Charlie in the Z basis

After measurement

MszM

_ el Gith My = (|ab) (ab| ® I):a = 0,1:b =0, 1
TT(M2p2M> w1 2 (‘a><a’® ),CL

py = Py =

Bob performs the corresponding unitary operation og:

1
pp=—

(lab) (ab| © oap) pa(|ab) {ab] © oap)
DPab

where pop, = Tr (Mapy M)
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now we take the partial trace over Charlie’s qubits:
1
<w = Trelp) =Y (al ()2 1) 5 (10} [p) @ 1)
a=0
b=0
1
= —((ab| ® o) pa(|ab) @ oap)
Pab
the fidelity defined by:
fop, = Tr (Z pab<ab> |P1) @1’]
a,b
1
= Tr (E((ab| ® Tap)pa(lab) @ aab)) (2(1' + a10)>] (6.29)
a,b

we need to find an expression for < fpc> and for < f;c> to obtain:

Op, = \/< 3c> - <fpc> 2 (6.30)



Chapter 7

(General conclusion

Among the applications of quantum physics in the communication and information theory, the quan-
tum teleportation, which is one of the branches of quantum information theory that allows for the
transmition of quantum information to a distatnce location, its essence lies in the non-local correlations
or the quantum entanglement.

In the first chapters of this thesis, we have considered the quantum computing in different protocols
of bidirectional teleportation with and without control. These laters contain calculations of protocols,
already recently published in international journals, which consist in mastering the calculations tech-
nique of the protocols.

Then in the next chapter, we have considered a new scheme of switched controlled teleportation,
which we have its implementation in the platform of Dr Kh.Khelfaoui, and it is the original protocol
proposed by the platform (automatic research). The originality of the this chapter is an analytic
and exact verification of the proposed protocol which confirms and supports the reliability of the
calculations made by the plateform. Furthermore, a complementary computation cantainning a noise
in the entanglement channel is presented, and the fidelity corresponding to the protocol is given.

In the last chapter, we started an original work with the aim of deriving the fidelity and fidelity de-
viation recently proposed in published literature, for the noisy channel of the protocol of Dr Khelfaoui,
but due to the complexity and the requirement of more calculations, the work will be completed in-

cessantly and hopefully it will lead us to meaninful results.
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