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Introduction

Quantum mechanics is a fundamental theory of physics that studies matter on the scale of
atomic and subatomic particles and the motion of physical objects in the microscopic world.
Since the classical mechanics reached its limits in the 1920s.

Quantum theory has made its first appearance resolving physical problems such as black
body radiation and the photoelectric effect.

This theory was based on the fundamental principles called postulates [1]

Postulate 1: State of a system

The state of any physical system is specified, at each time ¢, by a state vector |¢(¢)) in a
Hilbert space H ; |¢(t)) contains all the information about the quantum state of the system.
Any superposition of state vectors is also a state vector.

Postulate 2: Observables and operators

An observable or dynamical variable in quantum mechanics is a physical quantity A, that
can be measured or observed, it is equivalent a linear Hermitian operator A, whose eigenvectors
form a complete basis.

Postulate 3: Measurements and eigenvalues of operators

The measurement of an observable A may be formally expressed by the action of A on a
state vector |¢(t)). The only possible result of the outcome of the measurement will be one of
the eigenvalues a,, (which are real) of the operator A . If the result of a measurement of A on
a state |¢(t)) is a,.

The state of the system change in a specific way depending on the measurement |¢,,):

Alp(t)) =an|t,), n=1,23.. (1)

where a, = (¢, [1(t)).

Postulate 4: Probabilistic outcome of measurements
e Discrete spectra: The possibility of finding one of the nondegenerate eigenvalues a,, of
the corresponding operator A, when measuring an observable A of a system in a state |¢) is
given by
@ ) |’
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where [1),,) is the eigenstate of A with eigenvalue a,,. If the eigenvalue a,, is m-degenerate,

P, becomes

|2

- o w o
2 e Sy ¥

7=1

The act of measurement changes the state of the system from [¢) to [¢,). If the system is
already in an eigenstate [1,,) of A, a measurement of A guarantees to provide the corresponding

eigenvalue a,,:
Al,) =an|,), n=1,23.., (4)
e Continuous spectra: The relation 2, which is valid for discrete spectra, it is possible
to extend to get the probability density that a measurement of A yields a value between a and
a + da on a system which is initially in a state |t):

dP(a) _ [¢ (a)l* ¢ (a)?
da (¢ |¢) fj;"w(af)ﬁdaf’

(5)

for instance, the probability density for finding a particle between x and x + dx is given by

dP(2) _ | (@)f
i~ W)

Postulate 5: Time evolution of a system

(6)

The time evolution of the state vector |¢)(t)) of a system is governed by the time-dependent

Schrodinger equation
0
thay [W(t) = H[¢(1)) (7)

where H is the Hamiltonian operator corresponding to the total energy of the system.

The quantum mechanics theory has been truly one of the most revolutionary theories in
physics in the last century. Its impact has extended beyond the original ideas presented, gen-
erating new and exciting domains such as quantum electrodynamics, quantum computation,
quantum information theory, quantum optics, the theory of quantum open systems and others.
While it is a very efficient model that has greatly facilitated new innovations in science, it
certainly didn’t lack limitations. For instance, it has been limited to the study of self-adjoint
operators (in the sense of Dirac), i.e. Hermitian quantum systems. This constraint was chal-

lenged near the end of the twentieth century, when non-Hermitian quantum mechanics theory
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was developed to study non-Hermitian systems with a real spectrum. All while still fulfilling
the criteria (satisfying all the postulates except 4, which has been adjusted since then for this
theory) of a physically acceptable quantum theory, which are: an energy spectrum (eigenvalues)
that is entirely real and bounded from below, an eigenstates Hilbert space with an orthonormal
basis, and a unitary temporal evolution.

In 1998, Bender and his collaborators introduced the notion of P7-symmetry [2, 3, 4, 5, 6,
7, 8] in non-Hermitian quantum mechanics. The initial results obtained in their study are that
a family of non-Hermitian potentials ¢ (z) = 22 (iz)”, ¥ € R has a spectrum that is real for
¥ > 0 and complex for ¢ < 0. Later, Mostafazadeh has generalized the P7-symmetry to the
notion of the pseudo-Hermiticity [9, 10, 11], which proved that all P7 -symmetric Hamiltonians
are pseudo-Hermitian.

Numerous physical systems, particularly those involving dissipative quantum systems have
generally been described by non-Hermitian Hamiltonians. These non-Hermitian Hamiltonians
are utilized to model phenomena where energy is not conserved such as Hamiltonians that do
not satisfy the unitarity condition can indeed pose challenges to the usual probabilistic inter-
pretation of quantum mechanics. In non-Hermitian quantum mechanics. It has been discovered
that a quantum Hamiltonian must have an unbroken P7-symmetry in order to have a real
spectrum [2, 5]. The concept of P7-symmetry has found applications in various areas of phys-
ics. Once the non-Hermitian Hamiltonian H is invariant under the combined action of P7 (i.e.
H commutes with P7) and its eigenvectors are also those of the P7 operator, then the energy
eigenvalues F of the system are real and in this case the P7 -symmetry is unbroken.

The concept of pseudo-Hermiticity introduced by Mostafazadah [9, 10, 11], also known as
"quasi-Hermiticity" or "P7-symmetry", plays a significant role in understanding the spectral
properties of non-Hermitian Hamiltonians in quantum mechanics. Pseudo-Hermitian operators
are non-Hermitian operators that have a certain symmetry property related to their eigenvalues

and eigenstates. An operator H is said to be pseudo-Hermitian if
H* =nHn™, (8)

where the metric operator

n=ptp, b =p ("), (9)



Introduction 4

is a linear, invertible and Hermitian operator, the Hamiltonian operator is considered pseudo-
Hermitian, if it satisfies relation (8).
The pseudo-Hermiticity allows us to establish a connection between a pseudo-Hermitian

Hamiltonian A with an equivalent Hermitian Hamiltonian h
h=pHp™, (10)

where the operator p called Dyson operator is linear and invertible. We can also studies the
time-dependent quantum mechanics systems in both cases (Hermitian and non-Hermitian).

Therefore, in the first chapter, we introduce the Lewis-Riesenfeld theory in Hermitian
quantum mechanics. As illustrative example, we study the generalized harmonic oscillator.

In the second chapter, we study the time-dependent coupled oscillator of a two dimensional
(2D) by employing the idea of uncoupling the invariant operator to determine the solution of
the time-dependent Schrodinger equation.

In the third chapter, we recall the properties of P7 and CP7-symmetry as well as the
pseudo-hermiticity.

In the fourth chapter, we investigate the coherent states of the inverted oscillator, which in
anti-P7 -symmetric Hamiltonian. Finally, we close this work with a conclusion that explains

the most important ideas we relied on.



Chapter 1

Time-dependent quantum systems

1.1 Introduction

In quantum mechanics, it is necessary to search for solutions of the time-dependent Schrédinger
equation [12]
0, |W(8)) = h(t) [W(2)) (1.1)

where h(t) is the time dependent hermitian Hamiltonian operator describing the system and
|W(t)) is the quantum state of the system.

In this situation it is difficult to find an exact solution, it is crucial to recourse to the
approximations methods (for example : the sudden approximation, the adiabatic approxima-
tion, the time-dependent perturbation theory and the Lewis-Riesenfeld). The Lewis-Riesenfeld
invariant theory [13] allows us to solve the Schrodinger equation in an exact manner and the
solution is expressed as a function of the eigenstates of the invariant operator multiplied by a

phase.

1.2 The invariant operator in quantum mechanics

An operator I,(t) is said to be an invariant operator if it satisfies the Von-Neumann equation

df;ft) _ algt(t) +%[Ih(t),h(t)} . )
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The time derivative of the expectation value (I, (t)) is writen as

d d . dl(t .
i 1) = i (5 (W01 ) 50 0 + it (0] Z5 o) i oo 1) (5100 )
1.3)
the Schrodinger equation and its adjoint are
0
ihoy [¥(1)) = h|¥(2)), (1.4)
9 +
0O ()] = ()|, (15
from the above equations, we will have the following expression (since h™ = h)
d _ (P[0 (0) [w(2) | 1
< ey = SHNIOTO) | w0 1), H ) 1), (1.6
the equation (1.2) allows us to deduce that
() =0 (1.7
dt h ) .

i.e., I(t) is a constant of movement.

1.3 The invariants theory in quantum mechanics

We shall use the Lewis-Riesenfeld method [13, 14] in order to obtain the quantum solutions
for the time-dependent case. To proceed, it is necessary to find an invariant operator I (t)
satisfying (1.2).

Clearly, this is equivalent to saying that, if W,\’K(t» is an eigenfunction of I,(¢) with a

time-independent eigenvalue A,

(1) [¥an()) = A s (1)), (1.8)
we can find a solution of the Schrédinger equation in the following form
|1/))\,n(t)>a = exp [ZCA,I{(-[;)} |1/))\,n(t)> ) (19)

where (, ,.(t) is the Lewis-Riesenfeld phase satisfies the following equation

C}\Ii

<w,\n | Zhat - h(t)) W,\,m(t» . (1-10)
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The general solution of the Schrodinger equation is written as
[U(1)) =Y Crn(0) exp [iC,,(8)] [r,(1)) (1.11)
A K

where the C) ,,(0) are time-independent.

1.4 Application: The generalized harmonic oscillator

We propose to solve the Schrodinger equation associated with the time-dependent generalized

harmonic oscillator

h(t)==[Z{t)p"+Y (t) (pz + zp) + X (t) 2?], (1.12)

N —

where x and p are the canonical coordinates operators, X (t),Y (¢) and Z (t) are arbitrary time-
dependent functions. It is well known that an invariant I,(t), for Eq. (1.12) reads [13, 15, 16]
m(t) 5 pa(t) ps(t) o

I(t) = — P+ (zp + px) + —5 T (1.13)

while the parameters p, (%), p5(t) and p4(t) are time-dependent functions satisfying the time-

dependent differential equations

frg = 1 X — pizZ, (1.15)
fr3 = 2p10 X = 2p3Y" (1.16)

by setting y1; = 02 , we can obtain the invariant in the form

1+ <02Y—_M)1 r? (1.17)

) 1
(px + xp) + =

where o satisfies the Milne-Pinney [17, 18]

2

Z
0="5. (1.18)

(XZ—Y2)+§Y—Y

-6+

A

To obtain the eigenfunctions of I, (), we consider the unitary transformation
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¢ (z,t) =Ud, (x,t), (1.19)

where U is defined as

v
U = exp [%1 ( UZU ") 332} , (1.20)

the transformations of p and p? are

Yo—o
-
UpU"™ = p ( 7 )ﬂf

P 9 Yo—o Yo -5\ 9
Up°UT = p°— 7o (px + zp) + 7o x”. (1.21)

This unitary transformation leads to the following eigenvalue equation of the invariant
operator I (t) is

I, (@,1) = A, (2, 1) (1.22)

where the transformed invariant I} (t) is

1 1
_ +_ 1 22 2
L) =ULU" = S0P L (1.23)

If we introduce the new variable 6 = £, we can write the eigenvalue equation (1.22) as

follows
I
it 5| e @) = A @), (1.24)
with
1
Py, (2,1) = T (5). (1.25)

The factor /o is introduced in the equation (1.25) to guarantee the normalization condition

[ oo @ode= [ e @, @)d5 =1

The solution of the equation (1.24) is

¢, (6) = [mrexp {—;—;} H, [(%)10—] : (1.26)
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where \,, = I (n + %) and H, is the Hermite polynomial of order n. Then
¢, (z,t) =U" Y (1.27)
the eigfunctions of I, (t) are

6, (1) = [mrexp {_%1 (% = %) xQ} H, [(%)2 (;)] . (1.28)

The Lewis-Riesenfeld phase

d 0 1 0
is obtained as
tz

The general solution of the Schrédinger equation is written as

1
1 2 i (Yo—¢ i 1 tz
U (z.t) = C, | — - — — ) 22— - =dr
w0 = Lo el (P )i () [




Chapter 2

Time-dependent coupled oscillator

2.1 Introduction

In physics in general and quantum mechanics in particular, the study of time-dependent coupled
oscillator is essential [19, 20, 21, 22, 23, 24], since it describes different real systems [25, 26, 27,
28,29, 30, 31, 32, 33, 34, 35]in addition to trapped atoms [36], nano-optomechanical resonances
[37, 38], electromagnetically induced transparency [39], stimulated Raman effects [40], time-
dependent Josephson phenomena [41], and systems of three isotropically coupled spins 1/2
[42]. The combination of n simple oscillators gives rise to n-coupled oscillators [43, 44, 45].
Lie symmetries of differential equations with damping and driving forces have considered the
resolution of n-coupled harmonic oscillators [46].

Indeed, as a result of the remarkable attention shed on the study of time-dependent
Hamiltonian systems, a variety of techniques have been developed: adiabatic approximation,
sudden approximation, the perturbation theory and the Lewis-Reisenfeld invariants theory
[13, 47, 48]. These methods did not only focus on Hermitian Hamiltonian systems [13] but
extended their study to non-Hermitian ones, where the solutions to the system are established

in terms of the eigenstates of a pseudo-Hermitian invariant operator [49, 50, 51].
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2.2 Quantum invariant operator and the auxiliary con-
dition

We consider the time-dependent Hamiltonian

H(t) = -Z{ v +Ci(t)x?] +103(t>x1m2, (2.1)

i1 m; (t) 2

where m; (t), ¢;(t)and c3(t) are time-dependent functions. We propose a quantum invariant
operator as follows
2 1

i=1
where «; (t), 8, (t), v, (t) (i = 1,2) and 7 (t) are the real parameters and differentiable functions
of time. The substitution of (2.1) and (2.2) into the Von-Neumann equation (1.2) allows us to

give the auxiliary equations as follows

_ =281
a; (1) = m () (2.3)
— ¢ AL (t)
() = s o) o () — 140, (24
i () = 2¢i () B,(1), (2.5)
0 (t) = cs () [By(2) + Ba(E)] (2.6)
and
n() _ _
o) ay (t)my (t) = az (t) ma (t) (2.7)
Now, noting
a; (t);(t) = B7(t) = &, (2.8)
with §; being a real constant, we set
a; (t) = :0@27 (2.9)

using (2.3),(2.4) a simple calculation, lead to

Bi(t) = —mipip;, (2.10)
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and

Vi () = ¢ (£) mip} + mrinipyp; -+ mi pi + m2 pip;, (2.11)

from the above equations (2.10), (2.11) and (2.8), we obtian the auxiliary equation for p,

.My i ¢ (t) p;
A — U 2.12
and since
pimy = pyma, (2.13)

we can write the following expression for 7 ()

n(t)=— /t s (t') map, (,'01 + ,01%> dt'. (2.14)

2

Consequently, the invariant (2.2) is represented as

2
1 : 0; ,
I(t)= 52 {p?pf — mp;p; (Tipi + pixi) + (? + m?p?) xf]

=1 7

L[/ , i
-5 [/ c3 (1) mypy (P1 + pl%) dt'} T1To. (2.15)

2
By using the Lewis-Riesenfeld theory [13], the invariant operator (2.15) has a time-independent

eigenvalues \,, ,,
I(t) |§0n1,n2> = >\n1,n2 |§0n1,n2> Y (216)

where its eigenfunctions !gpn 1’n2> multiplied by a suitable phases

o5 (1)) =0 i [ (onal (i85 = D)) )| (217
0

are solutions of the time-dependent Shrédinger equation (1.1).

2.3 Exact solution and geometric phase

For solving the eigenvalues equation (2.16), we define a unitary transformation U such that

}90211,n2> =U ‘¢n1,n2> = U1U; ‘90n17n2> ) (2.18)
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where )
Uy = H exp L (xipi + piz;) In /oy (2.19)
i=1 2R 7
2 i 3
U, = — g2 2.20
=3 o 5507 (220
applying of Baker—Campbell-Hausdorff’s formula
1
exp[A]Bexp[—A] = B+ [A, B] + E[A’ [A, B]] + ... (2.21)
we obtain the following transformation of x; and p;
Uz, U = /o, (2.22)
Up.UT = L A
1D: 1 — \/Eip“
and
Uy, Uy = ay, (2.23)
UspiUy = pi — &% (2.24)
0%
Finally
Uz, U = /oy, (2.25)
1 B,
U iU+ = i T - 9 2.26
p N (2.26)
and consequently the invariant (2.2) becomes
/ 1 - 2 2 2 1
I' = 52 07 + (vici — B7) 7] + 3V 01007172, (2.27)
i=1
We simplify the invariant operator I’ by the unitary operator Us
i0
Us = exp [ﬁ (P21 — p1$2>] ) (2.28)
x; and p; transform into
0 0 0 0
Ust1Uy =cos | = | oy —sin | = | zo, UsxoUy =cos | = | zy+sin | = | zq,
2 2 2 2
N o Nz N 6 /0
UsprU;™ = cos B p1 — sin B p2, UspUs™ = cos B pa + sin 2 P1. (2.29)
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Therefore, the invariant (2.27) is written as

2 2 1 0 0 v/
I = (]?,I/ljgjr = & + ]2 + = |:(51 COS2 (5) + 52 Sil’l2 <§> + 7 0251052 sinﬁ] I‘%

2 2 2
1 .o (0 0 nyaias .
+ 3 {51 sin? (5) + 8y cos? (5) — —21 2 sin 0} 73
1
+3 [N/ aqag cosf — (61 — 62) sin ] x4, (2.30)

from Eq. (2.30), the separation of variables is complete for

N\ Q102 cosf — [(51 - (52] sinf = O, (231)

the invariant operator I” becomes

1 ~
=33 (p? + 2a2) . (2.32)

where

Q? = §, cos® (g) 4 89 sin? <g) 4 v sin 6, (2.33)

02 = 6, sin’ (g) + 6, cos? (g) - D sing. (2.34)

02, Q2 are constants. From the Eq.(2.31), we deduce

tan (9) = V192 (2.35)

[61 — d2]’
where
0 = arctan(n\/arag. [0, — 05] ), (2.36)

is constants. To see order this we calculated the time the derivative of 0

80 . 8 /102
5% = o [arctan ( 5 5, )] ) (2.37)

by replacing the Eqs.(2.7) and (2.9) in Eq.(2.37), we find

a0 0 33 Py
- = e - 2.
5 = 9 {arctan ( 5 — 5, , (2.38)
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therefore
9 [c3p3 pama]
ot

from Eqgs.(2.7), (2.88) and (2.9) that means

= C3p)pami + 3eapypi paia + c3pipama + capipyting, (2.39)

T — a2, (2.40)
C3

the derivative of (2.40) is given as
S : .
N— = — = 2pypymy — 1 pi, (2.41)
€3 C3
if we replace the expression of 7 that is defined in Eq.(2.6), and n = c3mqp?, the Eq.(2.41)

becomes as

G (Bt By 2 i

_ _ 2 2.42
C3 mlP% P1 my ( )
we have that 8, = —m;p,p?, then the above equation (2.42) is written as
. 3 . .
@:_{ﬁ+m+@], (2.43)
c3 pr My
by using the differential equation(2.43), we deduce that
0 [e3p3 pam 3/ m [ )
ot Pr M1 Pg
+ C3pT ot + capiparing
= 0. (2.44)

Knowing that 01,0, are constants, we confirm that the derivative of § must be equal to zero

i.e & = 0. Hence that 6 and the frenquencies (ﬁ%,ﬁ%) are time-independent. As recalled
above, the invariant operator I(¢) should have time-independent eigenvalues, consequently the
frequencies Q; are time-independent.

After decoupling, the invariant (2.32) is the sum of two invariants representing simple

harmonic oscillators with time-independent frequencies €2; and unit masses, whose eigenstates
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are represented as

— 1/2 — N
\/ [ € i,
|(IDTL1 n2> H 1/2 'an Hni El‘z exXp _%xz 9 (245)
where H,,, are the Hermite polynomials.
Noting that the transformation of the eigenstate |90n1,n2> is
|S0n17n2 U+ {@nl n2> U;U;_U; |SOTL1 TL2 Y (2'46)
by replacing (2.46) in the expression of Lewis-Riesenfeld phase (1.10), we obtian
. 9 .
Cnl,ng (t) = < n1 ng‘ U 'lh& - H( U |30n1 n2> . (247)

Using the equation (2.7) and the Baker—Campbell-Hausdorff’s formula (2.21), we can ob-

tain the expressions

v, (mg) UF — U000, (m%) VU U

N e TR P A NN 4 e B R O\ 2
— {( 5 2m1+ ﬁl) cos <2)+( 5 2m2 52) sin (2” ]
St NIy v @20 Yo G\ 2 (0] 2

—l—K 5 m1+ 61) sin (2>+< 5 m2+ UBQ) CcoS (2)] x5

IO ey~ 22) (= 1) 5 22 (5 1)

Mo n

—26—; [51 cos (g) + B, sin® (g)] (z1p1 + pr21)
—26—; [51 sin? (g) + B, cos? (g)] (wap2 + paxa)

C3

+% (81 = By) (w1p2 + w2p1) sin (0) (2.48)
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U, [H®) U, = UsUUy [H(t)| U U US

c
= ﬁ (p? +p3)
C_3 2 a1C 2 Q 2 2 [65X8)) 9 Q C34/ 0109 2
Jr{(Q 1 5 )COS (2)+(2n52+ 5 ) <2> 5 Sln9:| Ty
C3 pp | 101 9 Q C3 pp | Qa0 9 Q G/
+{<2n@1+ 5 )sm (2)+(2n52+ 5 )COS <2> 5 sm&}
1
—i—§ [% [(62 51) — oy + 04202] sin (0) + cg/a1az cos 0] T1T9
0
—5—3 [51 cos” (—) + 3, sin’ ( )1 T1p1 + p121)
n 2
0
—5—3 [51 sin® <§> + 3, cos? ( )1 Taps + Paz)
c
—l—ﬁ (B, — By) (x1p2 + z2p1) sin (0) . (2.49)

Then, from the equations (2.88) and (2.31), the expression of ¢n17n2 (t) is writen as

. 0
Connal®) = (el U (1057 = O UF ) = =2 (e )

- _% {ﬁl <n1 + %) +Q, <n2 + %)} , (2.50)

the Lewis-Riesenfeld phase (2.47) in this case is

Coyma (1) = =P [Ql (m - %) + (712 + %)] /%Sdt’ , (2.51)
0

so, we find the general solution of the Schrodinger equation

— 1/2

S Sc | | AL A YA

i (h)*/? ny12m

- ¢
182, , ~ 1 ~ 1 c
exp —%xf —ih |:Ql (711 + 5) + (2 (n2 + 5)} ﬁdt, . (2.52)
0
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2.4  The generalisation of the 2D to a 3D coupled oscil-
lator by the method of Hassoul et al [52]

In this section, we show that the analysis of Hassoul et al, in Ref [52] suffers from basic
errors. Hassoul et al [52] considered the following Hamiltonian H(¢) with different masses

m; (t) (i = 1,2, 3) and frequencies w; (t) (i = 1,2, 3)

H(t) = %Zl [m];i(t)—i-mi(t)w? (t) 22 (2.53)

where z; and p; are the canonical coordinates and momentums, ki (t), ki3 (t) and kg (t)
are coupling parameters respectively.
They choose an invariant operator of the form

1 3

I(t) = 52 [A; (t) p? + B; (t) (wip; + pixs) + Ci () «7]
+% [Dlg (t) r1Te + D13 (t) 13 + D23 (t) Z)’ng’g} s (254)

this invariant satisfies the invariance condition (1.2). The derivative of the invariant oper-

ator is

Tl =5 [ 08t + By @+ o )22] + 5 [Aa 083 + B () + Ca (1)

1r. . . 1r. . .
+§ [Ag (t) p3 + Bs (t) xaps + Cs (t) 3:%] + 5 [Dlz (t) x129 + Di3 (t) w1203 + Dog (1) 3321'3} , (2.55)

and the expression of the commutation relation between [ (t) and H is
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Ci (1) By(t) 5, Ca(t)

) 2ma () (t)p2 + g (1) @ Tap2
) o, G3(0) (Dha (t) zap1 + D13 (t) z3p1)
0Pt e T 2my (1)
(D12 (t) x1p2 + Das (t) x3p2) n (D13 (t) x1ps + Dag (t) z2ps)

2mg (1) 2mg (t)

—ma (£) W (1) <A1(t)p1£v1 + Bl—(t)x%) - Al;t)

(), H] =

9 (k12 (t) prao + kg (t) pras]

Bi(t)
4
Ax(?)
2

s (8) 2 (1) (A3<t>p3:c3 +

Bs(t)
4

(mﬂwﬁ@+kwmxﬁ@—nb@wyw(@@mﬂry&“%@

2
B24(t) [F1a (1) o1 + Kag (1) 23]

Bs(t) x%) A3

(k12 (t) poy + kas (t) pas] —

) 5 (k13 (t) psz1 + kg (t) p3a)

(k13 (t) x321 + ko (t) x329) . (2.56)

By replacing the equations (2.55) and (2.56) in the invariance condition (1.2), we deduce

the following auxiliary conditions

A (t) = —if(%) (2.57)
3@:—%%+mwwﬂmﬂm (2.58)
Ci (t) = 2m; (t)w; () Bi(), (2.59)
mﬂw_h§”w4w+&@» (2.60)
mﬁw_hgwwmw+&u» (2.61)
@ﬂa:“jwwﬂw+&u» (2.62)
D)~ ) oo
be) = he 269
e~ ha 259

we note that there are nine auxiliary conditions and the first six equations are similar to

the six differential ones given in [52] with a slight difference in the coefficients.
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Hassoul et al [52] found that possible solutions of the differential equations (2.57)-(2.62)

are given by the following forms

Axw——mi@, (2.66)
on::52§%, (2.67)
C; (t) = / m; (t) w? (t) dt, (2.68)
Dy (t) = / ks (1) _27:;1(2) 2”;"’2(8) dt, (2.69)
Dmay:/km@ 52%> ;g%:ﬁ, (2.70)
Das (£) = / ks (1) :27;122(2) 27:;% dt, (2.71)

These solutions impose a constraint on the system but the authors did not take this into
consideration.
From the equation (2.57) and equation (2.66), we find

—ig(t)  —2Bi(t) i (t)

wEd) ) O o) 21
We assume that the coefficients satisfy this following condition
Ai(t)Ci(t) — B} () = 0, (2.73)
with §; is a real constant. This condition (2.73) is not mentioned in [52].
It is clear that
0; + B} (t)
(1) = 2T 2.74
i) = 4 (2.74)
substituting the Eq (2.66) and (2.67), the expression of C;(t) is
Cot) = dma(t) + i) (2.75)

Now, deriving the equation (2.67), we obtain

Bi(t) = 2”;% - %fiy 10
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replacing the equations (2.66) and (2.75) in the equation (2.58), we find

Sy i (1)
From the two equations (2.76) and (2.77), we get
ing() — %”ﬂi ((i)) L2 (8 — w2(1) ma(t) = 0, (2.78)

when considering m;(t) = 1/A;(t), the last equation is the constraint equation which is
difficult to solve. The system can not be resolved for any given mass. From here we can deduce
that Hassoul et al [52] incorrectly generalized the 2D coupled oscillator to a 3D.

For diagonalizing invariant operator [ (t), authors of [52] diagonalize the matrix k as

w% %Klz %KB
k = %K12 w% %KQ?, ) (279)
%Kw %K23 w%

where the expression of @? is

, [l Ei@dt [ ) 1
wt = e [T (250
and the expressions of K9, K13 and Ks3 are defined as
Koy Jo Frz (i (£) /ma () + 1ia () /ma(t)) dt (2.81)
mq (t)mg(t)
Ky [ ks (1 () /ma (t) + 1a(t) /ma(t)) dt’ (2.82)
mi (t)mg(t)
Ky — Jy ez (102 () /ma(t) + 1is(t) /ms (t)) dt (2.83)
mg(t)mg(t)
By using this formula [52]
\/Lg Ap [% (Ko — Ka3) — } [% Kig — Ky3) + QQ}
R= \/Lg Ay [% (Kaz3 — Kia) + 92} [% (K3 — K12) — 92} g (2.84)
\/% At [ (Kaz — K13)] A [ (Kaz — K13)}
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where
1 2 | Kip— (K + Ki3) /2
Ap = ——— |-+ 2.85
T (Kys — Ki3) |3 302 ’ (2.85)
and
1
Q2 — 5 [K122 + K123 + K223 — (K12K13 + K12K23 + K13K23):| s (286)
we obtain
My My Mg
R'kR = My My Mss |- (2.87)
M3z, Msy Mss
A straightforward evaluation of the product R7'kR leads to the following elements
1 1 1
My = 5 (w% + wg) + 1 (K13 + Ka3) + §Kl2’ (2.88)
V3 [A\ (w2 — @2 A
My = Y2 [% (Ko — Kooy — 207) + 25 (K3, ng)] | (2.89)
3 [\ (w? — w? A
My = % {M (K12 — Koz +20%) + T (K35 — ng)} , (2.90)
1 K23—K12—292) [ 2 2 2 K13+K23}
My = wy + wh — 2ws + Kjg — ——=
21 INEIN < Kos — K1s 1 2 3 12 5
1 2 2 K23 - Kl?;|
w, — wi + , 2.91
T [T 291)
M _ 1 <K23 — K12)2 — 494 w% — w%
Vo Kos — K13 2
1 (w2 —+ w%) — K12 (Kgg — K13)2
+ 1P L 5 (K23 — Ko+ 292) + — 1
(Kas — K12 — 20%) [ Ko — K12 + 202 s Koz + Ki3
R ; oy | 29
Mo — A_ (K23 - K12 - 292)2 w% - w%
BT 02 Koz — K13 2
A | (@24 @i - Kyo) o (Ko — Ki3)?
+4)\+Q2 5 (K23 — K12 — 202 )+—4
A (Kos — Ko — 2Q%) [ Kas — K12 — 202 o Koz + Ky
- BT 9.
Ir, 02 2 L 4 ’ (2:93)
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1 Ky — Ko — 207 2 2 2 Kz + Ko
My, = 2R Ky - BT
31 4\/§)\+QQ < Kos — K1 w] + s w3 + K2 5
1 5 s  Kiz— K231
e e (2.99)
M _ )\+ <K12 — K23 — 292)2 w% — w%
RVINZ Koy — Ky 2
A | (KF 4+ K§ — Kip) o Koy — Ki)?
+4)\792 5 (K12 — Koz — 29 )——4
Ay (K2 — Koz — 2Q7%) [ Koz — Ko + 202 o Kiz+ Ky
N 4020 2 L ’ (2.95)
M _ /\+ (Klg — K23)2 — 4Q4 w% — ?D%
B2 Koy — Ku3 2
A | (@ +w@3) — Ko o (Ko — Ki3)?
+4/\_Q2 5 (K12—K23+2Q )——4
Ay (Kig — Koy —2Q%) [ Koy — Ko — 207 o Koz + Ky
_ FENEGE 5 + Wy — —4 , (296)
So, we didn’t find the same result in [52] unless the parameters of k obey
K12 = Klg = Kgg and ’ZD% = ’ZD% = ’Zﬂ% s (297)
which implies that Q? = 0 and the eigenvalues Q7 read
K
0 =wf - =7, (2.99)
K
02 = w? — % (2.100)

As stated above, the invariant operator has time-independent eigenvalues [13] contrary to
what is found in [52] where the eigenvalues Q? are time-dependent.

Neverthemore, the derivative of Q2 with respect to time gives

02 D D
ay _ d 12 + d(_Dis ’ (2.101)
dt dt 7/ M1y dt myims

s d Dos +d92
dt’

= —— 2.102
dt dt (2.102)

maims
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(2.103)

d_Qg__i( Dos )_d92
dt dt Moms dt’
one can see that even if Q2 = 0, the parameters Do, Di3, Dos and the masses m; are defined
as time-dependent but the eigenvalues ? are not time-independent in [52] this contradicts the
Lewis-Riesenfeld theory.

The formula of the phases in [53, 52] have seemed to be found using the invariant operator
rather than the Hamiltonian operator leading to the omission of the term x;xs. It should be
emphasized that the Hamiltonian operator generates the dynamics of the system and not the
invariant operator. It appears as if the authors have taken results of [13, 54, 55, 15| setting
p% = m,;(t) as if the invariant operator is the generator of the dynamics. They claimed to
demonstrate that the solution to the time-dependent Schrédinger equation with the coupled
terms z;x5 in the Hamiltonian can be reduced to the solution of a time-independent Schrodinger

equation that includes the quantum invariant due to the mixed term x,x, in the Hamiltonian

make a contribution and not be omitted, we think these results are incorrect.

2.5 Discussion of Hassoul et al method [53] by pointing
out the inconsistencies

This section summarizes the basic errors made in [53]. The authors of Ref [53] examined the
system (2.1) by choosing the time-dependent invariant operator I (¢) (2.2). According to them,
they introduce two pairs of creation and annihilation operators uncouples the invariant operator
(2.2), so that it becomes the one that describes two independent systems. Hassoul et al [53]
found the solution of the equations (2.3-2.6), which they not mention that «; (t) = 1/m; (t)
must satisfy the following constraint equation

L2 (t
which is difficult to solve. Also, the authors of Ref [53] not mention condition (2.7) and

42 (ma(t) — ¢ (1)) = 0, (2.104)

decoupled invariant operator by using the canonical transformations. But these results are not
valid without both condition m1(t) = my(t) and w3 (t) = wi(t).

Additionally, to our understanding, in the Lewis and Riesenfeld theory [13], the invariant

2

operator possesses time-independent eigenvalues, but the frequencies w; are time-dependent
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which contradicts the claims of Ref [53] that the eigenvalues of invariant operator are time-
dependent. As a result, it difficult to calculate the phases. The frequencies mentioned in
Ref.[53] are dependent of time.

The expression of w? is given by [53]

N R A W R L A T
w] = - - m? cos 5 + T - am? sin 5
Jes |3+ 2] dr
+ - L siné, (2.105)
2 mime

By using(2.105), we calculate time-dependent derivative of w?

dwi(t) _ [Clm_l] _ @/t [01@} dt — ﬁhm; i ( m ) cos? (Q)
0

dt my m?2 my m3(t)

i

AT R D ,
+ G R m_;/ {CQ@} dt — M2t 5 M ( 2 ) sin? (—)
ma(t)  m3 J, ma m3 2m 2

[ rt m t m ;
sing [ | Jo [C2ﬁ] dt Jo [Clﬁ] dt mi 3 P

2 mo ma 4m% 4771%_
g |2 + g2 | Ul g\ [C [du e

in (0 — — 4+ — — + —— | dt

+ sin (0) 24/M1ma 4.3/mimeo (ml * mg) /0 “ | 2my + 2m2]
Jyes |3+ | ar\
0 - ’ 0 2.106

from the Eq (2.73), we notice that

ﬁ@ﬁ@@ﬁlglcﬁmﬁMmeiw“(W)zawwwwmmmwammmwza

my my mj 2my (2.107)
and
. . , . 2 :
@(mm—inm_z_g/o Cz(t)mzdt—m2m;1% m5 (27:122) — OQ(t)%(t)+d2(t)’72(t)—252(t)52Et; ;)80),

the equation (2.106), becomes
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t m
dw?  sinf Jo [Qﬁ] dt fo [01%1} mi 3 P
dt 2 mo my 4m2?  4m3
Jyes |35+ | ar\
+ cos (0 - : 0
(0) > o
_03 [27:;11 + 2%22] 1 my M ! 1y 1y
in (0 — — 4+ — — 4+ ——| dt 2.109
b (o) | L (T T [ | ) aom)

they have[53]
mz
2m1 2m2
1 ' . o 1 ‘ . -1
N R
mi Jo my 4m7 ma Jo ma 4m2

from Eq(2.107),(2.108) and equation (2.110), the derivative of 6(¢) is

tan (0) = ] dt

t m 1,
: t) ny to T j Jocs [ m + 72}
6 = cos® (1) @—F@ /c ﬂ%—ﬂ dt + . o :
2 mq mo 0 2m1 ng 1Mo

— [ e ldt =) = (e A , .
g [(ml/o [ mll ' 4m1> <m2/0 { m2] t 4m§)] # 0 (2.111)

which show that 6(¢) is time-dependent.
Insering (2.111) in equation (2.109), we get

du? 0 1 t 3 1 ('] g T3
—1 = — lar - —L ) - (— 2t — —2
i = () |G [ o] =ame) = G f Lo =)

<
s (22 [ o[22 )

2\/m1m2 1 2m1 ng mi1me
t 0
sing | 1o [c2m_2] dt fo [Cl_} mi 3 + cos (6) Jo 3 [ﬁ T 277122] dt
— — COS
2 mo my 4m3  4m3 myms
“ [2%11 + 27::122] 1 iy g\ 1 [ a1
in (0 - Ty T2 T 2 | o,
+ Sln( ) 2\/ mime 413/m1m2 (ml + m2> /0 e |:2 1 + 2m2:| 7&
(2.112)

if the conditions ( ¢; = ¢, cg = 0 and m; = my) are satisfied then the equation (2.112)

vanishes.



Chapter 3

PT-symmetry and pseudo-Hermitian

quantum mechanics

PT -symmetry and pseudo-Hermiticity are two fundamental concepts in quantum mechanics,
which show that non-Hermitian systems can have real energy spectra. The P7 -symmetry
quantum theory was principally developed by Bender and his collaborators [2, 3, 4, 5, 6, 7, 8],
who showed that the spectrum of a one-dimensional non-Hermitian Hamiltonian is real, positive
and discrete. The reality of this spectrum is a consequence of the P7 -symmetry of the
Hamiltonian.

In 2002, Mostafazadeh introduced the concept of pseudo-Hermiticity [9, 10, 11], in order to
construct a mathematical relation with the notion of P7-symmetry. He demonstrated that all
PT -symmetric Hamiltonians are pseudo-Hermitian and also showed that any diagonalizable

operator is said to be pseudo-Hermitian if its eigenvalues are real.

3.1 P7T-symmetry quantum mechanics

As we mentioned previously, P7 -symmetry was first introduced by Bander et al [2, 3, 4, 5, 6,
7, 8]. Let us now briefly present the definitions and the properties of P7 -symmetry.
Definitions and properties

A Hamiltonian H is said to be P7-symmetry if it only satisfies the following relation

H=H"" = H=(PT)H(PT)™", (3.1)
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where 7 is the time reversal operator and P is the parity operator. The parity operator P is
linear whereas the time reversal operator 7 is antilinear. Furthermore, the square of P and
T is the identity operator (PT)2 = 1, P2 = 7% = 1 but the two operators are not equal
(P # T). The operators P and 7 effect the position operator x, the momentum operator p

and the imaginary number ¢ respectively as
Plr——zx , p——p , i—i}, (3.2)
T{x—z , p—>—-p , i— —i}, (3.3)
also the operators P and 7 commute
[P,T]=0. (3.4)

If the eigenfunctions of the P7-symmetric Hamiltonian H are also eigenfunctions of the
PT operator, the P7 -symmetry is unbroken. The P7 -symmetry is broken if the eigenfunctions
of the P7-symmetric Hamiltonian are not eigenfunctions of the P7 operator.

Therefore to construct a physical quantum theory from the P7-symmetric Hamiltonians,
it is necessary that the symmetry is unbroken. With this condition, we can prove the reality of
the eigenvalues of a P7-symmetric Hamiltonian.

We can write the eigenvalue equation of the Hamiltonian

H ) = En[t,) (3.5)
and the eigenvalue equation of the P7 operator
PT6,) = A lth,) (3.6)
where F, and A, are the eigenvalues of H and P7. We have
(PT)* =1, (3.7)

SO

Aal? =1, (3.8)

and )\, is a phase which can be absorbed in the eigenfunction |1,,).
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The equation (3.4) allows writing
PTHPT [4,) = Pl’ E}16,) = Eults,). (39)

and therefore the eigenvalues F,, of the system are real and in this case the P7-symmetry is
unbroken.
Bender [5] introduced an inner product called "P7T-inner product" associated with the
PT-symmetry of the Hamiltonian, the P7 -inner product is defined as
(Yo W) pr = /diﬂ [PT 4, ()] ¢, (2) = /d«%’ [ (=) b (2) = (=1)" Gn, (3.10)
the norm of a state is not always positive, which does not verify the postulates of quantum
mechanics, and there is a problem that must be solved. To solve this problem, Bender et al.
[5] noticed that a P7-symmetric Hamiltonian with unbroken P7 -symmetry possesses a hidden
symmetry because there are an equal number of states of positive norm and negative norm.

Therefore, it is necessary to construct a new inner product where the norm is positive.

3.2 The operator C and the CP7 -inner product

In quantum mechanics, the norm of a state must be positive. To solve the problem of the
negative norm. Bender et al [5] introduced a new lineair operator C, called a charge conjugation
operator with the eigenvalues +1 and C? = 1. This operator C commutes with the operator
PT and the Hamiltonian H

[C,PT]=0, |[C,H]=0, (3.11)

but not with P or 7 separately
CPI£0 . [C.T]40. (3.12)
The CPT-inner product is defined as follows

(s o) = / 02 [CPT 0,(2)] o), (3.13)

where

CPT (1) = / dyC (2, y)oh(~y), (3.14)
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so this C’P7 -inner product is positive, and the eigenfunctions of H are orthonormal.

ustmerr = [ 2 [CPT ()], (2) = B .15

3.3 Pseudo-Hermitian Quantum Mechanics

The notion of pseudo-Hermiticity was first introduced by Dirac and Pauli [56, 57, 58, 59], later
by Lee and Sudarshan [60, 61], who wanted to solve various problems in several fields of physics,
arising from the quantization electrodynamics and other quantum field theories.

Later in 2002, Mostafazadah [9, 10, 11] re-introduced the pseudo-hermiticity, when he
showed that all P7-symmetric Hamiltonians are pseudo-Hermitian and also demonstrated that
any Hamiltonian with a real spectrum is pseudo-Hermitian. Therefore, the pseudo-Hermitian
quantum mechanics is a more general theory than P7-symmetry quantum mechanics. As

mentionned in the introduction, an operator H is said to be pseudo-Hermitian if
HY =nHn™?, (3.16)

where H is the adjoint Hamiltonian of H and the metric 7 is operator that is linear, invertible

and Hermitian

n=ptp, nt=pt ("), (3.17)

The Hamiltonian operator H and its adjoint H* verify the following eigenvalue equations

HY,) = En[¥y), (3.18)

H|¢,) = En|$y) (3.19)

where E, is real energy of H and H™, the eigenvectors {|1,,) , |¢,,) } form a bi-orthonormal basis
10, 62, 63]
(D [¥n) = Omn (3.20)

and verifies the closure relation

D ) (0l =D 16 Wl = 1, (3.21)
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so that H and H*' can be writen in the following spectral representation

In the case of non-degenerate eigenvalues, the pseudo-metric operator 1 and its inverse 1~?

take the form

=3 _16)(6 0 =D [ih) (1] (3.23)

The eigenvalues of the hermitian Hamiltonian A

hxn) = EnlXy) - (3.24)

From equation (2.88), we can determine the eigenfunctions of h and the eigenfunctions of

H that are related to each other as

Xn) = P |Un) (3.25)

knowing that the eigenvectors |y,,) form an orthonormal basis, i.e. preserve the inner-product

definition

<Xm |Xn> - 5mn, (326)

and substituing the equation (3.25) in (3.26), we obtain

is called pseudo-inner product or n-inner product.



Chapter 4

Coherent states for the harmonic

oscillator and for the inverted oscillator

Coherent states have a significant role in numerous areas of physics including quantum optics,
nuclear, atomic physics, and solid state. In 1926 Schrodinger introduced the coherent states
for the Harmonic oscillator[12], which demonstrated that quantum expectation values of the
position x.(t) and momentum p.(t) operators of a harmonic oscillator evolve over time in
the same way as their classical analogues. Later in the early 1960s the coherent states were

discovered by Glauber, Klauder and Sudarshan [69, 70, 71].

4.1 Coherent states of the harmonic oscillator |a)®

The coherent states of the harmonic oscillator was introduced by Glauber and defined in three
equivalent approaches [12, 54, 69, 70, 72, 73, 74]
First approach

Coherent states ) are eigenstates of the annihilation operator a
ala)” = ala)”, (4.1)

where « is a complexe number, the expression for the normalized coherent state in Fock

space is given explicitly by
1ol SN

@) =y jayny”. (4.2)

n=0
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Second approach
Coherent states |«)” are defined by the action of the displacement operator D% («) on the

vacuum state |0)”°

D% () 10)* = o)™, (4.3)
where the displacement operator D («) is given by the following expression
D” (a) = exp (@ a* — a*a). (4.4)
The operator D («) is unitary
D** (a) = D* (—a) = [D* (a)] ", (4.5)
Dt (o) D () = D* () D™ (av) = 1. (4.6)

Therefore, the action of the operator D () on a and a™ leads to

Dt (a)aD” (o) = a + « (4.7)
Dt (a)a™D* (a) = a™ + o, (4.8)

we can also show that
D" (a+ B) = D* (@) D™ () ™. (4.9)

Using the Baker-Hausdorff formula,

eATB = el ABI2eB oA (4.10)

where the both operators A and B commute with [A, B], the operator D («) can be expressed
in the following two forms

2
—la

D% () =e 2 e e, (4.11)

and
o]

D (a)=e2 e @ % (4.12)

Third approach
The coherent states are defined as states that minimize the Heisenberg uncertainty principle

AxAp > %, where the expressions of Ax and Ap are give by

Az =/ (2?) — (x)?, (4.13)



4.2 Properties and time evolution of the harmonic oscillator coherent states 34

Ap =/ (p*) — (p)% (4.14)

() = (a|x]a) =1/ %Rea, (4.15)

hmw
{p) = (alpla) =/ ——Ima, (4.16)
therefore, Ax and Ap are expressed as
h
Ar =1/ —— 4.17
z=1\5 (4.17)
h
Ap = % (4.18)
which shows that these states minimize the Heisenberg uncertainty principle
h
AxAp = —. (4.19)

2

4.2 Properties and time evolution of the harmonic oscil-
lator coherent states
Let us briefly introduce the properties of the coherent states |a)”
1. Coherent states are not orthogonal between them
(Bla)* = (0] DT (8) D () [0)*, (4.20)
using the equation (4.2), we obtain

2
_181% |a?

“(Bla)y* =e 2~z e (4.21)

which means the squared modulus °* (8 |a)” represents the measurement of the distance

between the two coherent states.
2. The coherent state |«)” is normalized when o = 3 i.e.

% (ala)” =1. (4.22)
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3. The coherent states form an over-complet set of states. The identity operator [ is written

in terms of coherent states as
1 0s os 2
— [ |a) (ad*a =1, (4.23)
™
to prove this identity, we put
a=re’ and d*a = rdrds, (4.24)

and using the formula (4.2), we obtain

1 05 0s o > 2 dr Tn-&—m i(n—m)r ,—r? 08 os
;/’Cﬁ <Oé’d204 = ZZ/O TdT/O ?\/nlmle( e ‘n> <m|7 <4‘25)

n=0 m=0

a change of variable r? = 4, using f027r dre ™™™ = 278, and [[° due"u" = n!, the

integral takes the form
1 0S 0s 2 - ’n>os o <n| > = —U=N __
- / o) (ad*a = nEO — due™"u" = 1. (4.26)

4. The expectation values (z), (p) and (H°) in the states |«@)”® remain equal to their cor-

rosponding classical quantities.

The evolution of an initial state (|1(0))* = |n)®) is given by
(1)) = U (1) [(0)™ = U (1) [n)** = e~ 0224 ), (4.27)

where U (t) is the operator of evolution.

The evolution of a coherent state will be given as

a®), )" = U°S<t>|a<o>>05=e—swte-'a;‘”2Z%|

n> os
n=0

= e a(t)*, (4.28)

with a(t) = a(0)e~*", we multiply the obtained ket by e~2¢* and change a — a(0)e~** to go
from the state |a)” to its evolved state |«(t), ) [75].
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4.3 The standard harmonic and the inverted oscillators

Consider the ladder operator of the harmonic oscillator

1 1 hw
H® = %pz + imwzwz -5 (ata+aa®), (4.29)

o jmw ) L mw P
a=\—x+1 , a’ = T —1 , 4.30
2h vV 2mhw V' 2k NG, (4.30)

the operators a and a™ satisfying

where

a,a"] =1, (4.31)

eigenstates of (4.29) in Fock space are the Fock (or number) states |n)”

E,=w(n+1/2)), whith a|n)” =+/n|n— 1), a* |n)” =v/n+1n+1)* and n € N.

and the eigenvalues

We know that the representation of  and p are

h (a+—|—a) ’ p—i hwm

(a* —a), (4.32)

Tr =
2wm

by understanding the effects of the annihilation and creation operators on the eigenstates of
the Hamiltonian, we can compute any expectation values that depend on these quantities.

It is easy to evaluate the energy eigenvalues

Houe) = Eatp(o) = o (3 ) o20) ne (4.33)

and the normalized condition are

Wﬁf |¢ZS> = 5mn- (434)

The vacuum state of harmonic oscillator is

£~ (7)o [-500T 4

is a very important physics result since it shows us that the energy of a system cannot have

zero when it is described by a harmonic oscillator potential.

The inverted oscillator is given by

r 1 2 2.2 hw 2 2
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which is formally obtainable from (4.29) by the replacement
W — iw, (4.37)

in a similar manner, the case (—iw) would be useful.

Replacing (4.37) in Eq (4.30) , it gives
x mw P
a— A=c¢e'% x+ , 4.38
(1/ oF anh) (4.38)

mw P
(552~ m), (4.39)

where (A, /_1) are the pseudo-annihilation and creation operators respectively.

e

at - A=¢

Consequently, the Hamiltonian (4.36) takes the following form
T )
H = ZT(AA + AA), (4.40)

where the non-Hermitian pseudo-ladder operators (A,f_l) satisfy the commutation relation
(4,4 = 1.
Alike the harmonic oscillator, does the inverted oscillator have normalized eigenfunctions

as well?. Clearly (¢! [17) # ., which is easily seen when replacing w to iw in the expression

from Eq. (4.35)

1
N iwm \ wm 4
Yo(z) = NoT < — ) exp [—zﬁx ] : (4.41)
It can be easily verified that the normalization for the pseudo-ground state g (z) diverges
as follows
+oo
(V0 [vo) = o (#)¢o(x)de
1 jwmy\z [T
= Su (ﬁ) /_Oo dx — oo, (4.42)

replacing w by iw is unsuitable, which explains the divergence. We will address this problem

in what follows.

4.4 Pseudo-ladder operators in the inverted oscillator

The difficulty lies in establishing a consistent relation between the inverted oscillator H" and

the non-Hermitian Hamiltonian (¢H°®) in a quantum mechanical framework. Replacing of w



4.4 Pseudo-ladder operators in the inverted oscillator 38

by iw allowed the connection of the the non-Hermitian Hamiltonian (iH°*) with the Hermitian

Hamiltonian H", which is given by
p L(iH*)p = H". (4.43)

To link the inverted oscillator H” with the non-Hermitian Hamiltonian (iH°%), we use a

Dyson operator p [76]

o[ €[+ +1 N a2+ at
=expl —2|=(ata+ = — —
2

B a Indy [, 1 at
= exp {—193} exp {— 5 (a a+ 5)] exp [—19+7] , (4.44)
where
2p, sinh 0

o

~ Ocoshf — esinh 0

2
9o = (coshe _ gsmh 9) =i — X,

B 24 sinh @
"~ fcoshf — esinhf’

B cosh 6 + 5 sinh 6 G_W
X = coshf — 5 sinh 6 ’ -V Hat—s

and € is a real but p, and p_ are parameter complex.

9_ (4.45)

Using (2.21), we can easily find the following transformations

exp [1%%] (aTa+3)exp [—19,‘12—2] = (ata+3) +9_d®

> > (4.46)
exp [19+%] (aTa+3)exp [—19#%} = (aTa+3) —Viat

Y

exp [252 (ata+ 3)] o® exp [0 (ata + 3)] = &

E R . (4.47)
exp [z%r% a® exp [—QL% =a*— 20, (ata+ ) +Pa”

’

exp [M (a+a + l)} a® exp [—M (a+a - l)] = Yoat
. 2 ? ? (4.48)

exp [19,% at exp [—19, Cl=a"+20_ (ata+1i)+0%a? 7

by applying the operator p to the harmonic oscillator H?*, we find

1
p—lHosp — hwp_l (a+a+§)p
hew + 1 2 + 2
= 0 [P — 2049 | a atg )+ [0_9% — 94| a™ +9_a® . (4.49)
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If we propose the parameters (¥4,9_, Jy) as

!

o= i 0= =1, (4.50)

the Eq.(4.49) and Eq.(4.36) have the same relation.
Then, the simplified form of the Dyson operator Eq.(4.44) is

p = expl-a’]explza’],
it = expl—sat]explga?, (451)

the two Hamiltonians H°® and H" are connected to each other as

—1 ryos _ _3 + 3 2 [eX] _1 2 E +
pH”p = exp[—gaT]exp| a’] (H”)exp|— a7 exp[ga”]
= @(a++a2)
2
- %(AA—FAA):%HT, (4.52)

and the pseudo-ladder operators (A, fl) are linked to the ladder operators (4.30).

The transformation of a and a™ are given by

A = plap
= eXp[—z(ﬁ] eXp[EaQ]a eXp[—EaQ] exp[zaﬂ
2 4 4 2

1

= 3 (a + ia+) , (4.53)

and

N
I

p~tatp

= exp|— §a+] eXp[ZCLQ]a+ exp|— Za2] exp[§a+]

_ % (a* +ia) | (4.54)

in Fock space, we know that
aln)®” =+vnn—1)", (4.55)

at n)” =vn+1|n+1)". (4.56)
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By multiplying the above equations from the left by p~!, noting that pp~! = 1, we find

pta(ppt) In)” = np~tn — 1), (4.57)
ptat (pp~') [n)” =V +1p7t n+ 1), (4.58)

thus, we can write the following expressions

Aln)" =+vnn-1)", (4.59)

Aln)" =vn+1|n+1)", (4.60)

we can conclude that the eigenstates |n)" are linked to |n)” by the operator p as
ny" = ot )", (461)

The momentum operators (z, p) are related to the ladder operators of the pseudo-Hermitian

quadratures (X, P) as follows

X = pap= 2wmp_1(a++a)p
A _
_ %(AJFA), (4.62)
and
. Jhwm
P = plpp=i Tmpl(cﬁ—a)p

- u/@ (A—A). (4.63)

Every observable o in the Hermitian system has an equivalent O in the pseudo-Hermitian
system provided by
O = plop, (4.64)

the expressions of (A, /Zl) are

mw 1
A= X +1 P, 4.65
V 2h V2mhw (4.65)

_ mw 1
A=/ X —1 P. 4.66
2h Z\/ 2mhw ( )
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We can write the Hamiltonian (4.40) in terms of X and P by
. P2
H™ = 2 (— + mw?X?). (4.67)

2 m

Using the commutation relation [X, P] = if, and the Heisenberg equations of motion, we

get
dX 1 i P? P
X L x| =i
dt zh[ ,2(m+mw )} "m’
dP 1 i P?
- —|pI(— 2XH | = —imw?X 4.
o zh[ ,2(m+mw )} imw?X, (4.68)

with the help of the second derivative, we obtain the equation of motion for the inverted
oscillator
NEDS

o w’X = 0. (4.69)

4.5 Coherent states and time evolution for the inverted

oscillator

We use the pseudo-annihilation A = p~lap, pseudo-creation operators A = p~'a*p and the
metric operator ) = p*p such as (iH**)" = n (iH*) 5", i.e. (iH°) is -pseudo-Hermitian with
respect to a positive-definite inner product defined by (.,.), = (.|n].)

"nln|m)" = {n[m)” = G, (4.70)

the Fock states of the harmonic oscillator |n)® are connected to the states of the inverted
oscillator |n)" by invertible Dyson operator (Eq4.61).
In addition, the ground state of the inverted oscillator |0)" (A]0)" = 0).

The vacuum state of the harmonic oscillator |0)” are related to each other as
0)" = p~"[0)”.

Now, we introduce the coherent states for the inverted oscillator form the coherent states
of the harmonic oscillator, by using equation (4.1) and multiplying it from the left by p~!, we
find
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pta(pp™t) ) =apta)”, acC, (4.71)

the coherent states for the inverted harmonic oscillator in this case is
Ala)" =ala)", «a€C, (4.72)
where
ja)" = p~a)”. (4.73)

Then, the coherent states for the inverted harmonic oscillator are defined as eigenstates of
the pseudo-annihilation operator A.

The normalization condition

“lala)” =1, (4.74)
leads to
“alnla)" =1, (4.75)
and then the integral
= /C plaY” " {a] ptdatda =1, (4.76)

is the identity operator.
From the coherent states of the oscillator harmonic, we can express the inverted coherent
states |a)" in terms of the pseudo-displacement operator D" (), by multiplying the equation

(4.3) on the left by p~!, we obtain

pHI0)” = p D" (@) (ppt) [0)”

= (p'exp[aat —a’a] p) p1[0)”, (4.77)

in this case, we deduce that the coherent states of the oscillator inverted |a)” can also be

generated from by applying a pseudo-displacement D"(«) to the ground states |0)" as follows

la)" = D" (@) |0)" = exp [ad — a*A] |0)", (4.78)
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noting D" («) is related to D () as

D"(a) = p D" (a)p

+

= plexp [aa — a*a] p

= exp [@A — a*A]. (4.79)

The time evolution of an initial inverted coherent state is given by the action of the evolution

operator on the coherent state |o)”

o, )" = U™ (t) |a)’
e i )" (4.80)

where U” (t) is the evolution operator.

By the Hamiltonian (4.40), we conclude the evolution for inverted coherent state is

- H |a>’“

()"

wAAt
= e Z In)". (4.81)
\/_
So, the coherent state is written as
’aeWt‘2 (aewt>n
a,t) = ez n)"
o) ppl
= €% |ae)" (4.82)

In order to calculate the product AXAP, let’s first find the quantities (X), , (P),, (X?), ,
(P?) , using (4.64) in the non-Hermitian system. The mean values of the canonical operator O

can be calculated as

<O> = r<a’t’770|057t>r

n
= ”<Oé t!ﬂ*Op o, t)"

B ( * wt) (@ewt>n
R 2 Py ey

{m|o|n)”, (4.83)

where O = X, X2, P and P?.
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Using (4.83), the mean value of X in the state |a, )" is

), = ckTey mjj;_?m (O‘;%)n Vo il (a* + a) )™

h’ t
= 4/ — e 84
2mw[a+a]e , (4.84)

and the mean value of P in the state |«,t)" is easily evaluated
412 * wt\m wt\n hwm
P _ —|o¢e“” (Oé € ) (Oé@ ) . 0s + 0s
( >n e zn:%; N i/ 5 (m| (a a) |n)

= —iy/ me o — o] e, (4.85)

and follow classical physics; i.e.

(X), =z, (P),=p (4.86)

n

where the letter ¢ stands for classical. We refer to these inverted coherent states as "quasi-
classical states" because of this.

Let us now calculate the mean value of X? in the state |, )" is

(X%), = (at[nX?|a, 1)’

h 1
= 5 [a262“t + a*2e®t 4 9(|af’ et + 5)] , (4.87)
and the mean value of P? in the state |a,t)" is
(P), = {ootinP |ty
—imwh 1
= w;zw [aQe%t + a*2e®t — 9(|af” e*t + 5)} : (4.88)

From Egs. (4.13), (4.84) and (4.87), we find

| h
AX =/— 4.
2mw’ (4.89)

by using Eqs.(4.13), (4.85) and (4.88), we obtain

AP = me (4.90)

therefore

AXAP = . (4.91)
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The original inverted coherent state are a minimum uncertainty states, the time evolution
of an initially inverted coherent state can be thought of as the quantum equivalent of a classical

trajectory.



Conclusion

This thesis is centered on the following points :

e We have introduced the time-dependent invariant theory for the Hermition systems.

e We used the invariant theory to resolve the time-dependent coupled oscillator of a two
dimensional (2D), by appling a unitaty tronformation that allowed us to obtain the eigenfunc-
tions of the invariant operator, hence the exact solutions of the time-dependent Shrodinger
equation. Finally, we have generalized the 2D system to a 3D coupled oscillator, where we have
detected that the method of Hassoul et al [52, 53] contains many errors.

e We have recalled the concepts of P7-symmetry, the pseudo-hermiticity, the P7 and
CP7T inner-products with mention of the properties of each one of them.

e We have given the definitions of coherent states for a harmonic oscillator and presented
their time evolution.

e We have introduced a method for relating a regular harmonic oscillator to an inverted
oscillator, with the help of a time-independent Dyson metric that allowed us to present the
pseudo-annihilation operators A = p~'ap and pseudo-creation A = p~'a*p and constructed

coherent states for the inverted oscillator.
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Abstract

In this thesis, we presented the definition of the invariant theory in quantum mechanics
that allows us to treat the problems of time-dependent systems and find the solution of the
Schrodinger equation. Then, we studied the time-dependent coupled oscillator of a two
dimensional (2D), pointing out the errors made by the method of Hassoul et al. Next, we
introduced the concepts of PT-symmetry, the pseudo-hermiticity and CPT. Finally, we have
constructed the coherent states for the inverted oscillator that minimize the quantum
mechanical uncertainty between the position and the momentum.

Key words: PT-symmetry, the pseudo-hermiticity, the time dependent coupled oscillator,
the inverted oscillator.

Résumé

Dans cette thése, nous avons présenté la définition de la théorie des invariants en
mécanique quantique qui nous permet de traiter les problemes des systémes dépendant du
temps et de trouver la solution de I'équation de Schrodinger. Ensuite, nous avons étudié
I'oscillateur couplé dépendant du temps d'un bidimensionnel (2D), en soulignant les erreurs
commises par la méthode de Hassoul et al. Ensuite, nous avons introduit les notions de PT-
symétrique, de pseudo-herméticité et de CPT. Enfin, nous avons construit les états cohérents
pour l'oscillateur inversé qui minimisent l'incertitude mécanique quantique entre la position
et la quantité de mouvement.

Mots clés : PT-symétrique, la pseudo-herméticité, I'oscillateur couplé dépendant du
temps, l'oscillateur inversé.
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It is known that the standard and the inverted harmonic oscillator are different. Replacing thus w by 4w in the regular oscillator is necessary
going to give the inverted oscillator H". This replacement would lead to anti- P7 -symmetric harmonic oscillator Hamiltonian (FiH °?).
The pseudo-hermiticity relation has been used here to relate the anti-P7 -symmetric harmonic Hamiltonian to the inverted oscillator. By
using a simple algebra, we introduce the ladder operators describing the inverted harmonic oscillator to reproduce the analytical solutions. We
construct the inverted coherent states which minimize the quantum mechanical uncertainty between the position and the momentum.
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1. Introduction

The inverted oscillator, equipped with a potential exerting a
repulsive force on a particle, has been widely studied [1-18].
Such system can be completely solved as the standard har-
monic oscillator whose properties are well known.

However, the physics of the inverted harmonic oscilla-
tor is different, because its energy spectrum is continuous
and its eigenstates are no longer square integrable.The in-
verted oscillator can be applied to various physical systems
such as [1,19-21], the tunneling effects, the mechanism of
matter-wave bright solitons, the cosmological model, and the
quantum theory of measurement.

In fact, the predominant idea in the literature is that the
inverted oscillator is obtainable from the harmonic oscilla-
tor by the replacement w — =iw. Of course, in spite of
many useful analogies, it is important to know that the two
oscillators (harmonic and inverted) reveal different charac-
teristics. In other words, the inverted oscillator generates a
wave packet which are not square integrable and there is no
zero-point energy. In comparison with the harmonic oscilla-
tor, the physical applications of the inverted harmonic oscil-
lators are limited, since their Hamiltonian is parabolic and the
eigenstates are scattering states. The analytic continuation of
angular velocity w — =+iw performs a transformation of a
non-Hermitian harmonic oscillator (FiH°®) to inverted one
H".

In general, non-Hermitian Hamiltonians have been used
to describe several physical dissipative systems. Such Hamil-
tonians do not cause a legitimate probabilistic interpreta-
tion due to the shortage of the unitarity condition in their
corresponding quantum description. In non-Hermitian quan-
tum mechanics it, was found that the criteria for a quantum
Hamiltonian to have a real spectrum is that it possesses an
unbroken P7 symmetry (P is the space-reflectio operator or

parity operator, and 7 is the time-reversal operator) [22,23].
The concept of P7 -symmetry has found applications in sev-
eral areas of physics. Once the non-Hermitian Hamiltonian
H is invariant under the combined action of P7 (i.e. H com-
mutes with P7) and its eigenvectors are also those of the P7T
operator, then the energy eigenvalues E of the system are real
and in this case the P7 -symmetry is unbroken.

An alternative approach to explore the basic structure re-
sponsible for the reality of the spectrum of a non- Hermi-
tian Hamiltonian is by the notion of the pseudo-hermiticity
introduced in Ref. [24]. An operator H is said to be pseudo-
Hermitian if

H' =nHn™ ', 4))

where the metric operator

n=plp, 7t = (pip) ", )

is a linear, invertible and Hermitian operator, we say that the
Hamiltonian is pseudo-Hermitian or quasi-Hermitian if it sat-
isfie the relation (1).

The pseudo-Hermiticity allows to link the pseudo-
Hermitian Hamiltonian H with an equivalent Hermitian
Hamiltonian h

h=pHp", ?3)

where the operator p called Dyson operator is linear and
invertible. Due to the energy spectrum of (+iH°%) being
completely imaginary, we notice that (FiH°®) is anti-P7 -
symmetric i.e.

PT(+iH*)PT = (FiH®). 4)

We recall that a P7 -symmetric system can be trans-
formed to an anti-P7 -symmetric one by replacing H°® —
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(+iH°*®) [25-28], which changes the physical structure of
the system. In other words, a Hamiltonian H is said to be
anti-P7 -symmetric if it anticommutes with the P7 opera-
tor {P7,H} = 0. In analogy with the P7 -symmetric case,
we call the anti-P7 -symmetry of Hamiltonian H unbroken
if all of the eigenfunctions of H are eigenfunctions of P7,
i.e. when the energy spectrum of H is entirely imaginary F
=iE* [29].

In this paper, we generate from the anti-P7 -symmetric
Hamiltonian (+iH°°) an inverted Hermitian harmonic
oscillator-type H” and also its solution. In Sec. 2, we re-
call briefl some properties of the standard harmonic and in-
verted oscillators In Sec. 3, introducing an appropriate quan-
tum metric, we link the anti-P7 -symmetric Hamiltonian
(£1H°®) to the inverted oscillator Hamiltonian H".This pro-
cedure allows us to obtain the pseudo-ladder operators, the
set of solutions and also to defin the full orthonormaliza-
tion relation of the eigenstates for inverted harmonic oscil-
lator H". In Sec. 4, using the pseudo-ladder operators, we
will address the problem constructing of coherent states as-
sociated to inverted oscillator H". We obtain the mean values
of the position and momentum operators in the evolved co-
herent states and furthermore we calculate the corresponding
Heisenberg uncertainty. An outlook over the main results is
given in the conclusion.

2. Summary of standard harmonic and the in-
verted oscillators

Let us recall briefl the ladder operator approach of the usual
harmonic oscillator:

‘ 1 1 hw
H* =50’ + gmw'e® = 5 (aTataa®) ()
where
mw iy b
a = 71‘ 277
2h V2mhw
mw 4

LY i SN S
al =[5 r =i v (6)

The operators a and a™ satisfying the commutation relation
[a, aw =1. @)

Were introduced to facilitate the solution of the eigen-
value problem. Figenstates of (5) in Fock space are
the Fock or number states |n)°° with the eigenvalues
w(n+1/2)), where a|[n)” = /n|n—1)% af |n)” =
vn+1|n+ 1)°° and n is a non-negative integer.

We then have a nice mechanism for computing the eigen-
states of the Hamiltonian, but we can also express expectation
values using the raising and lowering operators. This leads to
the useful representation of = and p:

h hw
x:\/%}m(aT—i—a), p =i/ 2m(aT—a), (8)

such that, we can compute any arbitrary expectation values
that depend upon these quantities, merely by knowing the ef-
fects of the raising and lowering operators upon the eigen-
states of the Hamiltonian.

From this, we can evaluate that the energy eigenvalues
H”Yi%(x) = Enpy®(x)
1

:ﬁxu(n+2> vo¥(x); meN, (9

and the normalized condition for the eigenfunctions is veri-
fie

<¢;)rf |/(/)’;)Lé> = Omn-

We see that the energy eigenvalues Ey = fiw/2 of the ground
state

(10)

1 wm 1 wm o

()= —— - 11
0@ m(m) exp | 271“””}’ (b
is a very significan physical result because it tells us that the
energy of a system described by a harmonic oscillator poten-
tial cannot have zero energy.

In contrast with the harmonic oscillator, the inverted os-
cillator has a Hamiltonian with the following form:

T 1 1 2,2

H :—pQ—fmw T :—@ (aT2—|—a2).

12
2m 2 2 (12)

The Hamiltonian (12)) is formally obtainable from (5) by
the replacement

(13)

w — 1w,

similarly, the case (—iw) would serve equally well.
On the other hand, for an imaginary frequency, i.e. for
the inverted harmonic oscillator, we get

= [ [mw P
a— A=e'1 —r 4+ —, 14
( 2h Qmwh) (14
t LAz (B P ) 15
“ ¢ ( on " 2mwh /)’ (15)

thus, the Hamiltonian (12} can take the following form

H" = ?(AAJFAA), (16)
where the non-Hermitian pseudo-ladder operators (A, A) are
characterized by LA, A] =1 in an analogous way to the lad-
der operator (a, a') for the harmonic oscillator.

Knowing that the eigenfunctions of the harmonic oscil-
lator are normalized, we ask the question if the inverted os-
cillator eigenfunctions are also normalized? Clearly, they are
not (Y7, [15) # Omn. This can be seen when calculating the
normalization condition for the pseudo-ground state 1§, (x) of
the obtained inverted oscillator: from Eq. (11) by changing w
to w

| 1 fiwm)} .
Yp(z) = o (%) exp [—Z%wﬂ . (17)

Rev. Mex. Fis.69010402



INVERTED OSCILLATOR: PSEUDO HERMITICITY AND COHERENT STATES 3

One can easily verify that the normalization for this state diverges as follows:

+o00o
wi vy = [ v @ (e)ds = o (S / dr — oo, (18)

the reason for this divergence is that the substitution w by ¢w is unsuitable. we will remedy this inconsistency in what follows.

3. Pseudo-ladder operators in the inverted harmonic oscillator

The Hermitian Hamiltonian H" and the non-Hermitian Hamiltonian (i H°®) are related by a formal replacement w — iw. The
challenge is to establish a consistent relation between the quantum mechanical formalism for the Hermitian Hamiltonian H"and
the non-Hermitian one (i H°®), we propose that instead of considering this formal transformation, we use the relation that it
is valid for any self-adjoint operator, i.e. observable, in the Hermitian system to possess a counterpart in the non-Hermitian
system given by

p T iH*)p=H". (19)

In order to connect the non-Hermitian harmonic oscillator Hamiltonian (¢ H °®) to the Hermitian inverted oscillator H", we
perform a Dyson type transformation p such that [30]

2 12 2 Ind 1 12
—expd 2| (atat t C o e | LR 9,
p exp{ 2[2(aa+2 +,u_2+u+2 exp 19_2 exp 5 aa+2 exp 19+2 , (20)

and

244 sinh 6 € . 9
Ut = , 19:( sho — < ho) e —
* 7 9coshf — esinh 6 0 cos g S My X
24— sinh 0 cosh ¢ + 5 sinh ¢
- ’ = 0=/ —4duipn_, 1
fcoshf—esinhf’ X coshf — & sinhf’ € —dpyp 1)

where € is a real parameter whereas p4 and p— are complex ones.
With the help of the following relations

exp »19_ g] (aTa + %) exp {—19_ %} = (aTa + %) +9_a?

- f (22)
exp 19_5_%} (aTa + %) exp [—19+a7“] = (aTa + %) —J,al?
exp [ (ala + §)] a? exp [ 232 (ala + §)] =

(23)

exp 19+ 5 } a® exp [ 9 —} =a?—294 (ala+ 1) +92al?
exp [ (aTaJr ) a'? exp [ % (aTa + %)] = Ypalt?

] (24)
exp [¥_ %] a'? exp [719_ %} =af?2 +29_ (aTa + %) + 92 a?

we deduce, under the action of the operator p, the transformed Hamiltonian of the harmonic oscillator :

1 1
p tHp = hwp~! (aTa + 2) p= 19@ {[190 —29,9_] <aTa + 2) + [19_193 — 19019+] al? + ﬁ_az} . (25)
0

We notice that Eq. (25) and Eq. (12) have the same structure in their operator content provided that we impose on the
parameters (U4, Y_, ¥o) the following conditions

9, = —i, ) = % 9o = 1, (26)
from these constraints, the Dyson operator Eq. (20) takes now the simplifie form®
p = exp {—iaﬂ exp [2 TQ} , p !l =exp {—;am] exp Baﬂ , (27)
it follows that the two Hamiltonians H°® and H" are allied to each other as

hw
p LHp = 27 (aT2 + a2) =—iH". (28)

Rev. Mex. Fis.69010402
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One can verify that in the case of the inverted oscillator,
the form of Hamiltonian in the last equation looks like
g e
2
where the pseudo-ladder operators (A, fl) are linked to the
ladder operators (6) through the transformation

(AA+ AA), (29)

A=plap=a+ial, (30)
- 1
A=ptalp= §(aT+ia)7 (31)

and satisfy the following commutation relation [A, A] =
1.Then, we can deduce that their Fock eigenstates [n") are
related to [n°®) by the invertible operator p as

") = p~ ). (32)

For instance, the pseudo-Hermitian quadratures (X, P)
corresponding in the Hermitian system to the coordinate and
momentum operators (x, p) (see Egs. (8)) respectively, are

now
X=plap=/ LS (a' +a)p
2wm
f./i(/uﬁ) (33)
¥V 2um ’
P=p'pp=iy/ @p‘l (a' —a)p
CJhom -

Knowing that any observable o in the Hermitian system
possesses a counterpart O in the pseudo-Hermitian system
given by

O =p 'op, (35)
one can deduce the useful representation of (A, fl) in terms
of (X, P) as

mw 1

A= 2x i~ _p 36
2h 2mhw (36)

- mw 1
A=/—X —i———P. 37
V 2R Z\/Qmﬁw 37)

Thereby, the Hamiltonian (29) can be written in terms of
X and P as

H =1 ( i mw2X2> . (38)
2\ m

This leads to the equations of motion of the inverted os-
cillator. Indeed, using the Heisenberg equations of motion
and [X, P] = ih, we have for X and P:

dXx 1 i (P2
7:7X77 2X2
dt z‘h[’z(m“”‘” )}
P _ 1
dt  ih

P
1—.
m

2

{p, ! (P + mw2X2)] — —imw’X. (39)
2\m

Taking another time derivative of d X /dt, we get the usual
equation of motion for the inverted oscillator
d’X

7 w?X =0, (40)

4. Coherent states for the inverted oscillator

The best way to present the inverted coherent states is by
translating their definition into the language of the coher-
ent states of the harmonic oscillator which are summarized
in what follows. Coherent states, or semi-classic states, are
remarkable quantum states that were originally introduced in
1926 by Schrodinger for the Harmonic oscillator [31] where
the mean values of the position and momentum operators in
these states have properties close to the classical values of the
position z.(t) and the momentum p..(¢). In particular, the co-
herent states of the harmonic oscillator|a®®) [32]- [34] may
be obtained in different but equivalent ways:

(i) as eigenstates of the annihilation operator;

alo)” = ala)”, (41)
with eigenvalues a € C.

os

(ii) as a displacement of the vacuum |0) , where the dis-
placement operator

D° (a) = expla*a’ — ad, (42)

can be used to generate the coherent state

|)” = D** (@) [0)”, (43)

(iii) as states that minimize the Heisenberg uncertainty
principle

AzAp = g (44)

Coherent states form an over-complete set of states. The
identity operator I is written in terms of coherent states as

1 0s 0s -
- / |a) (a| d®a = 1. (45)

The solution for the harmonic oscillator Hamiltonian for an
initial coherent state is given in the following simple form

o, 1) = e i ’ae*i“’t>os , (46)

i.e.,, a coherent state that rotates with the harmonic oscillator
frequency.

Rev. Mex. Fis69 010402
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In analogy with the usual coherent states, we use the and then the integral
pseudo-annihilation A = p~'ap and pseudo-creation A =
-1t . . .
p~a'p operators which are very convenient to study the in- 1 "oy g
verted coherent states. We emphasize the use of the met- T ploy "lalptda’da =1, (53)
ric n = p'p operator such as (z’H"S)Jr = n(iH*)n1, c

e. (¢H°*®) is n-pseudo-Hermitian with respect to a positive-

is an identity operator.
definit inner product define by (.,.), = (.[n].) : Y OP

These inverted coherent states |a)” can also be gener-
"(nln|m)" = °(n |m)° = Spmn, 47) ated respectively from the vacuum states |0)" by the action

of pseudo-displacement operator D" («),
which indicates that the Fock states are linked to each other

as la)” = D" () |0)" = exp [a 4 — a* A] [0)", (54)
)" = p~" ), (48)

additionally, the vacuum state of the inverted oscillator |0)"

we note that D" («) is related to D°® («) as

(A]0)" = 0) and the vacuum state of the harmonic oscillator D" (o) = p~ D% () p. (55)
|0)°* are related as |0)" = p~1[0)”%.

The coherent states for the inverted harmonic oscilla- Using the Hamiltonian (29), we deduce the evolution of
tor are define as eigenstates of the corresponding pseudo-  an initial inverted coherent state in the following simple form
annihilation operator A

. : T L —i/RHTE| AT
Ala)" =ala)”, aeC. (49) @ t)" =e )
with —¢ —|a)? /2 wt/? wAAt Z | > (56)
\F
)" = p~t ). (50)

Introducing e“AAt into the sum, and using the fact that

Particularly, the normalization condition - ] -
the states |n)" are eigenstates of the number operatorA A, we

ala)” =1, (51)  have
leads to ot wtyn
gy =l 250 O e
"(alnla)" =1, (52) w vl
| =ewt/? ’ae“’ty. (57)

Since our aim is to compute the Heisenberg uncertainty relations in the position and the momentum, it is required to
calculate the expectation values of the canonical variables and their squares in the inverted coherent states. Then, by using
the relation (35) in the non-Hermitian system, the expectation value of an arbitrary operator O = X, X2 P and P? can be
evaluated from

mlz m wt)n

(0), =" (a,t[10]a,t)" =" (a,t| p*opla,t)” = e ZZ F O‘\eﬁ s (mloln)”.  (58)

Using the above equation, the expectation values of X and P in the state |, t)" are easily evaluated:

= TR [ 0 g e,

< > _|ae“’t| ZZ i/: (Oé\e/>) /ﬁwm 08 <m‘ (aT - a) |n>os — mT‘*)h [a - Oé*] ewt7 (60)

and follow classical physics; i.e.

<X>77 = Ze, <P>n = Dc; (61)

where the subscript ¢ indicate classical. This is why we call these inverted coherent states ’quasi-classical states”.

Rev. Mex. Fis69 010402
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Let us now evaluate the uncertainty in the position and the momentum.

h 1
2 o 2 o 2 2wt *2 2wt 2 2wt -
(X >n = (o, t|nX*|a,t) = Eow— {a et + o et + 2 <a| e’ + 2)} , (62)
2 2 r_ TIMWh Ly o *2 2wt 2 2wt L
(P >n = {a, t|nP? |, t)" = 5 ate®t +a*e™ — 2| |al” et + 3| (63)

It is well known that the position uncertainty can be de-

rived from AX = /(X?), — <X>3] Then using (59) and
(62), we have
AX =y [
2mw

Similarly, from Egs. (60) and (63), we also have the mo-
mentum uncertainty such that
AP — /Tl
2
Thus, the uncertainty product for canonical variables X
and P is given by

AXAP = g

Therefore, the inverted coherent states are a minimum-
uncertainty states and the time evolution of an initially in-
verted coherent state can be regarded as the quantum analog
of a classical trajectory.

5. Conclusion

We have briefl summarized in Sec. 2, some properties of the
standard harmonic and inverted oscillators.

We have proposed a scheme that permits relating a reg-
ular harmonic oscillator to an inverted oscillator by using
a time-independent Dyson metric which allowed us to in-
troduce the pseudo-annihilation A = p~'ap and pseudo-
creation A = p~'a'p operators associated to the inverted

Iharmonic oscillator. These operators are the basis of the
definitio of coherent states for inverted oscillator and their
corresponding eigenstates and eigenvalues. Once the Dyson
operator has been introduced, and therefore the metric oper-
ators, it is straightforward to extend these considerations to
the associated eigenstates and inner product structures on the
physical Hilbert space. Some of the finding are treated by
the Gaussian wave packet (in the z-representation) associated
to the generalized coherent state in Ref. [35].

Coherent states of the inverted harmonic oscillator are
constructed in different forms:

(1) as eigenstates of the pseudo-annihilation operator A;

(2) as a pseudo-displacement of the inverted vacuum
exp [@A — a*A] |0)",

(3) as states whose averages follow the classical trajecto-
ries of X, P and H".

However, the coherent states for the inverted oscillator
constitute “minimum uncertainty” wave packets. Therefore,
the time evolution of an initially coherent state can be re-
garded as the quantum analog of a classical trajectory.
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(27) has been introduced in Ref. [17] as footnote.
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By using the Lewis—Riesenfeld invariants theory, we investigate the quantum dynamics
of a two-dimensional (2D) time-dependent coupled oscillator. We introduce a unitary
transformation and show the conditions under which the invariant operator is uncoupled
to describe two simple harmonic oscillators with time-independent frequencies and unit
masses. The decouplement allows us to easily obtain the corresponding eigenstates. The
generalization to three-dimensional (3D) time-dependent coupled oscillator is briefly dis-
cussed where a diagonalized invariant, which is exactly the sum of three simple harmonic
oscillators, is obtained under specific conditions on the parameters.

Keywords: Time-dependent quantum system; invariant theory; coupled oscillator; canon-
ical and unitary transformation.

1. Introduction

The harmonic oscillator is one of the most important models in quantum mechan-
ics, and one of the few ones that has an exact analytical solution that made it
applicable in the study of the dynamical properties of different physical systems:
natural systems and technological devices. The two- and the three-dimensional har-
monic oscillators are particularly among the most representative and important

fCorresponding author.
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harmonic oscillator models in quantum mechanics and therefore establishing the
dynamical properties of coupled oscillatory systems is extremely demanded though
their complex motion especially when the parameters are time-dependent and/or
the dimension of the system is more than two.

The time-dependent coupled oscillator that has been a point of interest in the

16 model various physical systems” 7 and helped

18

research field for a few years now,
in explaining numerous physical interacting systems including trapped atoms,
nanooptomechanical resonances,'?:20
stimulated Raman effects,?? time-dependent Josephson phenomena,?? and systems

of three isotropically coupled spins 1/2.2* Coupled oscillators are fundamental for
25-27

electromagnetically induced transparency,?!

quantum technologies such as quantum computing and quantum cryptography.
The problem of a system of n-coupled harmonic oscillators with damping and
driving forces was considered in the framework of Lie symmetries of differential
equations.?®

However, the study of time-dependent Hamiltonian systems has attracted much
attention over the years leading to the development of variety of techniques, to cite
but a few: adiabatic approximation,?*3° sudden approximation, the perturbation
theory and the Lewis—Reisenfeld invariants theory.?! These cited techniques are
devoted to Hermitian Hamiltonian systems and for the non-Hermitian ones an
extension of the invariants theory®! has been developed to treat explicitly time-
dependent pseudo-Hermitian Hamiltonians which made the establishment of the
solutions to the considered system in terms of the eigenstates of a pseudo-Hermitian
invariant operator possible.32734

In this paper, we investigate quantum dynamical properties of a two-dimensional
(2D) time-dependent coupled oscillator. Our study is based on the theory of a two-
dimensional (2D) coupled dynamical invariant. We show the conditions under which
the invariant operator is uncoupled.

In Sec. 2, we evaluate the study of the time-dependent 2D coupled system and
approach the whole subject in a scientifically coherent manner to show that the
invariant operator of the system can be uncoupled under specific conditions. Then,
we recapitulate the basic errors made in Ref. 35 while studying the same system.
Hassoul et al.3 claim that introducing two pairs of annihilation and creation oper-
ators uncouples the original invariant operator so that it becomes the one that
describes two independent subsystems. We show also that the linear canonical trans-
formation defined in Ref. 35 cannot be adapted to the considered problem without
a constraint on the mass and to solve the problem in question (see Appendix A).
In order to solve the problem in a clearer way we adopt, in the quantum mechanics
framework the method used in classical case in Ref. 36; that the quantum mechan-
ical unitary transformations are used instead of the classical canonical transforma-
tions, we introduce more adequate canonical transformations. Later, we highlight,
with some simple mathematical calculation, all the flawed results found in Ref. 37
where a generalization to the 3D case of the investigation introduced in Ref. 35
using the same layout is considered.
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2. Discussion
2.1. Background on the subject

Let us recall the method used to solve the quantum dynamics of a general time-
dependent coupled oscillator, mainly the one adopted in Ref. 35. We should point
out that the notations used in this paper are slightly different from those of Ref. 35.
For instance, we used «; = p? while in Ref. 35, o; = ——. The Hamiltonian of the
time-dependent coupled oscillator that we consider is of the form
2 2
1) = 33 [ v x2] + Jaoxixe (1

1=

where m;(t), ¢;(t) and c3(t) are arbitrary functions of time. We choose a quantum
invariant operator of the system of the form

I(t) = 5> [ai(t) P + Bi(t)(XiPs + PiXs) +vi(t) X]] + %n(t)xlxg, (2)

the parameters «;(t), B;(t), 7:(t) (i = 1,2) and n(t) are real and differentiable
functions of time. The substitution of (1) and (2) into the invariance condition

dli 0 1
— I,H] =
=L H] =0, 3)
implies the auxiliary equations given as
. —2p4(t)
ilt) = ) 4
a(t) a®) (4)
PPN (100,
ilt) = eu(tyoutt) — 05, 5)
Yi(t) = 2¢i(t)Bi(t), (6)
n(t) = es()[B1(t) + B2(1)], (7)
in addition to the following important condition:
t
M0 _ o (ma () = as(t)ma(t). (8)
cs(t)
Now, by noting that
ai(t)yi(t) — BE(t) = 4, 9)
with d; being a real constant, we set
ai(t) = pj, (10)
to get after simple calculation
Bi(t) = —mipipi, (11)
Vi(t) = ci(tymip] + mariipipi + mi 7 4+ m3 pipi, (12)

2250222-3
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and the auxiliary equation for p;

pi + %Pi = n% - 67:7(2%’ (13)
and since
pim1 = pyma, (14)
one can write
00 =~ [ sty + o 2 (15)

thus, the invariant (2) is written as

2

1 . i .

=3 E [ 2P? —mipip; (XiPs + PX;) + (p; + m?ﬂ?) X?]
=1

%

_% [/t es(t)mipr (m + pl) dt] X1 Xo. (16)

According to the Lewis—Riesenfeld theory,3! the invariant operator I(t) has
time-independent eigenvalues A, p,

I(t)|§0n1,n2> = /\n17n2|50n1,n2>, (17)

and his eigenfunctions |y, n,) are time-dependent whose multiplication by suitable
phases explifin, n, (t)], With iy, n,(t) verifying

) = (s | (1057 = D) | ). (19

is a solution of the time-dependent Schrédinger equation

d
ih— [ (t) = H{O)Y (1)), (19)

2.2. Unatary transformations: Results and discussion

In order to solve the eigenvalues equation (17), we introduce the unitary transfor-
mation U such that

|(plnl,n2> = U|<)O7L1JL2> = U1U2|(pn1,7l2>7 (20)
where
2 .
Ur = [[exp| o (XiPs + PXi) In /a; (21)
i=1 2h 7
2 .
i fi 2
= —— X7 22
;exp[zm ] (22)
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under which X; and P; transform into

U XU = Vo X,

U, PU = ! P, 2
1443V — \/071 79
and
U XUy = Xi, (24)
Uy PUS = P — gx (25)
Finally, we get
UX, Ut = Ja; X, (26)
1 B;
UPU* = —, p— X, 27
v v 27)
and consequently the invariant (2) becomes
1¢ 1
I'= 2Z[P2 (vic — B2 X2 + 502 X1 X, (28)

i=1
We can further simplify the invariant operator I’ by introducing the unitary oper-
ator Us

U3 = exp[ 9(P2X1 PlXQ):| 5 (29)

h2

under which X; and P; transform into

Us X U™ = cos (g) X, —sin <9) Xa, UsXoUj = cos <9) X, + sin (0> X,
UsbP U3 = cos 3 P —sin Py, UsPU; = cos Py + sin P,

(30)

the above Egs. (30) are similar to the canonical classical variables (12-15) in Ref. 36.
Therefore, the invariant (28) is written as

=UsI'U;
Pz P 1 0 . 77\/
= 71 + 22 + = 3 [(51 cos? (2> + 8 sin? (2> } X1
1 0 0 \/
+ = |6 sin? [ =) +d9c08? (= | — IV (e X2
2 2 2 2
1
+ 5[7%/041042 cosf — (01 — d2) sin 0] X1 Xo, (31)
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We observe from Eq. (31) that the separation of variables is complete for

/a1 cosf — [§; — d]sinh = 0, (32)

and this leads to the following transformed invariant:

2
1 ~
"= 5 Y (PP + O2XY), (33)
i=0
where
Q2 = 6, cos? <Z) + 0g sin? (Z) + 77371% sin 0, (34)
?23 = §; sin? (g) + 65 cos? (Z) — 776;71% sin d, (35)

are constants. From Eq. (32), we deduce

tan(g) = Y4192 (36)

01 — d2]
where
0 = arctan(ny/araz.[6; — 2] 1), (37)

is time-independent, to be convinced it is enough to follow the calculation method of
% developed in Ref. 38. We confirm that the frequencies Q; are time-independent.
After decouplement, the invariant (33) becomes the sum of two invariants
describing simple harmonic oscillators with time-independent frequencies ﬁi and
unit masses whose eigenstates are well known and expressed as
— 1/2
2 Q Q;

|S0nl,nz>:1j[1 (eh)\ 2 12m Hy, — X | exp

: (38)

where H,, are the Hermite polynomials. Finally, let us note that it is easy to
express the invariant operator in terms of the well known annihilation and creation
operators associated to the usual harmonic oscillator.

3. Short Discussion on the Generalization to 3D Coupled Oscillator

A generalization of the 2D coupled oscillator to a 3D one has been incorrectly made
by Hassoul et al. in Ref. 37 where the authors study general time-dependent three
coupled nanooptomechanical oscillators. They start to obtain the formulae of time-
dependent parameters of the time-dependent invariant operator by deriving six
differential equations (Egs. (8)—(13) in3") with their possible solutions (Eqs. (14)-
(19). In fact, they failed again in mentioning other conditions just like before, since
the invariance condition implies nine equations given as

2B, (1)

mz(t) ’

Ai(t) = (39)
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Bi(t) =~ 8+ mi(0 040, (40)
C1(1) = 2ma ()2 () B(), (41)
Diatt) = 220 8,0) 1 By(0), (12)
Distt) = 230 1, (1) + By (1), (13)
Dus(t) = 20 53,0) 1 (1), (44)
Dis(t) _ kis(t)
Dis(t)  kiao(t)’ (45)
Dia(t)  kia(t)
Das(t)  kos(t)’ (46)
Dag(t) _ has(t) .

Similarly to the 2D case, the authors of Ref. 37 pretend to obtain the solution
of Egs. (39)—(44), omitting to mention an important detail: the following constraint
equation that the mass must obey when considering m;(t) = 1/c;(t)

12 (t
) L)

which is difficult to solve. This last Eq. (48) is obtained from the auxiliary Eqgs. (39)—
(44) by noting that

+2(8; — wi(t))my(t) =0, (48)

—~

)

Ai(D)C(t) = BE(t) = 4, (49)

with §; being a real constant. Condition (49) is not mentioned in Ref. 37. Note that
putting p% = m,(t) gives the famous auxiliary equation of p;.3139 74!

Thus,lthe given solutions (Eq. (14)—(19) in Ref. 37) impose a constraint on the
system that the authors did not pay attention to. The system cannot be resolved
for any given mass.

The authors proceed, with the aim to have a diagonalized invariant operator
O(t), to diagonalize the matrix k (formula (30) in Ref. 37) using the invertible
matrix R (formula (46) in Ref. 37). Note that substituting the expressions (49-51)
of ;37 in the diagonalized invariant operator (48) O(t) does not lead to expression
(28) and the formula (35) of Ref. 37 cannot be obtained unless the parameters of
k obey

K12 = K13 = K23 and w% = ’(DS = w%, (50)
which implies that Q? = 0 and the eigenvalues Q2 read
Q% = w% + K9, (51)
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K
ngzwf-ggﬁ. (53)

Furthermore, as mentioned before, it is crucial in the Lewis and Riesenfeld
theory3! for the invariant operator to have time-independent eigenvalues whereas
in Ref. 37 the eigenvalues ? are time-dependent. To see this, we calculate the time
derivative of Q? as

03 D D
. _d( D ), d( Ds \ (54)
dt dt A/M1mso dt mims

LQ% _ ,i & LQQ (55)
dt — dt Thams dt’
ng% __d(_Ds \_ LQQ (56)
dt — dt \ /mams dt’

one can see that even if Q2 = 0, the parameters Do, D13, Ds3 and the masses m; are
defined as time-dependent. Therefore, the eigenvalues Q2 are not time-independent
as they are supposed to be. This is once again a fundamental error that contradicts
with the Lewis—Riesenfeld theory.

Finally, we suspect that the authors have calculated the phases (56) in Ref. 35
((76) in Ref. 37) by taking the invariant operator instead of the Hamiltonian oper-
ator in which the term X; X5 has been omitted knowing that the dynamics of the
system is ruled by the Hamiltonian operator and not by the invariant operator.
It seems that the authors take the results of Refs. 31 and 39-41 and simply set
p% = m(t) as if the invariant operator is the generator of the dynamics. Appar-
ently, they present a study of coupled systems from a quantum point of view (this
has an analog in the classical theory) and claim to prove that the solution to the
time-dependent Schrodinger equation with the mixed term X; X5 in the Hamilto-
nian can be reduced to the solution of a time-independent Schrodinger equation
involving the quantum invariant. We believe that is incorrect because the coupled
terms X7 X5 in the Hamiltonian have a contribution and cannot be omitted.

4. Conclusion

This paper is an opportunity to draw the reader’s attention to the Refs. 14 and 15
cited in Ref. 35 which contain errors in dealing with time-dependent systems with-
out taking into account the generating function of the canonical transformation.4?43

It is clear from the analysis above that Hassoul et al.’s analytical expressions
(23), (26)—(32), (41) and (42) and (56) in Ref. 35 and expressions (28), (38)—(45) and
(76)—(80) in Ref. 37 cannot be correct. Consequently, all the physical conclusions

derived from such equations, are based on a wrong analytical layout.
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Appendix A. Reminder on the Method of Ref. 35 by Pointing Out
the Inconsistencies

Recently, Hassoul et al.3® have studied the same system (1) considering the time-
dependent invariant operator I(t) (2). They claim that introducing two pairs of
annihilation and creation operators uncouples the original invariant operator (2)
so that it becomes the one that describes two independent subsystems. In fact,
the authors of Ref. 35 pretend to obtain the solution of the Egs. (4)—(7), omitting
to mention that the so-called solution «;(t) = 1/m;(t) must obey the following
constraint equation:
_ 1mi()

it

i) = 3D
which is difficult to solve. They omit to mention condition (8) as well. Later, they
claim that the invariant operator (23) in Ref. 35 can be decoupled into (35) simply
using the canonical transformations (41) and (42) which cannot be valid if and only
if m1(t) = ma(t) and w?(t) = wi(t).

Moreover, to our knowledge, the invariant operator in the Lewis and Riesenfeld
2

%

+ 2((517’)11(75) - Ci(t)) = O, (Al)

theory®! has time-independent eigenvalues whereas the frequencies w? are time-
dependent which does not imply time-independent eigenvalues of the invariant as
claimed in Ref. 35 and consequently it is not easy to obtain the phases.We show
that the frequencies (30) and (31) presented in Ref. 35 are time-dependent.

From the expression of w? Eq. (30) in Ref. 35, the time-dependent derivative

of w? is

my 4m?  4m3

dwi  sind fot[c22iif2}dt B fot[cl Sl dt M W3 i
dt - 2 mo

fot 63[27:21 + 27252]‘1’5 0
2,/m1m2

+ cos(6) (

. c3lgms + et 1 my | g
+ sin(6) L = — — 4+ —=
2,/m1m2 4,3/m1m2 mi mao
t . .
my mao
— 4+ —| dt|. A2
X/O “s [le + 2m2:| :| ( )

A short calculation of 0(t) is

: o(t) —1 my 1 /t my g
0 == 2 —_— —_— —_— JE— dt
o < 2 ) |:2\/ mims <m1 * ma 0 “ 2my + 2mo

: . .
c mi + ma 1 t 3
+f0 3[2m1 2m2}‘| % [( / [Clﬂh] dt
mims mi Jo mi

2250222-9
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which shows that 6(t) is time-dependent. When this last expression is inserted in
Eq. (A.2), we obtain the following result:

dw? (0 I TN m?
W = COS 5 mil /(; Clmil dt — 74m%
1 t . -2
(G ] =)
ma Jo mo 4ms

1 my o g /t My
— Ly 2 lat
x |:2,/ mao <m1 + WLQ> 0 e 2m1 + 2m2

fo 63[2%11 + 2%22]]

+

" sm@ C2f]dt fo Cl* Ui 13
my 4m?  4m3

+
+ cos( + sin(0) [ [;m; 2m2]
t
mi mo
- - — = A4
43m1m2 <m1+m2)/0 “ {2m1+2m2} dt] 70 (44)

The above equation vanishes only if the conditions (¢; = ¢2, ¢ = 0 and my =
mg) are satisfied.

Acknowledgements

We would like to thank Prof A. Layadi for his interesting indications and valuable
comments.

References

Y. S. Kim, M. E. Noz and S. H. Oh, Am. J. Phys. 47(10) (1979) 892.

D. Han, Y. S. Kim and M. E. Noz, Phys. Lett. A 144(3) (1989) 111.

Y. S. Kim and E. P. Wigner, Phys. Lett. A 147(7) (1990) 343.

D. Han, Y. S. Kim and M. E. Noz, J. Math. Phys. 36(8) (1995) 3940.

M. S. Abdalla, J. Phys. A Math. Gen. 29(9) (1996) 1997.

F. Benamira and L. Ghechi, Czechoslov. J. Phys. 53(9) (2003) 717.

S. Zhang, J. R. Choi, C. I. Um and K. H. Yeon, Phys. Lett. A 289(4) (2001) 257.

S. Zhang, J. R. Choi, C. I. Um and K. H. Yeon, Phys. Lett. A 294(5) (2002) 319.

S. Groblacher, K. Hammerer, M. R. Vanner and M. Aspelmeyer, Nature 460(7256)
(2009) 724.

W. G. van der Wiel, Y. V. Nazarov, S. De Franceschi, T. Fujisawa, J. M. Elzerman, E.
W. G. M. Huizeling, S. Tarucha and L. P. Kouwenhoven, Phys. Rev. B 67(3) (2003)
033307.

11. T. A. Kennedy, R. Wagner, B. McCombe and D. Tsui, Phys. Rev. Lett. 35(15) (1975)
1031.

© 0N oW

—
e

2250222-10



12.

13.
14.
15.
16.
17.
18.
19.

20.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

34.

35.

36.
37.

38.
39.
40.
41.
42.
43.

On the quantum dynamics of a general time-dependent coupled oscillator

G. Sadiek, E. I. Lashin and M. S. Abdalla, Phys. B Condens. Matter 404(12) (2009)
1719.

J. R. Choi, J. Phys. Condens. Matter 15(6) (2003) 823.

S. Menouar, M. Maamache and J. R. Choi, Phys. Scr. 82(6) (2010) 065004.

S. Menouar, M. Maamache and J. R. Choi, Ann. Phys. 325(8) (2010) 1708.

S. Menouar and J. R. Choi, Ann. Phys. 353 (2015) 307.

D. Laroze and R. Rivera, Phys. Lett. A 355(4-5) (2006) 348.

M. Ebert, A. Volosniev and H. W. Hammer, Ann. Phys. 528(9) (2016) 693.

E. Gil-Santos, M. Labousse, C. Baker, A. Goetschy, W. Hease, C. Gomez, A. Lemaitre,
G. Leo, C. Ciuti and I. Favero, Phys. Rev. Lett. 118(6) (2017) 063605.

N. Spethmann, J. Kohler, S. Schreppler, L. Buchmann, and D. M. Stamper-Kurn,
Nat. Phys. 12(1) (2016) 27.

A. G. Litvak and M. D. Tokman, Phys. Rev. Lett. 88(9) (2002) 095003.

P. R. Hemmer and M. G. Prentiss, J. Opt. Soc. Am. B 5(8) (1988) 1613.

D. B. Sullivan and J. E. Zimmerman, Am. J. Phys. 39(12) (1971) 1504.

R. Marx and S. J. Glaser, J. Magn. Reson. 164(2) (2003) 338.

A. Merdaci and A. Jellal, Phys. Lett. A 384(6) (2019) 126.

D. Park, Quantum Inf. Process. 17 (2018) 147.

D. Park, Quantum Inf. Process. 18(9) (2019) 282.

A. Gonzalez Lépez, J. Math. Phys. 29 (1988) 1097.

M. Born and V. Fock, Z. Phys. 51 (1928) 165.

T. Kato, J. Phys. Soc. Japan 5 (1950) 435.

H. R. Lewis and W. B. Riesenfeld, J. Math. Phys. 10 (1969) 1458.

B. Khantoul, A. Bounames and M. Maamache, Fur. Phys. J. Plus. 132 (2017) 258.
M. Maamache, O. Kaltoum Djeghiour, N. Mana and W. Koussa, Eur. Phys. J. Plus.
132 (2017) 383.

W. Koussa, N. Mana, O. K. Djeghiour, and M. Maamache, J. Math. Phys. 59 (2018)
072103.

S. Hassoul, S. Menouar, J. R. Choi and R. Sever, Mod. Phys. Lett. B 35(14) (2021)
2150230.

D. X. Macedo and I. Guedes, J. Math. Phys. 53 (2012) 052101.

S. Hassoul, S. Menouar, H. Benseridi and J. R. Choi, J. Nanomater. 2021 (2021)
6903563.

J. R. Choi, arXiv:2210.07551 [quant-ph].

J. G. Hartley and J. R. Ray, Phys. Rev. A 24 (1981) 2873.

M. Maamache, Phys. Rev. A 52 (1995) 936.

I. A. Pedrosa, G. P. Serra and I. Guedes, Phys. Rev. A 56 (1997) 4300.

C. F. Lo and Y. J. Wong, Europhys. Lett. 32 (1995) 193.

F. Benamira and L. Guechi, Furophys. Lett. 60 (2002) 649.

2250222-11



	UNIVERSITY OF JIJEL
	MOHAMED SEDDIK BENYAHIA
	Abstract
	Résumé
	ملخص

