PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
Ministry of Higher Education and Scientific Research
University of Mohammed Seddik BenYahia - Jijel

Faculty of Exact and Computer Sciences
Departement of Mathematics
Master’s thesis
Presented to obtain the diploma of
Master
Specialty: Mathematics.

Option: PDE and applications.
Theme

Nonsmooth dynamical system
gouverned by the normal cone

Presented by:
Nadjla Mayache

Board of Examiners:

President : Ilyas Kecis MCA U.Mohammed Seddik BenYahia,lJijel
Supervisor: Tahar Haddad Prof U.Mohammed Seddik BenYahia,Jijel
Examiner : Radia Bouabdallah MCB U.Mohammed Seddik BenYahia,Jijel

Promotion 2022/2023




Acknowledgments

First of all and above all, I express my utmost gratitude to ALLAH, who has
been my guiding force and source of strength, patience, and courage throughout my

academic journey.

I would like to express my sincere gratitude to my supervisor Pr.Haddad 7T ahar
for his exceptional guidance and unwavering support throughout my preparation of
this thesis. His meticulous attention to detail and efficient guidance have been in-
valuable to me. I am truly indebted to him for his understanding, patience, and
continuous assistance. I am incredibly grateful for everything he has done. Once
again, I would like to extend my heartfelt thanks for his unwavering support and

guidance.

I would like to extend my sincere thanks to the esteemed members of the jury
for generously dedicating their valuable time to thoroughly read and evaluate this
research. Your expertise and insights are greatly appreciated and have played an
instrumental role in shaping the development of this work. Thank you for your com-
mitment to excellence and for contributing to the advancement of knowledge in this

field.

Last but not least, I express my heartfelt gratitude to all the teachers in our
department who have played a crucial role in my education and growth. Their guid-
ance, knowledge, and support have been invaluable, and I am truly grateful for their

dedication to imparting knowledge and shaping my academic journey.



Furthermore, I would like to convey my deepest gratitude to my cherished fam-
ily. Their unwavering love, continuous encouragement, and unshakable belief in my
abilities have served as the driving force behind my achievements. It is through their
constant support and numerous sacrifices that I have been able to pursue my aspira-
tions and surpass my own expectations. Their presence in my life has empowered me
to explore new horizons and attain unprecedented heights of success. I am forever

indebted to them for their boundless love and unwavering belief in my potential.

Nadjla



Contents

Introductionl iv
(I Preliminaries and auxiliary results| 1
(L1 Convex setsl . . . . . . . . . 1
(1.2 Convex functions . . . . . . . . .. ... ..o 3
(1.3 Distance functionl . . . . . . . . ..o oo 4
(1.4 Normalcone. .. .. ... ... .. 6
(Lo The subdifferential of convex functionsl . . . . . ... ... ... ... 9
(1.6 Indicator functionl. . . . . . . . .. ..o 11
(1.7 The support function| . . . . . . . .. ... .. ... 12
(1.8 Weak topology| . . . . . . .. . ... 12
(1.9  Semicontinuity] . . . . . . .. ... 13
(1.10 Maximally monotone operators| . . . . ... ... ... ... ..... 14
(1.11 Absolutely continuous functions| . . . . . . . . ... ... ... .... 15
[1.12 Some convergence results|. . . . . . . ... ... ... ... ... 16
(1.13 Gronwall’s inequality| . . . . . . . ... ... .. ... 17

2 The well-posedness of the degenerate perturbed integro-differential |

[ sweeping process| 22
[2.1 Standing hypotheses| . . . . . . . . . ... ... ... L. 22
2.2 Well posedness result| . . . . . . ... ..o 23

[3 Application| 49

[Conclusion and future workl 52

i



Notations

LOO([T07T]7 H)

almost everywhere.

it mean.

equal by definition.

identically equal.

real Hilbert space.

the norm of H.

the scalar product of H.

the closure of C.

the interior of C'.

the closed unit ball.

the open ball centered at x of radius 9.
the closed ball centered at x of radius 9.
The Banach space of all continuous functions defined from [Ty, T| to H

equipped with the norm of the uniform convergence || f(-)||cc = sup || f(¢)]].
te[To,T)

The space of measurable p-integrable mapping (1 < p < oo) defined on
[To, T] with values in H equipped with the norm

1f (e = (/T|f(t)ypdt)’l’.

The space of essentially bounded functions defined on [Ty, T'] with
values in H equipped with the norm

| f()||Le = inf {c >0:|f(t)] <cae. on [TO,T]}.

il



Introduction

The sweeping process, also known as the Moreau’s sweeping process, is a special
case of a class of differential inclusion introduced and extensively studied by J.J.
Moreau in a series of influential papers. The concept of the sweeping process arises
from the need to model systems with unilateral constraints, such as frictional and
frictionless contact problems or mechanical systems with impacts.

In Moreau’s work, the sweeping process is formulated as a differential inclusion,
which is a generalization of ordinary differential equations. While ordinary differential
equations describe the evolution of a single valued function, differential inclusions
describe the possible evolution of a set-valued function. This set-valued function
represents the set of possible states that the system can attain at any given time.

The sweeping process is often represented as follows:

—i(t) € Newy(x(t)) a.e.in [To, T,
z(Ty) = xy € C(Tp),

where N¢(;)(+) denotes the usual normal cone of the closed convex set C(t) in the
sense of convex analysis, z( is a given initial condition.

Nowdays sweeping process becomes a famous mathematical model to analyze and
solve problems involving unilateral constraints and impacts. It has applications in
various fields, including mechanics, control theory, and optimization.

The aim of this master’s thesis is to study the existence and uniquness of solution
(following the lines in [14], [4] and [12]) for a new variant of the sweeping process,

which can be described by the following differential inclusion:

—&(t) € Now) (Azx(t)) + /f(t,s,x(s))ds a.e. t € [Ty, T),
(DP) T

iU(To) = X2, ALEQ c C(To),

v



Introduction

where A is a linear bounded operator and f : [T, 7] x [Ty, T] x H — H is a Lipschitz

single-valued function.

It worth mentioning that the nonlinear problem (D P) without any perturba-
tions (i.e. f = 0) has been introduced and studied for the first time by Kunze and
Marques in [I5] where the moving set C(t) varies in a Hausdorff continuous way.
After, Kecies et al. in [I4] extended the above results for the absolutely continu-
ous moving set C(t) by adding a Lipschitz perturbation. Recently in [4] and [5] the
authors proved the well posedness of (DP) with A = id (identical operator). The
general degenerate sweeping process perturbed by the sum of a Caratheodory map-
ping and an integral forcing term has been studied in [I3]. Therefore, (DP) is the

goal of our master’s thesis.

The outline of our work is divided into three chapters as follows:

An opening chapter serves as a reminder and presentation of the fundamental results
and basic concepts that will play a crucial role in the subsequent chapters. It covers
key notions in convex analysis, accompanied by illustrative examples. Additionally, it
highlights classical results in functional analysis and discusses Gronwall’s inequalities.

In the second chapter we state our main result where we prove the well posdness of
the degenerate perturbed integro-differential sweeping process (DP).

The third chapter concludes our master’s thesis by showcasing the application of our
main result to the field of differential complementarity problems. This application

demonstrates how our findings can be effectively utilized in this specific area of study.



Chapter 1

Preliminaries and auxiliary results

In this chapter, we recall all definitions and auxiliary results that will be used
in the sequel of this master’s thesis. For more details we refer the reader to [16] [§]

19 9] 3] [ [6] [10] [2] 1) [15] [18] [

1.1 Convex sets

Definition 1.1.1. Let x and y be two points of H, x and y are called the endpoints
of the line-segment denoted by [x,y] where

[z,y] = { e+ (1—=Ny, 0< A< 1}

Definition 1.1.2 (Convex set). A subset C' of H is convex if it includes for every
pair of points the line segment that joins them, or in other words, if for every choice

of v € C and y € C one has [z,y] C C:

A+ (1=XNy € C forall X €]0,1].

Ax + (1—>\)

Figure 1.1: A convex, B not convex.



Chapter 1. Preliminaries and auxiliary results

Example 1.1.3.

e The empty set and H are convex;
e The affine subspaces are convex;
e In H =R, the convex sets are exactly the intervals;

e The open or closed ball is convex.

Proposition 1.1.4.
1. If C is conver, then C and int(C) are also convex.

2. Given an index set I, let (C;)ier be a family of convex sets in H. Then the set

C := NC; is also conver.
iel

3. C' convex and A\ € R implies A\C' convez.
4. If Cy and Cs are convex, then Cy + Cy is also convex.

5. If C is convex, then \yC 4+ oC = (A1 +X2)C' for every A1, Ao = 0. Consequently
MC + X\C is also convex.

6. A set C is convex if and only if C' contains all convex combinations of its

elements.

7. The union of conver sets is not convez in general.
Indeed, if we take singletons C; = {x} and Cy = {y} which are convex but
CrUCy = {z,y} it isn't.

Definition 1.1.5 (Convex combination). A convexr combination of the points
(x:)1<i<k of H is a point of the form

k k
v =) Ny, with \; >0, Vi=1,2,. kand Y X\ =1,
=1

i=1
i.e. x 1s an affine combination of xi,...,xE, with all the scalars N\; > 0 fori =

1,2, ...k

Definition 1.1.6 (Convex hull). Let S C H. The convex hull of S is the intersection
of all the convex subsets of H containing S, i.e. the smallest convex subset of H

containing S. It is denoted by co(S).
co(S) :==N{Cisconvexand S C C}.

2



Chapter 1. Preliminaries and auxiliary results

Proposition 1.1.7. Let S C H. The convex hull of S, co(S), is the set of all convex

combinations of the points in S, i.e.

CO(S) = {Z/\Zx“ (/\i)lgz‘gn Z 0, Z)\Z = 1,n € N*, (xi)1<i<n - S}
i=1

=1

Remark 1.1.8. Convex hulls satisfy the following identity
co(A+ B) = co(A) + co(B).

Definition 1.1.9 (Closed convex hull). The closed convex hull of a subset S C H,
denoted by ¢o(S), is the intersection of all closed conver sets containing S. We note

that co(S) = co(S).
co(S) := N{Cisaclosed convexand S C C}.

Remark 1.1.10. If S C H is closed, then co(S) is not necessarily closed.

1.2 Convex functions
Definition 1.2.1. Let f: H — R U {400} be an extended real-valued function.
The effective domain of f is defined by
domf:={x € H: f(zr) < +oo}.
The function f is said to be proper if domf # (0 and f(x) # —oo, Vo € H.
Definition 1.2.2. A proper function f: H — RU {400} is said to be convex if
fOz 4+ (1= Ny) < Af(@) + (1= N f(y),

for every X € [0,1] and every x,y € domf.

M)+ (1= ANy ¢-

f(@)
fOa + (1= A)y)

Figure 1.2: Ilustration of the definition.
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Definition 1.2.3. The epigraph of a function f: H — R U {+o0} is defined by
epif :={(z,7r) € HxR: f(z) <r}.
Proposition 1.2.4. Let f: H — RU {400} be a proper function. Then

fis convex <= epi(f)is convexr in H x R.

f(x) Epigraph f(z) Epigraph
/
I
]
I
| | ! Lo
1 : 1 b
i i ! ! i
- ! — «—
xr “\\ // 9
dom f dom f
Convex function Nonconvex function

Figure 1.3: Epigraphs of different functions.

Proposition 1.2.5 (Jensen’s inequality). A function f : H — R U {+o0} is

convex if and only if
f( ) Ax) <3 M)
i=1 i=1

for all finite families (\;)1<i<n 1[0, 1] such that > A\, = 1,n € N* and (x;)1<i<n €
i=1
dom(f).

1.3 Distance function

Definition 1.3.1. Let C be a nonempty subset of H and x € H. The distance of x
to C, denoted by de(z) or d(z,C), is defined by

d = inf ||z — y||.

c(z) = inf [z —y|

Proposition 1.3.2. Let C be a nonempty subset of H,
1. dc(l’) =0ezel.

2. de(x) —dely) |< |l —yll, VryeH,
i.e. dco(.) is 1 — Lipschitz.

3. When C' is closed we have

de(.) is convez if and only if C' is conver.

4
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Proof.
1. We suppose that do(z) =0 = Z}1€1£||x -yl
Ve>0, dce C; do(z) < |x—c|<do(x)+e
Taking ¢ = % we obtain
1

Vn e N*, e, € C; ||z — ¢||< o

i.e. ¢, —> x, that ensure z € C.

Conversely, we suppose = € C i.e. 3(c,), C C such that ¢, — .
We have
0 <do(x)= in£||x —|< ]z —¢| VeeC .
ce

Or (¢p)n C C , then 0 < dg(x) < ||z — ¢, Vn € N,

taking n — 400 we deduce de(x) = 0.
2. We have d¢(z) = iné”:r; — ¢||, hence
ce
de(z) < llo | ;vVeeC
<z —yl+lly =l ;vVeeC, yeH.
Taking the infimum over C on the above inequality, we obtain
d <z — inf ||y —
co(@) < llo —yl[+ inflly — |
< |lz = yll+de(y),

then do(z) — de(y) < ||z — vy

Exchanging the roles between x and y we get
de(y) — do(z) < [l —yll,
which gives the desired inequality.

3. We suppose that d¢(-) is convex.
Let z,y € C, a € [0,1] we have

de () conver < do(ax + (1 — a)y) < ade(z) + (1 — a) de(y),

then 0 < de(az + (1 — a)y) <0 (C is closed),
hence do(az + (1 — a)y) =0, then az + (1 —a)y € C,

5
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therefore C' is convex.

Conversely, let z,y € C', a € [0,1]. We have

do(z) = CllréféHx —al|=Ve>0, 3 €C; ||z — al<do(z) +e,
and

de(y) = it lly - afl= Ve >0, 3 € G ly —all<dely) +e,

then
allz —cal+(1—a)ly — ef[< ade(x) + (1 — a) de(y) +e.

On the other hand,
de(az+(1—a)y) = igé”ax—i—(l—oz)y—c”ﬁ lox+(1—-—a)y—c| ,VeceC.

Taking c .= a1+ (1 —a)c; € C (c1,¢2 € Cand Cis convex),

therefore,

de(az+(1—a)y) <|laz+(1—a)y—ac + (1 —a) |
<allr —al+(1 =) lly — e

<ade(x)+ (1 —a)de(y) + ¢,
taking e — 0, then

de(ax+ (1 —a)y) <ade(z) + (1 —a)de(y).

1.4 Normal cone

Definition 1.4.1. A nonempty subset C' of H is called a cone if for each x € C and
each X > 0 we have A\x € C.

Also if we have C' is a convex set, then we say C is a convexr cone.

Definition 1.4.2. The normal cone to a convexr subset C' of H at a point x € C' is
defined as
Ne(z):={2€ H:(z2,y—x) <0, YyeC}.

If © ¢ C, then No(x) =0 (by convention).
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Figure 1.4: Normal cone to the convex set 2.

Example 1.4.3.

e Ny(z)={0}.
L] N{m}(lﬁ) =H.
e C'=0,1]
(R ifz=0
Ne(r) = R, ifx=1
{0} ifx€]0,1]
\@ otherwise.

Theorem 1.4.4. Let C' C H be a convex subset where int(C) # (. If x € int(C)
then Ne(x) = {0} .

Proof.

By the definition of the normal cone we have 0 € N¢(x) i.e. {0} C No(z). Then, it
remains to prove that N¢(x) C {0}.

Let v € Ne(x).

Since = € int(C); 39 > 0 such that x +0B(0,1) C C.

(v, + 0t —x) <0,
(v,0t) <0, Vte B(0,1),
(v,t) <0, Vte B(0,1).

vVt € B(0,1),

IN

Let r > 0 small enouph such that rv € B(0, 1), then, (v,rv) <0, or 7 ||v]|*> < 0.
Sov=0. [
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Proposition 1.4.5. Let C C H be a convezr subset and x € C. Then No(z) is a

closed convex cone.

Proof.
e N¢(z) is a cone:

Let v € No(z) and A > 0,

v € Ne(x) & (v,y—2) <0, VYyel
< (M,y—2) <0, Vyel
< v ENc(ZB).

ee N¢(z) is convex:

Let v1,v9 € No(z) and X €]0, 1]
Avp 4 (1 = X)) vy € No(x)?

Let y € C

A+ (1 =XNwvy,y—z) =A(v,y —x) + (1 = X) (v, y — ) <0.

eee Np(x) is closed:

Let (vn)n € Neo(z) such that v, — v,

Uy € Ne(2),Yn = (vp,y —z) <0, VYyeC, Vn

= lim (v,,y—x) <0, VyeCl

n—-+00
= (v,y—x) <0, Yyel

= v € Ne(z).

Proposition 1.4.6. Let C, C, C5 be three subsets of H:
1. No(—z) = —N_¢(z) Yz e —C.
2. Nojo(r+a) = Ne(z) forall z€C,a€ H.
3. Noyxco,(x1,22) = Ny (1) X Ney(z2)  for all xq € Cy, xo € Cs.

Definition 1.4.7. Let K be a nonempty closed conver subset of H. The dual cone
of K is definded by

K*:={pe€ H, (p,v) >0, for allve K}.

8



Chapter 1. Preliminaries and auxiliary results

1.5 The subdifferential of convex functions

Definition 1.5.1. Let f : H — R U {+o0} be a proper and convex function. We
say that & € H is a subgradient of f at a point xg € dom(f) if

(&, x—x0) < f(z)— f(xg) forallx € H. (1.1)

The set of all € € H satisfying (1.1)), denoted by Of(xo), is called the subdifferential
of f at x¢ and definded by

Of(xo) ={¢€ H:{{,x—x0) < f(x)— f(xg) VreH}.

o )

fx) fx)
Y ) + (8 — xo) o) + 48, x — x5) ) '

flag) +{&,x — xp) flxo) + {8, x — x)

Xo f

Figure 1.5: The subdifferential at different points.

Remark 1.5.2. By convention we set Of (xq) = 0 if xq ¢ dom(f).

Example 1.5.3. Let f: R — R,z +— f(x) = |z|. Then 0f(0) = [—1, 1], indeed,

0f(0) ={{ eR: ({,2) < f(zx) — f(0) VzeR}
={¢eR:x-£<|z|, VreR}
—[(eR:z-E<a,Voe>0N{€eR:z-6< —a, Yo <0} NR
={{eR:{<1}n{eR:{=~-1}NR
= [-1,1].

In the next proposition we give a geometrical caractirisation of the normal cone.

Proposition 1.5.4. Let f: H — R U {400} be a convex function. If zo € dom(f)
then
Of (xo) = {€ € H; (&, —1) € Nepis (o, f(20)) }-
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flxh=|x aflx)

Figure 1.6: The graphs of the abslute function and its subdifferential.

Proof.

” .,

We start by the opposite incusion 7 D
Let (&, —1) € Nepipy (o, f(x0)) this implies by definition

<(§7 _1)7 (JZ,/\) - (an f(xO))>H><R S 0 \V/(ZE, )‘) S 6pi(f).

<§,x — x0>H + < —1,A— f(aco)>]R <0 Y(x,\) € epi(f),
<§,x — x0>H < A= f(zo) ¥(x,\) € epi(f).

Two cases eraise:

o If v ¢ dom(f): f(zx) = oo, then we obtain (&, z — z9) < f(z) — f(zg) Va €
H, ie. 5 S 3f(x0)

o If z € dom(f) : f(z) < —+oo, then (z, f(z)) € epi(f) = (£, — xo) <
f(x) = f(@o), hence § € O f(xo).

Now, we prove the direct inclusion ” C ”:

Let & € Of(z0), we have (&, 2 — z9) < f(z) — f(zo) ,Vx € H.

(& =1), (2, A) = (0, f(0))) o5 = (& —0) y + (= LA = f(20))g
= <§a$—$0> — A+ f(wo)
< (& x —xo) — f(x) + f(x0) <O.

Therefore, (§, —=1) € Nepicpy(@o, f(20))- u

Example 1.5.5. The subdifferential of the abslute function at (0,0):

10
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Figure 1.7 The subdifferential of the abslute function at (0, 0).

1.6 Indicator function

Definition 1.6.1. Let S be a non empty subset of H, the indicator function at S is

definded by
ds(-): H — RU{+o0}

0 if xeds,

r — dg(x) = '
+oo if z¢S8S.

Remark 1.6.2.
e dom(ds) ={x € H :d5(r) < +o0} = S.
o cpi(dg) ={(x,r) € HXR:dg(x) <r} =5 x[0,+00].
e The function 0s(+) is convex if and only if S convex.

Proposition 1.6.3. Let S be a non empty convex subset of H, and xo € S, then the

subdifferential of the indicator function is
8(55(%‘0) = Ns(l’o).

Proof.
Let £ € 065(x), then

(&, —x) < dg(x) — ds(xg), Vx € H.

11
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In particular for z € S we have
(&2 —xp) <0, Vxes.

Therefore £ € Ng(xo).
Conversely, if £ € Ng(xg) then

(&, x—x9) <0 ,Vxeb.

Or ({,2 — xo) < dg(x) — 0s(z0), Vx €S.
More (£, x — z9) < dg(z) — ds(xg), Vo € H\S (because dg(x) = +00),
therefore £ € 9dg(zp). [ ]

1.7 The support function

Definition 1.7.1. The support function of a nonempty subset S of H s the function
0(S,:): H— RU{+o0} defined by
o(8,2) i= sup(a, &).
£es

The support function allows us to express the inclusion £ € S in an analytical

form.

Theorem 1.7.2. [19] Let S be a convez closed set. Then & € S if and only if

(x,&) <o(S,z) forallz e H.

1.8 Weak topology

Let F be a Banach space and E’ its topological dual i.e., E' = {f : E — R, f continuous linear}
such that for all f € £’

I/l = sup |[(f, )]
zel

=<1
We denote by ¢ : E — R the linear functional ¢s(z) = (f,z). As f runs through

E’ we obtain a collection (¢y) e of maps from E into R.

Definition 1.8.1. The weak topology o(E, E") on E is the weakest topology on E

making all maps (pyf) fepr continuous.

12



Chapter 1. Preliminaries and auxiliary results

Definition 1.8.2. We say that a sequence (x,) in E converges to x in the weak

topology o(E, E') and we note x,, — x if and only if (f,x,) — (f,x) ,Vf € E".

Remark 1.8.3. If E is an Hilbert space then we can identify E' by E, then
T, — < (y,x,) — (y,x) Yy € E, where (-,-) is the scalar product of E.

Proposition 1.8.4. Let (x,,) be a sequence in E, we have if x,, — x strongly, then

x, — x weakly in o(E, E").

Proposition 1.8.5. Let C be a closed convex subset of E, then C is closed in the
weak topology o(E, E').

1.9 Semicontinuity

We start by recalling well-known definitions.

Definition 1.9.1. We say that a real function f: H — R U {+o0} is continuous
at © € H provided that for every e > 0 there is a 6 > 0 such that |f(x) — f(y)| < e
whenever |v — y| < §. If this property holds for every x € H we say that f is

continuous on H.

Definition 1.9.2. Let f : H — RU{+00} be a proper function and let xo € H. We
say that f is lower semicontinuous (lsc), respectively upper semicontinuous (usc), at
xg, provided that f(zg) < I%Iiligf(xn)7 respectively f(xq) > lrlzgligoff(xn); for every
sequence (Ty)neny C H such that x, — xo as n — +oo.

If the property holds for every point xo € H we say that f is lsc, usc respectively, on
H.

Remark 1.9.3.

e f is continuous (at xo € H) if it is both lower and upper semicontinuous (at

o),
o f s lsc if and only if —f is usc,
Proposition 1.9.4. Let f,g: H — RU{+o0}, A > 0. We have
1. If f, g are lsc, respectively usc, then f + g is lsc, respectively usc,

2. If f s Isc, respectively usc, then \f is also lsc, respectively usc;

13
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3. fis lower semicontinuous if and only if epi(f) is closed in H x R.

Definition 1.9.5. A function f: H — R U {+o0} is weakly lower semicontinuous

at xqo if, for every sequence (x,)nen in H such that x, — xo as n — +o0o, we have

lim inf f(2,) > f(xo).

n—-+0o

1.10 Maximally monotone operators

Definition 1.10.1. Let X and Y be two sets. F: X =Y s a set-valued mapping
(multifunction) defined from X to P(Y') (subsets of Y).

The set  dom(F)={xz € X : F(x) # ¢} s called the domain of F.
The graph of F is denoted gr(F) and is defined by
gr(F)={(z,y) e X xY :y € F(x)}.
The image of F' is defined as
im(F)={yeY/dxe X :ye F(x)}.
Definition 1.10.2. The operator F': X =Y is monotone if
V1,22 € dom(F) Vyi € F(x1) Vys € F(z2), (Y1 — 2,21 — 22) 20

Example 1.10.3. Let f : H — R U {+o00} be convex and proper. Then the sub-
differential of f (Of) is monotone.

Proof. Take z1,x9 € dom(0f) and y; € 0f(x1), yo € Of (x). Then

y € f(n) & flz) >
y2 € 0f (12) & f(x) =

(#1) + (Y1, ® —a1), Vo € H, (1.2)
(22) + (Y2, 2 —22) , Vo € H, (1.3)
in particular for x = x5 in (1.2) and for x = z; in (1.3)) we have, f(z2) > f(x1) +

(y1, w9 — 1) and f(xq1) > f(x2)+(y2, 1 — z2). Adding these inequalities, we conclude
that (y; — yo, 1 — x2) > 0. |

Remark 1.10.4. If F and G are monotone, then F + G is monotone.

Definition 1.10.5. Let F': X = Y be monotone. Then F is maximally monotone

(or mazimal monotone) if there exists no monotone operator G : X =Y such that

gr(F) C gr(G).

14
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Remark 1.10.6. Let A > 0 and F : X =Y be a maximally monotone operator then

A is mazimal monotone.

Corollary 1.10.7. [3] Let F' : H — H be monotone and continuous. Then F is

maximally monotone.

1.11 Absolutely continuous functions

Definition 1.11.1. A function u : [Ty, T] — H, t — u(t), is called absolutely
continuous on [Ty, T] C R if for every e > 0, there exists § > 0 such that:

Yo llu(bi)—u(a;)|| < e, for any n and any disjoint collection of intervals [a;, b;] € [Ty, T
i=1

satisfying > (b; — a;) < 4.

=1
Theorem 1.11.2. A function u : [Ty, T| — H is absolutely continuous if and only if
it 1s the integral of its derivative, 1.e.

t

u(t)—u(To):/u(s)ds, Vit e, Tl

To

Remark 1.11.3.
o An absolutely continuous function is continuous but the inverse is false;
e A Lipschitz function is absolutely continuous;
o An absolutely continuous function is derivable a.e.

Lemma 1.11.4. Let x : [Ty, T] — H be an absolutely continuous function, and let

A: H — H be a symmetric bounded linear operator, then

%(w(t},Az(t» = 2(i(t), Az(t)), a.e. t € [Ty, T).

15
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Proof.
i(w(t) Az(t)) = lim 1T (x(t+ h), Az(t + h)) — (x(t) >}
dt ’ h—0 h L
= tim - [(r(t 4+ B), A(a(t + h) + 2(6) — 2(1))) ~ ((t), Ax(D)]
:}Llir(l)% (x(t+h), A(z(t + h) — z(t))) + (z(t + h), Az(t)) — (z(t)
= lim % (2t + 1), A(a(t + k) — 2(8))) + (et + h) — (b), Ax(t)ﬂ
= hm <x (t+h), A(z(t + h) — z(t))) + }ILILI(I) % (z(t+ h) — z(t), Az(t))

= (2(t), Ai(t)) + (&(t), Az(t))
= 2(a(t), Az(t)).

1.12 Some convergence results

Lemma 1.12.1 (Mazur’s lemma). Let V' be a Banach space and (uy)neny C V a

sequence converging weakly to w in V. Then
1. u € co{ug, k > n}, for any n € N.

2. There ezists (v,), CV such that v, € co{ug; k > n} for anyn € N

and v, — u strongly in V.

Theorem 1.12.2 (Lebesgue’s dominated convergence theorem). Let (f,) be

a sequence of functions in LP([Ty, T], H) (1 < p < +00) that satisfy
1. fo — f a.e. on [Ty, T).

2. There is a function g(-) € LP([To,T), H) such that for alln € N |
/2@ < g(t) a.e.t € [To,T7.

Then f(-) € L*([Ty,T),H) and ||fn — fll, — 0.

Theorem 1.12.3. Let (f,) be a sequence in LP([To, T), H) and let f € LP([Ty, T, H)
be such that ||f,, — fll, —> 0. Then, there exists a subsequence (fy, )r converges to f
a.e. on [Ty, T].i.e.,

fo(®) — f(x) a.e. on[Tp, T1.

16
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1.13 Gronwall’s inequality

Lemma 1.13.1 (Gronwall’s inequality). [ Let T > Tj be given reals and a(-),
b(-) € LY [Ty, T],R) with b(t) > 0 for almost all t € [Ty, T|. Let the absolutely

continuous function w : [Ty, T| — Ry satisfy:
(1 —a)w'(t) < a(t)w(t) + b(t)w(t), a.e. t e [Ty, T],

where 0 < a < 1. Then for allt € [Ty, T), one has

WO (1) < w'(Ty) exp ( /t ade) + ] exp ( /t a<7)d7) b(s)ds.

To To s
Lemma 1.13.2. Let p: [Ty, T] — R be a non-negative absolutely continuous func-
tion and let a, b : [Ty,T] — Ry be non-negative Lebesque integrable functions.

Assume that .

p(t) < a(t)+ b(t) /p(s) ds, a.e. t € [Ty, T). (1.4)
To
Then for all t € [Ty, T], one has

p(t) < p(Th) exp ( j B(T)df) + /t a(s) exp < j B(T)df) ds, a.e. te [Ty T),

o T s
where B(t) :==max{1,b(t)}, a.e. t € [Ty, T].
¢
Proof. Setting z(t) = /p(s) ds = 2(t) = p(t), 2(t) = p(t). Then from (1.4]) we

To
see that

5(t) < a(t) + b(1)2(t), ae.te [T, T).

Setting w(t) = 2(t) + z(t) , for all t € [Ty, T]. Hence, for a.e. t € [T, T
w(t) = Z2(t) + 2(t) < a(t) +b(t)z(t) + 2(t),
=w(t) < a(t) + max{b(t), 1} (2(t) + 2(t)),
<uw(t) <alt) + B(t)w(t), ae.te[TnT].

Applying the Gronwall inequalety [1.13.1| with w, we obtain for all ¢ € [Tp, T

w(t) < w(Ty) exp ( j B(r) dT) + ] a(s) exp ( ] B(r) dT) ds,

0 0 S

17
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which gives

Lemma 1.13.3. Let p: [Ty, T] — R be a non-negative absolutely continuous func-
tion and let K, e : [Ty, T] — R, be non-negative Lebesgue integrable functions. Sup-

pose for some € > 0

p(t) <e(t)+e+ K(t)\/p(t) / Vp(s)ds, a.e. te[TyT. (1.5)

Then for all t € [Ty, T], one has

t

> + 26 exp ( / H(r) dT) ds
(o)

Vo) </ p(Th) —|—eexp(/H

t

—|—2< /s(s)ds—l—e— € exp

To O
¢ ¢
+2/H(s)exp(/H(T)dT> /5 )dr + € ds,
To s To
K

where H(t) := max{ ,%}, a.e. t € [Ty, T.
Proof.

¢
Let A(t) = / (s)ds+ € and z.(t) = \/p(t) + N2(t) for all t € [Ty, T .

To

From (1.5 we have for a.e. t € [Tp, T

p(t) < £(t) + e + K()\/p) T 20 / /o(5) T 2(5) ds. (1.7)

and

(1) = PO 2N _ o) ()
) 2/p(t) + N2(t) 2z (t)

Y

or equivalently

p(t) - 225(t)25<t) - 5(t>‘

18
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Hence from (|1.7))

Therefore

Z(t) < »:e((?) + 2z:(t) + Kz(t) /zg(s) ds.

On the other hand, we note that

then,
1 1 e(t) _ et
2050 T w0 S A
Also we have A(t) = 2€/\<2) Then j(tt)) < 2X(t), and
Ve e+ /8(8) ds = \(t) < z.(t), hence
€ Ve
) =2

The relations ((1.8)), (1.9), (1.10) give the inequality

(1) < 2M(t) + \/72 + @ /zg(s) ds.

To

K(t)

Letting H(t) := max {1, T} and applying the Gronwall lemma

one obtains for all ¢t € [Tj, T
¢ ¢

) < =T e ([ HG) ) + [(2i)+ Lye ([ (7

To
t

1.13.2

) d7‘> ds

(1.8)

(1.9)

(1.10)

(1.11)

with z.,

_ me}(pqﬂ@ ds) +/(2A<s)+§)exp(/f1(¢) dT) ds,

To

or equivalently

2(t) < V/p(To) + eexp ( /H ds)—|—2/ $) exp /H )dr)d

—i—%g/texp(/tH(T)dT)ds

19
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On the other hand, from integration by parts, we note that

/tA(s) exp (]H(T) dr) ds
= exp(/tH(T) dT)\(s) - +jH(s) eXp(/tH(T) dr)\(s) ds
= A(t) —exp(/tH(T) dT)\/E—i—/tH(s) exp(/tH(T) dr)\(s) ds

which combined with what precedes gives

z:(t) < \/p(To) + € eXp(/H(s) ds) —I—g/exp(/H(T) dr) ds

To

+ 2X(¢) —2exp(/H(7‘) dT)\/E+2/H(s) exp(/H(T) dr)A(s) ds.

Consequently, observing that /p(t) < /p(t) + A2(t) = 2.(t) we obtain

Vo) </ p(Thy) + € exp /H ds)+§/exp /H ) dr) ds + 2X(t)

—QeXp(/H(T) dT)\/E+2/H(s) exp(/H(T) dr)\(s) ds.

t

Since A(t) = /8(8) ds + € , we obtain (|1.6)),

To
which completes the proof of the lemma . [

In [I4] the authors proved the following existence and uniquness result for the
degenerate sweeping process where the moving set moved in an absolutely continuous

way.

Theorem 1. [1]] Let H be a real Hilbert space with (-,-) as its scalar product. Let
T > 0 be a positive real number and C' : [Ty, T| = H a multi-valued mapping. Suppose
that the following hypotheses are satisfied:

20
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(H1) For eacht € [Ty, T}, the set C(t) is a nonempty closed and convex subset of H.

(Ha) There exists a non-negative absolutely continuous function v(.) : [0,T] —

Ry withv(0) = 0 such that

Vae H Vst € [0,T]:  |dow(®) - dew(@)] < [o(t) - v(s)].

(H3) A: H — H is a bounded linear operator which is symmetric and [3-coercive,

that is there exists § > 0 such that

(Az,z) = (v, A) > Blla|® ,Va € H.

Then for all Aug € C(0) there ezists one and unique absolutely continuous solution

for the following differential inclusion:

—u(t) € Newy(Au(t)) ae.t€[0,17,
uw(0) = ug, Aug € C(0).

Moreover, the solution verifies the following inequality:

la(t)]| < %w(m ae tel0T].

21



Chapter 2

The well-posedness of the
degenerate perturbed
integro-differential sweeping

process

2.1 Standing hypotheses

Let H be a real Hilbert space with (-, ) as its scalar product. Let T"> 0 be
a positive real number and C' : [Ty, T] = H a multi-valued mapping with nonempty
closed and convex values. Let f : [Ty, 7] x [Ty,T] x H — H be a single-valued

mapping. Given the following hypotheses:

(H1) For each t € [Ty, T, the set C(t) is a nonempty closed and convex subset of H
and moves in an absolutely continuous way, that is there exists an absolutely

continuous function v : [Ty, T] — R such that
C(t) C Cs) + |v(t) —v(s)[B, Vi, e [To,T],
equivalent to

[dow(y) — des ()] < |v(t) —v(s)|, Yye H, Vi, se [T, T].

(H2) A: H — H is a bounded linear operator which is symmetric and ~y-coercive,

that is there exists v > 0 such that:
(Az,z) = (z, Az) > y|z||* ,Vz € H.
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(Hs) f:Q x H— H is a measurable mapping such that

(Hs1) f satisfies the linear growth condition that is there exists a non-negative
function 3(-,-) € L'(Q,R,) such that
If(t,s,2)|| < B(t,s)(1+]|x||), for all (¢,s) € Q and for any z € U C(t),
te[To, T
(Hs2) f is locally Lipschitz integrable that is for each real n > 0 there exists a
non-negative function k,(-) € L*([Tp, T],R;) such that for all (¢,s) € @
and for any z,y € B0, 7):

1 (Es,2) = f(E s, 9)|| < k()] = yl],

where

Q :={(t,s) € [Ty, T| x [Ty, T] : s < t}.

This chapter is devoted to study the following new nonsmooth dynamical sys-
tem involving two operators, the first one is the normal cone to a convex moving set
C'(t) where as the second one is the linear bounded operator A. Also, this dynamic

is perturbed by an integral forcing term:
t

—i(t) € New)(Ax(t)) + /f(t,s,x(s))ds a.e. t € [Ty, T],
(DP) 4

I(To) = Xy, ALZ'O S C(To)

2.2 Well posedness result

Before stating our main result we recall and we detail the following auxiliary

existence and uniqueness result proved in [14].

Proposition 2.2.1. Let H be a real Hilbert space, suppose that C(-) satisfies (H1)
and that the operator A satisfies (Hz). Let h : [To,T] — H be a single-valued
mapping in L'([Ty, T),H). Then for all Axy € C(Tp) there exists one and unique

absolutely continuous solution x(-) for the following differential inclusion:
—&(t) € New (Azx(t)) + h(t) a.e. t e [T, T],
z(Ty) = xy, Axg € C(Tp).

Moreover x(-) satisfies the following inequality:
[A[ A + o)

[&(t) + hD)] < S

a.e. t €Ty, T]. (2.1)
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Proof. Let us define

D(t):=C(t) + AV(t) and y(t) =z(t) + V(t),

where U(t) = /h(s) ds. We have

To

Now(Ax(t)) = Npa(Az(t) + AV(L)) = Npa (A(z(t) + ¥(1))) = Npw) (Ay(t))-

Moreover the set-valued map D(-) satisfies also (1) with the absolutely continuous

function V'(-), where for all ¢ € [T}, T]]

t

V(t) = /(IIAII [A(r) ]|+ [o(r)]) dr.

To

Therefore (I) is equivalent to the following degenerate differential inclusion:

—y(t) € Npw(Ay(t)) ae.t e [Ty, T],

y(To) =ux9, Axgé€ D(TO)

Therefore by Theorem [1} (I) has one and unique absolutely continuous solution
y(t) satisfying:
. L .
lg()] < 5 V(#)l,  ae. in[Ty, T
ie:
: 1 .
() + h(t)[| < 5 AN 1A+ To ()]

_ AR + o)
. .

Let us now state and prove our main result, which is an existence and uniqueness

result for the perturbed degenerate integro-differential sweeping process.

Theorem 2.2.2. Let H be a real Hilbert space, assume that (H1), (Hz), and (H3)
are satisfied. Then for all Azy € C(Tp) there exists an unique absolutely continuous

solution x : [Ty, T] — H for the following differential inclusion:

—i(t) € New)(Az(t)) + /f(t, s,x(s))ds a.e. t € [Ty, T],
(DP) s

.CC(T()) = T, Axo S C(T(])

Moreover this solution satisfies:
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1. For a.e. (t,s) €Q
it /ftsx )as < H/Hf s ds + 60

2. Assume the following strengthened form of assumption (Hs1) on the function

f holds:
(Hj,) : There exist non-negative functions A(-) € L'([To, T],R,) and
g(-) € LY(Q,R,) such that

1F (s, 2)| < gt,s) + AD)all, for any (t,5) € Q and any x € | ] C(1)

te[To,T|

Then we have

1t s,z < gt s) +A@) L, ae. (t,5) €Q,

and for almost all t € [Ty, T

|l z(t) /fts z(s))ds|| < — | (1) —I—”i;n/g(t,s)ds—O—(T—To))\(t)l,

where

= ||zo|| exp (/TBm d7)+/T E| (s )\+(1+“ H) /g(s,T) dT} exp (/TB(T) d¢> ds.

To

and

B(t) := max{1,\(t)} for all t € [Ty, T].

Proof.
Step 1. Discretization of the interval [ := [T}, T.
For each n € N*, divide the interval I into n intervals of length h = % and define,

for alli e {0,---,n—1}

th, =t +h =Ty +ih,
I = [t?at?ﬂ] )

)

so that
To=ty <ty <--- <ty <tiy, <---<t,=T.

Step 2. Construction of the sequence of the approximate solution (z,(+)),.

We construct a sequence of functions (z,(-))nen in C(I, H) that converges uniformly
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to a solution z(-) of (DP).

Our method consists in establish a sequence of discrete solutions (z}())nen in each
interval I := [t}, t},,] (0 < k < n—1) by using Proposition 2.2.1} Indeed, we proceed
as follows:

Given the following problem

() —(t) € Ne( /ftsxo )ds a.e. te€ [Ty, t}],

.CE(T[)) = Xy, A.’ﬂo € C(To)

Then (P,) is a perturbed degenerate sweeping process with the perturbation depend-

ing only on time.
Let hg : [To, t'] — H defined by hq(t) /f (t,s,x0)ds for all t € [Ty, t}].

By definition we have hg(-) is a measurable function.

Moreover we have

o]l = | / F(t, 5, 20) ds
To

t
< [zl ds.
To

we use the condition (Hs1) we get

t

(@)l < [ 1+ lal)Be. s)ds

To

= (1+ [Jzoll) / B(t, s)ds.

We apply the integral for ¢ € [Tj, t}], we obtain

7 T
/ o) dt < / o)t
To
T t
< (1 + || //B(t,s)dsdt,

To To

and since B(-,-) € LY(Q,Ry), then ho(-) is an integrable function. So ho(-) €
LY([To,t7], H). Therefore, by Proposition the differential inclusion (P,) has
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an unique absolutely continuous solution denoted by
zg(+) : [To, ] — H,

satisfying the following inequality

Next, let us consider the following problem

t

[ fa(t,s,20) ds

To

1Al

+[o(1)]

< a.e. t € [Ty, t7].

o (t) + [ f(t,s,20)ds
/ 7

| —HOENew (42(0) T/ F(t,5,20) ds + / F(t 5,22 ()) ds ace. L[, 8],

w(ty) = a5 (17), Alzg(ty)) € C(1).

(Py) is a perturbed degenerate sweeping process with the perturbation depending
only on time.

Let hy : [t},t5] — H defined by
i ¢

1
hi(t) == /f(t,s,xo)ds + /(t,s,a:g(trf)) ds for allt e [t} 5]

To t?

We have hy(-) is a measurable function by definition.

Moreover we have

Il =1 [ £t.sm)ds+ [ it.s,aie) ds)

7 t
S/W@&%W$+/W@&%@NM&
To t?

we use the conditon (Hs31), we get

(0] < (14 lol) [ 5(es)ds -+ 1+ el [ At o)ds.

Integring on [t7, 5], we get
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T 7
/th Hdt</Hh1 It < (1 + [|zo]) //ﬁtsdsdtJr (1 + 22 //Btsdsdt
To To To tn

<] (Joon+ o)

To

+ max{||xol|, |z5 (1)} ( B(t,s)ds + | B(t,s ds)
J(Jro- |
//5 (t, 8)ds dt + max{ |zo||, |22 (1) ||}<//ﬁ (t, s dsdt)

To To To To

< (1+maX{||fBo||,IIxS(t?)II})(ijﬁ(t7 S)dsdt>~

To To

We know from the above problem (Fp) that the mapping xj(-) is absolutely contin-
uous, then in particular bounded on [Ty, T]. Further, since S(-,-) € L'(Q,R), then
hi() is an integrable mapping, so hi(-) € L*([t}, 3], H). The same arguments as

above show that (P;) has an unique absolutely continuous solution denoted by
oy () - [t 3] — H,

and this solution satisfies the following inequality

t

+/f(t,s,xo)ds+/(t,s,x3(t?))d8

¢

| All ff (t, s, xo ds+ff (t,s,zg(t})) ds

To

+ o)

a.e. t € [t],7].

~
Successively, for each n, we have a family of absolutely continuous mappings (z}(+))o<k<n—1

definded by
2 () [t ti) — H,
such that for each k € {0,--- ,n — 1} we have,

k—1 t]+1

(P —@7(t) € Now (Axp(t +Z / f(t, s, 2%, t”))ds+/f(t,s,xz_1(t2))ds ae. t € [t} th],
k n

() = i (t), A(w’;;tl(t};”)) e C(th),
(2.2)
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where for k = 0 we put 2", (1) := xo. Moreover for almost every where ¢ € [t} 1}, ,],
we have

n
k—1 tj+1

H+Y / F(t, 5,2y (¢) ds + / F(t 5,204 () ds
Jj=0 7_1 tn
k—1 t41

(HAH Z/ftsyc] () ds+/ftsxk1t"))ds

Defining for each k € {0,1,--- ,n — 1} the mapping hy, : [t},t},,] — H by

+ |o(t )\). (2.3)

n
tit1

E—1 t
mt)i= 3 [ St s+ [ fiesaq @) ds
=0 A

for all ¢ € [ty tr,,]. Using the integral linearity and the condition (#s1), we obtain

k+l
/||hk ||dt</||hk (1)) dt
To

w1 Tt T t
<3 / Jstesaselasaer [ [1ses.o @) dsd
:OTO tn To tn
k-1 T i
<> (T4 |l (25) \|//Btsdsdt—|—(1+ka1t" ) //ﬁtsdsdt
J=0 To tn To tn
k-1 T
< 77,
< (1+0r£1a<>§€\|x] LEDND //ﬁtsdsdt
Jj=0 To tn
t

(1 g o ()1 [ [ B s)as a

To ty
(1+013%H:c] G //5 (t, s)ds dt.
To TO

We know from the above problem (P;)o<;<x—1 that the mapping x}_,(-) is absolutely
continuous, then in particular bounded on [T, T]. Further, since 3(-,-) € L'(Q,R,),
the mapping hy(-) is integrable on [¢7, ¢ ], so hy(-) € LY([t7, t,4], H).

Now, we define the sequence (z,(+)), from the discrete sequences (z}(-)) as follows

for all n € N, let x,,(-) : [Ty,T] — H, such that
To(t) == ap(t), ifte [ty ] . ke{0,1,--- ,n—1} (2.4)
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It is clear from this definition that z,(-) is absolutely continuous.

Let the function 6,,(-) : [Ty, T| — [To, T] defined by

0,(T):=T,
) (2.5)
On(t) :==t7, if t € [, t04].
We obtain from (2.2)), (2.3)), (2.4)) and (2.5) that
—&n(t) € Now (Azn(t) /f (t,s,2,(0,(5))) ds ae.t e [To,T],
(2.6)
LUn(T(]) = Xog, Al‘o € C(Tg)
and a.e. t € [Ty, T] we have
t
t Al [ f(t,s,20(0n(s))) ds|| + [0()]
i (t) + / F(t, s, 20(0n(s))) ds|| < & (2.7)
) !
Step 3. The upper bound of the sequence (i,(-)),.
Since B(-,+) € L'(Q,Ry), assume without loss of generality that
T T
//6(7, s)dsdr < T
7+ 1A
Ty T
By construction we have for each ¢ € {0,--- ,n — 1} and for a.e. ¢ € [t7, 1]
1 J+1
—i—Z/fts:vnt” ds+/ftsa:nt”
i—1 J+
<|AH Z/ftsxn ds+/ftsa:n( ")) ds +\v()y> (2.8)

On the other hand, we have
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i B
(@) = (|@n(t) + Y [ ft s,z ds+/fts T, (1)) ds
3=0 in £
i—q b t
—Z/f(t,s,xn(t;}))ds—/f(t,s,xn(t?)>ds
=0 jn in
i—1 t4
+Z/ftswnt” ds+/ftsa:nt"
i—1 e

Z/fté’xn ds—l—/ftswnt”))d

Hence from (2.8)), we have for a.e. t € [t7, ] ]

i (0)] < <1+ II;!H)

f (t, s, 2,(t7)) ds+/(t s, x, (1)) ds

[

< (1 n @) Z / £t 5, 2u(t)] ds + (1 " @) / 1.5, a(E2)] s+ 21500

(2.9)

1
+ )l

Moreover we observe that

1 f 1 t? i
/ lén(r) | dr = / lén(r) | dr + / o (r) dr 4+ / lén(r) | dr + / lén(r) dr-
£ £ & G ¢n

So ([2.9) implies that

tia ooy bt

/||xn |dT<E/ KH ’A‘|>Z/Hf(7,s,xn(t;‘))H ds

Jj=0 tn

+ (1 + ”%”) n/”f(T,s,xn(tZ))H ds + %|@<7)|] dr

<—/|U |d +<1+|AH>§:Z//”fTSfEntn)HdeT

kO]O

<1+M)Z / /HfT o an(t)]| ds dr.

k= Otn tn

31



Chapter 2. The well-posedness of the degenerate perturbed
integro-differential sweeping process

Since C(t}) € | C(t), using the growth condition (H3 1), we have the following:
te[To,T|

for alli e {0,---,n—1}

k+1 T . k+1 T

Z//HfTS o (E)]| dsdT<Z// (14 |z (E)]) B(7, 5) ds dr
=0 f i B=0 fu i
2
< (4 g (6) [ [ Brs)dsar
tn
i kel by i P ke tk+1t]+1
. / / s dsdr <33 / / (14 lza(E)]) Blr, ) ds dr
k=0 j=0 in tn k=0 j=0 in tr
1t

i1 1Y+l

< (1-+ ax () ) Y / / B(r,s)ds dr.

th t?

Therefore, noticing that ¢ = Tp, we have
i . 1 1] i—q b1l
/||5cn(7)y|d7g ; / o(r)| dr + (1+T>(1+0r£1ax () Z/ /5 - 8)dsdr
To To ‘7:0 To t'Jr-L

| -

T (1—%”—7“)(1—#01?&)( a0 [ [ B(rs)dsar.
To t?

i,

1 A

— / |o(7)| dT + (1 + @)(1 + max ||z, (7))
To

0<k<n
tha,_ tin L1 7
[/Z/ TsdsdT—l—//BTsdsdT]
T, =9 Ty »
tha 1
:l/ 7)| dr +( HA”)(l—i-QEl};‘iXHI‘n ) //67’3 )dsdr.
To To To

Now, using the fact that x,(-) is absolutely continuous, we have

To(lihy) — 2a(ly) = / T (T)dT.
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This yields to the following inequality:
i1
Jn (& )] < llwoll + / [ (T)|dT-
ty
Consequently, the inequality give

t”’b
i+1 tha T

A
lzn(ti )] < 2ol +— / |o(7)| dr+ <1+u)(1+ max Hxn ) //ﬁ 7,8)ds dr.
7T0 7 To To
(2.11)

The relation (2.11]) holds for all i € {0,--- ,n — 1}, we have the following

T T
max [a(t)] < [zl + - /|v )| dr +(1+” ”><1+max||xn @) //5 ) ds dr
To

0<k<n
||A||
<Hx0H+ ’U dr+ |1+ — ﬁTsdsdT

To

Ty To
1A "
+ | 14+ — | max ||z, (] || 67'3 dsdr,
v ) 0<k<n
Ty To
then
T T
1—(1+ 1Al B(T,s)dsdr| max ||z, (t})||
y ’ 0<k<n' V¥
Ty To
|AH
<||:E0||+ |v )dr+ {14+ — 67‘3 )dsdr,
Ty To
hence
Jon(t)] < 1
oo Ik HAH T 7
1—{1+ [ [ B(r,s)dsdr
Ty T

]+ > /\v ar s (1412 )//5dd}

To To

Or equivalently
max ||z, ()| < M,

0<k<n
1 T A T T
a2 [1aer ar+ (14150) / Blr.s)dsd].

B(r,s)dsdr Ty Ty To

where

M =

1
a1\ F

1— (1 + T) i
To

S—

(2.12)
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On one hand, from the growth condition of f (H3;) and (2.12) we have for almost all

t and for all n,
(8,20 (0n(s))]| < B(E )1+ [lzn(@n(s)]]) < A+ M)B(E,5), V(¢ 5) € Q. (2.13)

(2.7) and (2.13)) imply for almost all ¢ and for all n, the following

!xn /f (t,s,x,(0, s)))ds” < H—f”/”f(t,s,xnwn(s)))“ ds + %|U(t)]

1Al

1, .
< T(1+M)/ﬁ(t,s)ds+;\v(t)|. (2.14)

To

Further,

[En (@) = i'Un(t)+/f(t,s,$n(9n(8)))d8—/f(t,s,ivn(@n(S)))dS

/f t, s, 2,(0,(5)))ds

A
71+M/6de-W|+/WtMMADM%

IA

+||/f(t,s,xn(9n(5)))d5H

| /\

g
Y

( HD +M/ﬁde-Mﬂ

which gives for almost all ¢ and for all n

(1+M)/ﬁ(t,s)ds+%|1’J(t)]+(1+M)/B(t,s)ds

[En ()] < ~(2), (2.15)
where

y(t) = (1+M)<1+@) //B(t,s) ds—l—%|1)(t)|.

Step 4. The compactness of the sequence (z,(+)),.
As (C(1,H), |I'|l..) is a Banach space with uniforme convergence norm, it remains to

prove that (z,(-)), is a Cauchy sequence i.e.

lim [z, (-) = 2 ()]l = 0,

n,m—-+oo
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such as

220 (-) = Zm (oo = tes#pT]Hxn(') =z ()]-

Let m,n € N, for almost all ¢t € [Ty, T, we have

— o (t /f (t,5,20(0n(5))) ds € New (Azn(t)),

it /ftsxmm )ds € Noy(Azp(1)).

Using the fact that the normal cone is monotone, we get the following:

— & (t /f (t, s, 20(0n(5))) ds+Zm(t) /f (t, 8, Tm(Om(s )))ds,A:L'n(t)—Axm(t)> > 0.

This 1mphes that

< /f (5, 20(00())) ds — i (1) /f (1 5, 20 (O () s, Al (2) —xm(t))>

<x — T (t), A(zp(t) — T ))>

—|—</f(t,s,xn n ds—/f (t, 8, T (O (5))) ds A(mn()—xm(t))>

<0.

Therefore,

(0 (t) — T (t), Azn(t) — 2m (1))

<</tf(t,s,a:n O ( ds—/ftsxm m(s))) ds A(xm()—xn(t))>.

From Lemma [[.11.4] we have

5 77 (Tn(t)=Tm(t), Al 1)) = (in(t)—im(t), Alwn(t)—zm(t)), ae. t € [T, T).
Then

1d

2 dt <‘T” — & (1), Aza(t) — xm(t))>

< </f(t,s,wn(9n(8)))d8—/tf(t, $, T (O (5))), Az (1) —xn(t))>

< [lAll Hﬂﬂn(t)—wm(t)ll/Hf(tswn(@n(S)))dS—f(ts,xm(@m(S)))lldS- (2.16)
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On the other hand, we have
(B < () ae t € [Ty, T (2.17)

(2, (+))n is absolutely countiuous, then we can write

t

[zn @I = ll2n(To) | < llzn(t) = 2n(To)ll = II/%(S) ds|| S/Ilﬁcn(S)lldS < /7(8) ds

To To To
T
< /’y(s) ds.
To
Thus
T
fon(®ll < lan(Ta)]+ [ 2(5)ds
To
Therefore
|z ()] <7 a.e. t € [Ty, T, (2.18)
where

0= llwol + / +(s) ds.
To

This gives for almost all ¢ and for all n € N
n(t) € B[O, 7).

Consequently

Tm(t) , Tn(0n(t)) , 2m(0m(t)) € BJO,7].
Applying the Lipschitz continuity of f with Lipschitz radius &, (-) € L*(I,R;) on the
bounded subset B[0, 7] and using it follows that

5 = (T0(t) = 2 (8), Al@a(t) — (1))

< [|A] {n(t) = 2m(t H/ t) [ (n(s)) = 2 (Om(s))]| ds

= ky (@) | A] Hxn(t)—xm(t)H/Hxn(@n(S))—xn(8)+$n(5)—xm(8)+$m(8)—xm(em(S))HdS

kal®) IA] () ||( / 0 (6(5)) — n(5)] ds + / la(5) = 2m(s)]] s
¥ / Jon(t) = (O ()] ).
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(z,(+))y is absolutely continuous, by (2.17)) we have for each n € N and for all ¢,

t t
< [la@lds< [ )ds
On(t) 0

n(t)

0(6) — 20(6u0))] = H / a(s) ds
On (t)

Therefore
1d
2 %@"n(t) - xm(t)v A(xn(t) - Im(t)»
< k) 1Al a(t) = 2Ol ([ [ smaras s [ [ sr)aras)
To On(s) To Om(s)

T k() AN 20(8) = 2 ()] / la(s) = 2m(s)]] ds.

To

Moreover, by (12.18]) , we have
[0 () = 2m ()| < lza (O] + 2w @) < 20,

this implies that

d
() = 2n(t), Alwa(t) = 2 (1)

t s s

i@l ([ | [ [ @] as)

To On (5) Om, (S)

N | —

T kg (8) Al n(t) — (@) / 120 (5) — 2 (5)]] ds.

Consequently

G En0) = 2 l6), Aea(®) = 20 (0)) < 40 By (®) 4] [ Gon(5)

+2 k() [[Al} [Jn(2) —xm(t)H/Hwn(S) — zm(s)] ds,

To

(2.19)

where
S S

Gnm(s) = /7(7) dr + / ~(7) dr.
On(s) Om (s)

On the other hand, we have A is v — coercive, then

(@a(t) = 2(t), Alwa(t) = 2 (1)) 2 7 l2a(t) = 2u(®)]”,
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this implies

1d d

= (0 = 2n6), A0 = 2n(2) 2 G lalt) = 2O,
this and give
G len(®) = 2O < 2 5 (0lt) = 2n(8) Alwnt) = 20 (0)) < S0 By ®) 4] [ Go(s)ds
2
+ 2 kyft) 4] (0 H/M% ) ds.

Now, applying the Lemma [1.13.3| to the above differential inequality by setting

p(t) = za(t) —zn@)I*,  K(t) = % k(1) 1ALl

T
4
€®=;n%®Wﬂ/Gm@M& >0,
To

we obtain

H%@%ﬂ%@HS%WA%%ﬂwﬂwW+ewp</H@M%

To

A [ [ ar)

t t (220)
+2( /a(s)ds—i-e— Veexp </H(7)dr)>
To To
t t s
+2/H(s)exp</H(7’)d7) /6(7‘)d7’+6d8,
Ty s To
where
A
H(t) := max{l,kzn(t)u} for all ¢ € [Ty, T.
v
Since v(-) € L*(I,Ry) and for each ¢ € I, we have
0n(t), 0m(t) — ¢,
then the Lebesgue dominated theorem ensures that
lim G,.,(t)=0, ae inl. (2.21)

n,m—+400
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On the other hand, we have for each n € N,

this implies

T
Gon(t)] 2 [ 1(5) ds.
To
Therefore, for all ¢ € [Ty, T] by (2.21) and the dominated convergence theorem, we
have
T T
lim Gm(t) dt = / lim G, (t) dt = 0. (2.22)
n,m—-+00 n,m——+o0o
To TO

Hence by @20) , we get T [7(-) = ()] < 0, because 2,(Th) = 2 (Ty) = 70,
n,m—-+oo

t

ie. [|2,(T0) — 2m(To)|| =0 and  lim £(s) ds = 0 and taking ¢ — 0.

n,m—-+oo
To
Consequently

lim ||z (t) — 2m(t)]| = 0.

n,m—-+00

The last equality verified for all ¢ € [Ty, T] then

lim  sup ||z,.(¢t) — 2z, (t)|| =0,

n,m%Jroote[TO’T]

lim ||z, (t) — 2 (t)||c = 0.

n,m—+00
Therefore, (z,(+)), is a Cauchy sequence in (C([1y,T], H), ||-||,,) and so converges
uniformly to a function z(-) € C([Ty,T], H).
Step 5. The regularity of the limit function xz(-).
We have for almost all t € I and for any n € N,

len(®)] < (14 M) (1 " “vi”) [ ptes)ds + 210 =0,

So we can extract a subsequence of (i,(-)) and without loss of generality, we suppose
that this subsequence is denoted again by (#,(-)) and converges weakly in L' (I, H)
to a function g(-) € L' (I, H) . That is equivalent to the following:

/<a’:n(s),h(s)>ds—>/<g(s),h(s)>ds, Vhell*(I, H).
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Now observe that for all z € H

t t

f(j:n(s),z . 1[T0,t](5)> ds = / <xn(s),z> ds = </j:n(s)ds,z>,

To To To

and
/<9($)>Z'1[To,t](8)>d5=/<g(8),Z> ds = </g(s) ds, z).

So from the weak convergence of (&,(+)), we deduce that

¢ ¢
/xn(s) ds —» /g(s) ds weakly in H.
To

To
This implies that

t t

zn(To) + /In(s) ds — x(Tp) + /g(s) ds weakly in H.

To To

But (z,(-)) is absolutely continuous, so

t t

x,(t) = 2, (To) + /xn(s) ds — x(Tpy) + /g(s) ds weakly in H.

T() TO

On the other hand, we have for all ¢ € [Ty, T
xn(t) — x(t) strongly in H,

this implies that
xn(t) — x(t) weakly in H.
From the uniqueness of the limit, we have

t

x(t) = x(Ty) + /g(s) ds.

To

Therefore x(+) is absolutely continuous, and moreover, it is derivable almost every-
where in [Tp, T'] with its derivative @(t) = g(t) a.e. t € [T, T).
This implies

o)l = la(To)l < late) = (Tl = | [ as)dsll < [ ats)lds < [ o) s
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therefore

!W@H—MU@HS/Mﬂ@Ww

Then for all t € [T, T
(6] <7, (2.23)

where

T
7= |laoll + / lg(s)l| ds.
To

Step 6. z(-) is a solution of (DP).

Since 6,,(t) — t for all t € I and x,(-) converges uniformly to x(-), we have
Zn(0n(t)) — x(t) for each ¢t € I. On the other hand, the continuity of f(¢,s,-) on
B0, n] ensures that, for all t,s € I,

f(t,s,2,(0,(1)) — f(t,s,2(t)) in H.

Let us set for each t € [

yalt) = / £t 5, 20(0(5)))ds,

y(t) ::/f(t,s,x(s))ds.

We have shown in the above step that (,(+)), converges weakly to () in L'(I, H).

Moreover, by (2.18) and (2.23)) we can choose some real ¢ > 0 such that, for each n,
|zn(0.(2))] < c and ||z(t)|| < ¢ for all t € [Ty, T]. Therefore, by assumption (Hj2),
there exists k.(-) € L'([Ty, T],Ry) such that f is k.(t) — Lipschitz on B0,c]. Tt
follows that

Sl = vlde < [ 1® [UeaOls) = sts)l dsar. (220

To

Note that for every (¢,s) € @

kc(t)/Hxn(Qn(s)) —z(s)|ds < QCkc(t)/ds < 2ckc(t)/ds,

= 2¢(T = Tp) ku(t).
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Then by ([2.24]) and by the Lebesgue dominated convergence theorem
Yn(-) — y(-) strongly in L'(I, H),

this implies that
Yn(-) — y(-) weakly in L'(I, H).

Consequently
Ga(+) = @ () + ya(-) —> C(-) = 2()) +y(-) weakly in L'(I, H).

Due to Mazur’s Lemma, we extract a subsequence of (,(-) and we denote it again by

Cn(+) such that: For almost all t € I,
Cu(t) € co{ax(t) + yr(t), k = n} (2.25)

The subsequence (,(+) converges strongly to @(-) +y(-) in L' (I, H) and for almost all
tel,

() = () & (A0 + e k> ) (2.26)

By (2.6), we have for almost all t € I

— i () — yn(t) € Neg(Aza (1)), (2.27)
and by (2.14), we have
— @ (t) — ya(t) € alt) B[O, 1], (2.28)
where
1A

'——H t s)ds 11')
()= 1= <1+M>T/ﬁ<t, )ds+ = [o(o)l.

The relations (2.27)), (2.28)) imply that

d(t) T 9al0)

ofl) € Newy(Az,(t)) N B0, 1].

Therefore

_W € Odcry(Az,(t)).

It follows by applying Theorem that for almost all ¢t € I, for all £ € H,

<£7 n(t) + yn ()

20D < o 0o (Ara). ).
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where o(—0dc) (Az,(t)),.) is the support function associated to the closed convex

set —Odc () (Az,(t)). Then, we obtain

(& 2n(t) + yn(t)) < o) o(=0do (Aza(t)), €)- (2.29)

On the other hand, by (2.25)) and (2.29)), we have for all n € N, for almost all t € I,
and for all £ € H,

(& Ga(t)) < i§5<§’ Gr(t)) < a(t) sup o(—ddey (Azi(t)), §).

k>n

From ([2.26)), we have

(&,¢(1)) < aft) inf sup o(=0dow (Azi(t)), ).

k>n
That is
<£, C(t)> < a(t) limsup o(—0dc ) (Ax,(t)),£).

Since for all t € I, o(—0dc(-),€) is upper semi-continuous on H ([§]), we have, for

almost all ¢t € [ and for all £ € H,

(& () +y(t) < alt) o(—0dew (Ax(t)),6),

this implies

(& 2(t) +y(t)) — alt) o(=ddog (Ax(t)), §) < 0.
That is

(& a(t) +y(t) — o(—alt) e (Ax(t)),€) < 0.

Since £ is chosen arbitrarily, we have

sup {6, 0) + (1)) = o(~a(t) Dy (A2(1).€)] < 0. (2:30)

Therefore since ddow (Ax(t)) is a closed convex subset, we have
A1) + (1), —a(t) Do (Aa(t)) = sup|(€,4(0) + (1)) = o(=a() Doy (A (1)), )
< sup | (&:2(0) + y(1)) = o(—a(0) dery (Ar(1)). )|
this and inequality give
d(&(t) +y(t), —a(t) Odow (Ax(t))) = 0.
Therefore
—i(t) —y(t) € a(t) Mo (Ax(t) C Now(Az(t)  aetel,
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this is

- /f(t, s,x(s)) ds € Newy(Az(t)) ae.t €1,

To
and thus

—&(t) € N (Ax(t /ftsx a.e. t € [T, T7.

Moreover, z(Ty) = lim z,(Ty) = z¢. Therefore, the function z(-) is a solution of
n—oo

(DP).

Step 7. The a priori estimations.

Let x(-) be a solution of (DP).

1. We follow the same arguments as in [4], we have

it /f I ”/w?w Dlids+ 2 [6(0)] ae. (t.5) € Q
(2.31)

2. I [[f (@t s, 2)] < g(t,s) + A) |2,

we have from ([2.31])

HMW=M@+/Nme®—/ﬂww®Mﬂ

< ||&(¢t) /ftsx ds||+||/ftsx )ds||

< 1o+ (141 )/Wtsx )l ds
sawm+(uj§5/ﬁw@@+( =k /H )l ds.

To

(2.32)

The fact that z(-) is absolutely continuous implies

lz@)] < [lzo +/va(8)||d8 = p(t).

The inequality (2.32) ensures that

at) < % (8] + (1 + @) /tg(t,s) ds + (1 + @) )\(t)/tp(s) ds.

To 0
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Applying Gronwall’s lemma (Lemma [1.13.2)) with p(-), we obtain for a.e.
t € [Ty, T]

t

o0 < ot0) < sl ([ Br)ar )

S

+j [%\D(s)\ + (1+ ”%H) /g(s,T) dT} exp (/tB(T) dT) ds,

0 To s

where B(7) := max{1, \(7)} for almost all 7 € [T}, T
The last inequality implies that for all ¢ € [Tg, T

l=@I <1,

where

= taesn [ a1} [ [otons (14120 [ otorya] csp ([ atorar) as

TO TO 0

Moreover for almost all (¢, s) € @, we have

(s, 2)[| < g, 8) + A(E) ],

this entails

|f(t,s,z)|| < gl(t,s)+ A(t)l a.e. (t,s) € Q. (2.33)

By (2.31)) and (£2.33)) we obtain

nﬂw+/f@aﬂ@Mﬂs%uwn+%ﬂ/mu@w+uuﬂwwa

Now consider the situation when

T T
7
//ﬁ(T,S)deTZ ST TAT

To To

We fix a subdivision of [Ty, T given by Ty, T1, ..., T, = T such that, for any

0<i<hk—1,
Tit1 7

Y
/T/B(T,s)dsd7< SEIAT

T;
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Then, there exists an absolutely continuous map z¢ : [To,71] — H such that
zo(To) = zo, Azo(t) € C(t) for all t € [Ty, T3], and

—l‘o( ) S NC Al’o /f t S IO S, a.e. t e [TO,Tl].

Similarly, there is an absolutely continuous map x; : [T}, Ts] — H such that z1(T}) =
xo(Th), Az1(t) € C(t) for all t € [T}, T3], and

—Zﬁl( ) c NC’ A.Tl /f t S, ZEl 87 a.e. t e [Tl,TQ].

By induction, we obtain for each 0 < ¢ < k — 1 a finite sequence of absolutely
continuous maps x; : [T}, T;11] — H such that for each 0 <7 <k —1,
zi(T;) = x;—1(T;) and Ax;(t) € C(t) for all t € [T}, T;41], and

—(t) € New (Ax;(t) /f (t,s,2:(8))ds, ae. te[T; T

We set 2_1(0) = x¢ and define the mapping = : [Ty, 7] — H given by
Obviously, x(+) is an absolutely continuous mapping satisfying x(7p) = o,
Az(t) € C(t) for all t € [Ty, T] and

—i(t) € Ne( /ftsx ds, a.e.te [Ty, T].

Step 8. Uniqueness.
Let x1(+), z2(+) be two solutions of the differential inclusion (DP), then

(

—Il(t) < NC Aﬂfl /f t S I‘l a.e. t e [T(],T]

z1(Tp) = wo, A(xo) € C(Tp),
and

—@2(t) € N (Aza(t)) + /f(t,s,xg(s))ds a.e. t € [To,T]
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The fact that the normal cone is monotone, we have

< —d1(t) — /tf(t s, x1(s)) ds + &a(t) + /tf(taé’,@(s)) ds, Az, (t) — A$2(t)> >0,

this implies

(#1(t) — da(t), A(z1(t) — 22(1))) < <jf(t,s,x1(s))ds—/tf(t,s,xg(s))ds,A(xQ(t)—a:l(t))>

S/Hf(@s,fﬂl(é’))ds—f(t,8,332(8))|!d$ [A(z2(t) — 21 ()]

To

Since A is a bounded linear map and f Lipschitzian on bounded set (B[0,7]) we have

(@1(t) = @2(t), A1 (t) — 22(t))) < Al [|l21() — z2(1)] kn(t)/llxl(t) — za(t)]| ds,

this gives

N | —
S

(1(t) = 2a(t), A1 (2) — 72(t))) < iy (2) || A] IIIl(t)—:vz(t)II/Ile(t)—xz(t)Hd&

The fact that A is v — coercive imply

%Ilwl(t) —m(t)|* < %kn(t) [A[| flx+.() —xz(t)||/||x1(t) — xa(t)]| ds.

Setting
p(t) = [z (t) — w2 (1),
k(t) == 2| Al by (2).
Then

(/o) / Vo) ds. (2.34)

Applying Lemma [1.13.3]in (2.34) with £(-),e > 0 arbitrary, we obtain

Vpl(t <\/pT0+€eXp /H > /exp(/H dr)

+2 /5 )ds + € — /e exp /H )>
To
t

t

+2 H()exp /H(T)dT) /<7)d7+e] ds,

To To
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where H(t) := max {1, @ ky(t)} for all t € [Tp, T).

Taking € — 0 and &(t) — 0 then

[l1(£) — z2(8)]|< O,
this clearly implies that
[21(t) — 22(t)[|= 0.
So
Qfl(t) = l‘z(t),

which justifies the uniqueness.

48



Chapter
Application

The connection between degenerate sweeping processes and nonsmooth dy-
namical systems can be effectively illustrated through the framework of differential
complementarity problems. These problems frequently arise in various fields such as
mechanical and electrical engineering modeling, nonsmooth optimization, and other
related areas.

In this chapter we give the following example as an application of Theorem
that include an existence and uniqueness result of a differential complementarity
problem,

Let K C H be a closed convex cone and K* = {h € H : (h, k) > 0,Vk € K} beits
dual cone. Let I = [Ty, T] and A : H — H satistying (Hs) and g(-) : [T, T) x H —
H be a single valued mapping that satisfies (H31) and (Hs2). Let a(-) : I — H be
an absolutely continuous function such that a(0) = 0.

Consider the problem of finding an absolutely continuous mappings z(-) : [ — H
and an integrable function u(-) : I — H satisfying for almost every ¢ in I the fol-
lowing differential complementarity problem

( t

—i(t) = /g(t,s,x(s))ds + u(t) a.e. tel,

To

(DCP) | v(t) = Ax(t) + a(t),
K*> u(t)Lo(t) € K,

KSL’(]})) = T, AQ?O € K.

Now, we recall and prove the following complementarity result which will be usefull

to rewrite (DCP) in our abstruct frame:
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Chapter 3. Application

Proposition 3.0.1.
A wvector u is belong to —Ng(v) if and only if K*> ulv € K.

Proof.

Fist we prove the ordinary implication which is
u€ —Ngv)= K> ulveK.
Let u € —Ng(v) that is —u € Nk (v) i.e.
(—u,p—v) <0, VpeK, (3.1)

and we prove the following properties:

(i) ve K,

(i) uwe K*,

(iii) (u,v) =0.
The first property (i) is evident.
Let us proof the property (iii):

We recall that (3.1]) is true for all p € K in particular:

op :=2v € K (verified because K is a cone),
(—u,v) < 0= (u,v) >0.
op:=0 € K,
(—u,—v) < 0= (u,v) <0.
Combining the above inequalities we get (u,v) = 0, that mean u_lv.
Now it remains to prove (ii)
From (3.1) we have for all p € K: (—u,p) + (—u,—v) < 0, then (u,p) > 0, i.e.
ue K*.
Therefore K* 5 ulv € K.

Conversely, we suppose that K* > ulv € K.
Let p be an arbitrary vector of K then

<_u7p - U> = <_u7p> + <_u7 _U>

ie. —u € Nkg(v) & ue —Ng(v).

which complete the proof. [ |
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Chapter 3. Application

From the above proposition (DCP) is equivalent to finding x(-) : I — H such

that
t

&(t) € =Nk (Az(t) + a(t)) + /g(t,s,x(s))ds a.e. t€l,
To
z(Ty) = xy, Axy € K.
We set C'(t) := K — a(t) for all t € I, and using the invariance of the normal cone by
translation, so we see that the problem (DCP) is equivalent to finding z(-) : I — H
satisfying
t

i(t) € —=New (Ax(t)) + /g(t, s,x(s))ds a.e. tel,

To

x(Tg> = X, A.’IIO S C(O)

Clearly, all the assumptions of Theorem [2.2.2] are satisfied and thus we obtain the

existence and uniqueness of solution for (DCP).
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Conclusion and future work

In this master’s thesis we were proved the well posedness (in sence of existence
and uniquness result) for the new variant of sweeping process which is degenerated

by a linear bounded operator and involving an integral perturbation:

i(t) € N (Ax(t)) + / Ft.s,a(s)ds  ae. t€[To,T],

(L’(To) = Xy, AZL‘Q c C(To),

where the moving set C'(t) moved in an absolutely continuous way.

To reach this goal, we have provided a semi discretization sheme and proved it
convergence to an absolutely continuous solution by using a new type of Gronwall
inequality.

In the last, we suggest as future research to study this variant of sweeping process

in the case where the set C'(t) not convex (r-prox).
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