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Abstract

In our thesis, we have presented an exact analytical solution of the massless
Dirac-Graphene equation in the presence of two plane wave fields using
Volkov's ansatz. We have also adapted the supersymmetric path integral
formalism to construct the corresponding Dirac-graphene propagator. Finally,
the wave functions are deduced. On the other hand, we have studied the problem
of graphene's quasiparticle-hole pair creation from the vacuum under the action
of two gauges different of an electromagnetic field and in NC phase space
coordinates by using Schwinger's method. Also, we applied the same formalism
to analyze the pair creation process of both scalar and spinorial relativistic
particles. For each case, the effective action is calculated by the supersymmetric
path integral formalism. As an application, all special cases of (0, 1, E, B) have
been studied and discussed. In addition, the influence of one and two orthogonal
plane wave fields on the pair creation process in graphene is examined. The
essential result of this work is that noncommutativity has an influence on the
process of pair creation from the vacuum, and the plane wave does not
contributes to this process. Furthermore, we have solved the Dirac-graphene
equation for quasiparticles in interaction with the combination of a plane wave
and a parallel magnetic field, following two different techniques. The first one is
by using the Redmond method, and the second is by using the delta functional
method. We have also studied the pair creation of graphene's quasiparticle-hole
from the vacuum by this configuration of the field.

Key words: Graphene, quasi-particles, path integral, Fradkin and Gitmann
formalism, Green's function, propagator, Dirac equation, Grassmann variables,
Non-commutative geometry, Schwinger effect, plane wave, electromagnetic
field, Redmond field.
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Chapter 1

General introduction

The award of the Nobel Prize in Physics in 2010 went to Sir Konstantin Sergeevich Novoselov
and Andre Geim, Dutch and Russian-British scientists, for the importance of their revolu-
tionary work on graphene [1]. graphene is a two-dimensional material made of carbon atoms
arranged in a honeycomb lattice, having excellent optical, mechanical, and electrical properties
[2]. Nowadays, researchers’ attention is increasingly focused on researching the extraordinary
features of graphene [3, 4]. For example, the graphene quasiparticles have a linear relationship
between energy and momentum [5, 6] and behave as massless relativistic fermions [7, 8, 9] satis-
fying the two-dimensional Dirac equation with an effective speed of light of 10 m.s™! so-called
“the Fermi velocity vp"[10, 11, 5]. This property resulted in a number of new phenomena, par-
ticularly the Hall effect and the Klein tunneling effect [5]. This makes graphene a unique model
system that gives the ability to examine the effects of quantum electrodynamics in strong fields
[12, 13]. Additionally, it introduces a promising new direction of research about gravity-like
phenomena (also known as "analogue gravity") on graphene [14]; the Hawking effect, [15] and
the Schwinger effect, which is the fundamental topic of this work.

It is well known that the fundamental sources of the strong field are modern optical lasers
such as the HERCULES laser [16] and the Extreme Light Infrastructure (ELI) [17] can produce
intense electromagnetic fields, which are of the order £ = 10'® V/m corresponding to field
strengths & = 1073&,, where (€., = 1.32 x 10" V/m) [18]. In addition, the European X-ray
Free-Electron Laser (XFEL), where the field strength is of the order £ = 10'" V/m [19].

Astrophysical objects are another source for strong electromagnetic fields. Among these

sources, we find black holes, active galactic nuclei, gamma-ray bursts, which generate super-
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strong electromagnetic fields [20], and pulsars [21], like rotating neutron stars, which emit
electromagnetic radiation periodically. There are many other sources, like linear colliders and
relativistic heavy ion collisions [18].

The use of a laser as a strong electromagnetic radiation source revealed the new character-
istics of elementary particles, and in the near future, the system of two lasers can form a new
scientific revolution. There are also a series of studies concerning the Compton scattering and
the Schwinger effect in the presence of a strong field, particularly in graphene material.

Before World War I1, British physicist Paul Dirac made many contributions to quantum me-
chanics. In 1926, Dirac in his thesis demonstrated the equivalence of the two recent formalisms
of quantum physics, Heisenberg’s matrix mechanics and Schrédinger’s wave mechanics. The
fundamental contributions are: the magnetic monopole [27, 28, 29], which makes it possible to
explain the quantification of the electric charge and which has not yet been detected by ex-
periments; the quantum statistics of fermions, called Fermi-Dirac; and the first mathematical
formalism of quantum field theory. What attracted attention was how Dirac could imagine the
existence of antimatter (the proton in that period) in 1930 in his paper "A Theory of the
Electron and the Proton" [30].

Two years before, exactly in 1928, [31] Dirac wrote an equation that combined quantum
theory and special relativity to describe the behavior of spin 1/2 quantum particles (electrons,
for example) moving at a speed close to that of light [32].

There remained the problem of the negative energy solutions [holes| of these equations (in
the classical case, one can purely and simply reject the negative solutions, but in the quantum
case, transitions can take place between these states). Dirac then proposes a solution to this
problem by assuming that the universe consists of both negative and positive energy states.
After having imagined protons, he indicated in 1931 that these states of negative energy known
as the Dirac sea could be occupied by "a new kind of particle, unknown to experimental physics,
having the same mass and opposite charge to those of the electron". Since the positron was not
observed in that period, it was the proton that was first interpreted as the electron’s antiparticle.
As early as 1932, Anderson confirmed Dirac’s theory by discovering the positive electron, or
positron, in cosmic rays and in 3" radioactivity [33, 32].

After the discovery of the Dirac theory and with the discovery of the famous paradox of
Klein [34], the most important non-perturbative quantum effect in quantum field theory is the

pair production phenomenon, first predicted in the presence of a strong and static external
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electric field by Julian Schwinger, one of the founders of quantum field theory.

Despite the fact that the theory was originally put forward in 1930 by a team of researchers
consisting of Fritz Sauter, Werner Heisenberg, and Hans Euler, they computed the leading
quantum correction to the Maxwell Lagrangian in their paper [35, 36]. Also, they found that
the effective action in quantum electrodynamics (QQ E D) of a particle interacting with a classical
electric field has an imaginary part, which means that the vacuum is unstable in an electric
field, which prevents the creation of particle-antiparticle pairs. But Schwinger took his best
effort to determine exactly the conditions under which this effect should appear and gave a full
theoretical description in 1951 [37].

As a result, it takes his name "the Schwinger effect". He showed that the vacuum-vacuum

transition amplitude has an intimate bond with the effective action [37] as follows
A (vac — vac) = exp (1Sery) , (1.1)

and the pair creation probability can be extracted from the imaginary part of this action,

Pereat. = 1 — |A (vac — UCLC)|2 ~2ImS,yy. (1.2)

On the other hand, according to Shwinger, it is well known that a strong electric field creates
scalar particles, while a magnetic field and a plane wave do not create pairs of particles.

In the presence of a constant and strong electric field £, the famous formula concerning the
probability of pair creation per unit of volume and time, referred to as the Schwinger formula,
is given by [37, 38, 39]

2

exp [—nw?—g] . (1.3)

6252 & (_1)n+1

83 n?
n=1

PCreat. =

In the presence of a constant and strong electromagnetic field (£, 3), the probability of pair

creation per unit of volume and time is modified to [39]

2 o0 . n+1 2
Pcoreat. = B (=1) csc (mr?) exp [—mrm—} . (1.4)

872 n e€
n=1

Following [126], in lower dimension (2+1)D, for graphene, the previous equations were

reduced to
(65)3/2 e} (_1)n+1
PCreat. - 4 2 1/2 Z n3/2 fOT m = 07 (1‘5)
TVUp p=1
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and
3/2
(Vieer - weed) " o
Pcreat. = PR Z 32 for m =0. (1.6)
F n=1

In theoretical side, the study of pair production processes driven by a strong external force
from the vacuum requires theoretical ideas that can effectively describe nonperturbative physics.
We can use various techniques, such as, for example, the semi-classical method WKB [40, 41, 42],
the wordline path integral formalism [43, 44, 45], Parker’s adiabatic approach [46], the diago-
nalization of the Hamiltonian [47, 48, 49, 50, 51, 52, 53], and the Bogoliubov transformation
linking the "in" states with the "out" states [54, 55, 56, 57, 58, 59, 60, 61, 62] and the instanton
method [63, 64, 65, 66, 67, 68] and also the technique of Schwinger via the computation of the
imaginary part of the effective action [37, 69, 70, 71, 72, 73].

The pair production process attracts the attention of many researchers, and its interest
started when researchers started studying the Big Bang theory, which led to the creation of the
universe as we know it, despite this effect can not be solved the problem of the Big Bang theory
(In the first few minutes after the big bang, there is an increase in the number of matter over
the number of antimatter “where did this increase in the number of particles come from?”).

There are numerous applications for the Schwinger effect in modern physics. This effect may
also be applicable in other contexts, such as cosmological pair creation [74, 75, 76, 77, 78, 79],
Hawking radiation [80, 81, 82, 83, 84, 85, 86], black hole creation [87] and heavy nuclei to black
holes [88]. In modern cosmology, the production of particles can have an important effect on
the inflation phase problem and have an impact on how our universe evolves. Additionally, in
the context of quantum field theory, gravitational and electromagnetic fields can both produce
particle-antiparticle pairs from vacuum in curved space [89)].

Furthermore, the event horizon of a black hole casually separates pairs into the interior and
the exterior under the influence of gravitational and electromagnetic fields, and the black hole
emits all species of particles [89].

On the other hand, the production of charged particle-antiparticle pairs in an external
electric field was studied for (2 4+ 1) —dimensional theories, and examining the Schwinger effect
in semiconductors and Dirac materials like graphene has advanced significantly in recent years.

Nowaday, a series of studies concern the Schwinger effect in graphene in the presence of a

strong electric field [90, 91], because of the possibility of observing it experimentally in graphene
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[92, 93]. Following [94], the rate and the probability of pair production for a constant electric
field are calculated using the semi-classical approach for multilayer graphene and via an exact
solution of the Schrodinger equation for the case of monolayer graphene. Furthermore, in the
framework of non-commutativity, the issue of pair creation is also treated [95], and the pair
production probability is deduced for both scalar and spinor relativistic particles in the presence
of an electromagnetic field in a non-commutative space considering Schwinger’s method.

On the experimental side, the theoretical physicist attempts to incorporate the Schwinger
effect in the laboratory, but this is very difficult to achiege experimentally. because it requires
an electric field of the order of the critical value &, = mo_ 1.32 x 10'8V/m for the electrons,
which exceeds the current technological capacities [96]. ’

Actually, the pair production mechanism has never been tested experimentally. The prospects
for observing the Schwinger mechanism in future laser installations of X-rays are studied in [97].

However, the fact that the effective masses of the electron and hole in graphene are zero
will open a window for an experimental investigation of (QE'D phenomena in strong fields, in
particular the Schwinger effect, because it might be observed experimentally in graphene [92,
93]. In January 2022, a team of researchers from Manchester University announced a surprising
discovery: they confirmed the Schwinger effect and showed that the theory first proposed 70
years ago was correct when the scientists were able to really create the matter and antimatter
from the vacuum under the influence of a strong electric field with a simple laboratory in
monolayer graphene.

Researchers accelerated electrons in a vacuum simulator to the highest speed permitted
by graphene’s vacuum (1/300 ¢) [98]. Electrons appeared to become superluminous at this
point, producing an electric current greater than what is permitted by the fundamental laws
of quantum condensed matter physics. This effect’s cause was attributed to the spontaneous
production of extra charge carriers, or holes. Thus, as anticipated, the researchers’ wish to
scientifically confirm Schwinger’s phenomenon in graphene material in the lab came true.

On the other hand, path integral formalism is one of the most important techniques for
describing graphene’s electronic structure and solving problems of its conductivity [22, 23].

Norbert Wiener first proposed the idea of a path integral in 1920 as a technique for solving
problems in the theory of diffusion and Brownian motion, involving integrals in infinite dimen-
sion but unrelated to the quantum domain and its phenomena [99]. The propagator, which

expresses the physical system’s transition amplitude between its initial and final states, is the
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heart of this formulation. This latter is also known as Green’s function.

Feynman’s path integral is a pleasant subject of discussion between mathematicians and
physicists. It allows physicists to present, thanks to a mathematical idea, a simple and rich
formalism that describes physical phenomena, especially quantum phenomena. Originally, it
has been used in the study of quantum mechanics and quantum field theory, where it can be
the starting point of the covariant formalism or of the canonical formalism.

On the other hand, the path integral does not contain the operators, and due to its compati-
bility with calculation techniques, it has succeeded in solving several problems in non-relativistic
quantum mechanics. Also, it is the origin of the Feynman diagrams. Despite the success of this
formulation and the interest it has received from physicists in different branches of quantum
mechanics, such as theoretical physics, statistical physics, and other branches, this formulation
is not ideal because it is difficult to suggest a continuous path for the spin because of its discrete
nature.

There have been numerous attempts to include spin in path integral formulation. In 1966,
Fradkin developed the calculations for relativistic particles interacting with an electromagnetic
wave [100, 101], to see him again with Gitman in 1991, where finally they succeeded to describe
correctly the spinning particles by means of the formalism of path integrals and formulate
the propagator of Dirac particles by using fermionic variables (Grassmann variables). This
particular model is known as the "Fradkin-Gitman Model", this model was re-examined by
Berezin and Marinov [102, 103].

In the case of the Dirac equation, the fundamental idea of this formalism is to write the
causal Green’s function like the inverse of an operator, and then we used a generalized proper
time having two parts, one bosonic and the other fermionic. This formalism is used for solving
many problems. For example, the problem of relativistic spinning particles in interaction with
an electromagnetic plane wave field was treated via path integrals [100, 104] and the path-
integral representations for the propagators of scalar and spinorial relativistic particles in an
external electromagnetic field were derived [105].

Additionally, for graphene, the exact Green’s function is constructed in uniform electric and
magnetic fields [24], and the exact solutions for Green’s function for quasiparticles in the field
of slow-light pulse was constructed using the Fock-Schwinger proper time method [25, 26].

Furthermore, in the last few years, deformed-commutative geometry algebra played an im-

portant role in the field of physics due to the continuity of its applications in all branches of the
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subject. For example, the non-commutative space is necessary when studying the low energy
yield of the D-brane with B-field background. The effects of non-commutativity may also
appear on a very small scale or in very high energy conditions. Furthermore, one of the strong
motivations of non-commutative geometry is to obtain a coherent mathematical framework
in which it would be possible to study quantum gravity. Particularly, it’s interesting to test
noncommutativity on graphene.

Modern physics is based on quantum mechanics, which clarifies the three main forces in the
micro-world (the electromagnetic, weak and strong forces), and applies the theory of operator
algebras acting on a Hilbert space (Von Neumann algebras) and on general relativity (GR),
which explains the force of gravity in the macro-world. It mainly uses Riemannian geometry
as a mathematical formalism.

Nowadays, scientists aspire to unify quantum field theory and gravity into one theory known
as "the Grand Unified Theory". Several solutions have been proposed to solve this issue, but
they are contradictory. We cite the widely used standard model that has been very successful
as an example for the unification of the three main forces (strong, electromagnetic, and weak).
There were other models for the unification of the four forces into one model, including the
supersymmetry model, extra-dimensional model, string theory, and M. theory.

All of these attempts led to the appearance of a new concept of non-commutative geometry.
This concept is based on generalizing ordinary legal commutation relations and Heisenberg’s
uncertainty principle, which leads to a new theory known as "non-commutative algebra" [106].

Geometry is based on the principle of describing spaces, which are sets of points equipped
with an additional structure. Nowadays, physically, a point is an elusive theoretical concept,
and, moreover, even though we describe the world as a space (a collection of points), effectively,
we always use coordinates, which are functions on the space. Therefore, the notion of a function
(in particular, a continuous function) appears to be more fundamental than that of a point.
In physics, this is clearly visible when we take into account quantum effects, in particular the
Heisenberg uncertainty principle. Then, it is impossible (both in theory and in practice) to
observe a point or to fix the coordinates with an arbitrarily small accuracy.

Noncommutative geometry is an extensive theory that has numerous intriguing applications
in both mathematics and physics, such as the quantum hall effect, quantum computing, the
standard model, quantum field theory, and the list goes on.

The origin of non-commutative geometry was first related to the idea of non-commutative
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space-time that was suggested by Heisenberg in 1930 and presented in 1947 by Snyder [107],
which is strongly driven largely by the foundations of quantum mechanics within the framework
of canonical quantification, and that firstly related to the idea of non-commutative space-time
and to the need to regularize the divergence of quantum field theory.

In 1985, the term noncommutative geometry was introduced by Alain Connes and others
in a program aiming to generalize the different concepts of ordinary geometry into equivalent
concepts for noncommutative algebras [108].

In recent years, N. Seiberg and E. Witten published their famous article [109] which was the
most cited article at that time. This aroused and encouraged great interest in non-commutative
geometry, which has become extremely interesting for the study of many physical problems, and
it became clear that there is an intimate connection between these concepts and string theory.
Studies of this geometric type and its implication largely contribute to bring out various fields
of physics, in particular relativistic and non-relativistic quantum mechanics [110, 111, 112, 113,
114, 115, 116, 117, 118] and in the description of the theories of quantum gravity.

On the other hand, the non-commutative theory replaces the non-commutativity of oper-
ators linked to space-time coordinates by a deformation of the algebra of defined functions
in space-time and replaces the ordinary theory by a non-commutative theory, including re-
placing ordinary fields with non-commutative fields and ordinary products with Moyal-Weyl
products. Taking into account the fact that the notions of non-commutativity in phase space
are based mainly on the Seiberg-Witten maps, the star product of Moyal-Weyl, and the linear
transformation of the Bopp shift.

Several authors have solved many related problems, for example: Klein Gordon oscillators
[119], central potential [120] an Aharonov-Bhom effect [121]....etc.

The deformation of space due to non-commutativity in field theory can be expressed by the

commutation relations of the Hermitian operator [122]

[Xzaﬁ)j} = ihl5y, [Xian} = 10, [Pupg} = 11, (1.7)
with 0,n <« 1,j=1,2,3, (1.8)

where the effective Planck constant i°//- can be written as [123]

On
I =h {1+ ). 1.9
(1+57) (1.9
In the same way as the previous deformation, a formulation of path integrals was constructed

in the context of non-commutative, and various attempts were presented. As a case study, the
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problem of a charged particle with spin 1/2 moving in any electromagnetic field was treated in
this relativistic case [124]

Furthermore, we take into account a noncommutative graphene description. For massless
Dirac fermions, this description consists of a Dirac equation plus noncommutative corrections
that are handled in the presence of an external magnetic field. We contend that since graphene
is a two-dimensional Dirac system, it is especially intriguing to investigate noncommutativity
in this material. We discover that whereas momentum noncommutativity has an impact on
graphene’s energy levels, Hall conductivity is unaffected [125].

The principal motivation of the present thesis is to study some relativistic problems of
physics via the supersymmetric path integrals formalism in graphene material. One of these
problems is the pair production process from the vacuum by an external field without and
within the non-commutative geometry, due to its importance and advantages, mainly in Q£ D
and QF'T, as well as the study of the behavior of quasiparticles in graphene.

This thesis is consistes of eight chapters organized in the following way: The first chapter
is a general introduction; the second chapter gives a brief overview of graphene, its structure,
its properties, and their applications in theoretical physics.

Whereas in the third chapter, we give an exact analytical solution of the massless Dirac
equation for graphene in the presence of two plane wave fields using the Volkov ansatz and
deduce the corresponding wave functions.

In addition, in the fourth chapter, we aim to address the problem of graphene quasiparticles
in interaction with a single and two orthogonal electromagnetic plane wave fields. In our
calculations, we rely on the supersymmetric path integral proposed by Fradkin and Gitman
[105]. This formalism gives results identical to the results obtained via the exact solution for
both cases [149]. The solution of the Green function for these two special configurations of
plane waves is determined, and the wave functions are exactly deduced.

In the five chapter, we use the original paper [126] as a basis and principal part of this work,
we study the problem of pair production from the vacuum in monolayer graphene, subjected
to two different gauges of a constant electromagnetic field in the framework of NC phase space
coordinates using Schwinger’s method. We calculate the effective action and the corresponding
pair creation probability. The special cases of the results are also studied and discussed.

Also in the sixth chapter, we study the problem of pair creation of both scalar and spinorial

relativistic particles from the vacuum by a constant electromagnetic field in the framework of
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non-commutative phase space coordinates using Schwinger’s method, and we discuss the special
cases of pair production probability in per unit volume and time and compare them with those
of the literature [126] by taking the limit vp — ¢,m — 0.

In the seventh chapter, we solve the Dirac-graphene equation for quasiparticles in interac-
tion with the combination of a Volkov’s plane wave and a constant magnetic field parallel to
the direction of propagation of the electromagnetic wave using two methods: the first is the
Redmond method, and the second is the Delta functional method. Then, we examine particular
cases of our result by taking a limit on the fields and comparing them with those in the liter-
ature. On the other hand, we study the influence of this configuration of fields on the process
of pair creation. The last chapter is the general conclusion, which presents a summary of our
main results.

The thesis concludes with one appendix, in which we present the details of diverse calcula-

tions of the inverse of the matrix elements (M~1)" for determining the Polyakov spin factor.



Chapter 2

Fundamental properties of graphene

The main goal of this chapter is to provide a brief overview of graphene, its structure, properties,

and applications in theoretical physics.

2.1 Forms of Carbon

Carbon is different from other elements due to its special capacity to hybridize, which also
enables it to form 0D, 1D, 2D, and 3D structures. Diamond and graphite are two materials
constructed from carbon in three dimensions (3D).

The lower-dimensional forms of carbon (0 — 2)D are graphene with a 2D structure, carbon
nanotubes with a 1D structure (the sheet of graphene is rolled into a cylindrical tube with a
diameter of around 1nm to form carbon nanotubes), and fullerene with a 0D structure, which
are composed of derivatives of the two-dimensional carbon (graphene) and the one-dimensional

carbon nanotubes [127, 128].



2.2 The discovery of graphene material and its fundamental properties 16
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rwlE

Carbon Nano Tubes

Figurel : Forms of carbon materials: graphite, graphene, carbon nanotube,

and fullerene. Image taken from [129].

2.2 The discovery of graphene material and its funda-
mental properties

Recently, the attention of researchers has turned to a two-dimensional material called graphene,
which is the building block of graphite and consists of a monolayer of carbon atoms arranged
in hexagonal cells that are only one atom thick.

The first study on graphene was investigated in 1947 by Wallace, who derived its band
structure [128] and it was isolated experimentally for the first time in 2004 by Andre Geim and
Kostaya Novoselov using the micromechanical cleavage technique; for that, they were awarded
the Nobel Prize in Physics in 2010 [130, 131, 132, 133].

Due to its amazing and extraordinary properties, such as zero band gap when its electronic
structure is characterized by conical valence and conduction band dynamics, graphene is one
of the most crucial topics in condensed matter research.

As a result, it is the best thermal and electrical conductor at room temperature, and its
vast surface area makes it an extremely chemically inert nanoparticle [134] that is completely
impermeable to even the smallest atom (Helium).

Among other characteristics, one can notice the high electron mobility (more than 200, 000
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em?. V1 s71) and the ballistic transport [135]. As a result of these characteristics, the electron
wave packet can travel over great distances without scattering. Due to this, considerable re-
search has been attempted to incorporate graphene into electronic devices. It has been employed
in a number of applications, such as supercapacitors, lithium-ion batteries, and conducting elec-
trodes [151, 137].

Currently, it is the strongest known material and one of the thinnest objects conceivable,
which is also 200 times stronger than materials with Young’s modulus of 17'Pa [138, 139].
Additionally, it is one of the most elastic and flexible materials and is approximately completely

transparent (97.3%).

2.3 Crystallographic structure of graphene

Graphene is a two-dimensional material composed of carbon atoms arranged in a honeycomb
lattice. The carbon-carbon bond length is ag = 1.42A. The carbon atom is the sixth element
in the periodic table; it has four covalent electrons with the configuration 15 2S* 2P, 2P}
2P? see Figure 2(b).

There is no electron in the energy level of 2P,, therefore, it is equivalent to the energy levels
2P, and 2P, .Figure 2(a).

The nucleus of a carbon atom is surrounded by six electrons, among them four valence
electrons, which are three types of hybridization (SP!, SP?and SP?). Figure2(c).The carbon
atom shares SP? electron with three neighboring carbon atoms to form a lattice. Thus forming
a monolayer graphene. Figure 2(d)

The hybrizidation SP? in graphene forms two bands o and 7. Figure 2(e) [128].

The monolayer graphene honeycomb lattice consists of two atoms in the unit cell, which

form the two triangular sublattices A and B. the two primitive lattice vectors are written as

51:g<17 \/§> 52:g<1, _\/§),a:\/§a0z\/§x1.42:2.64fi, (2.1)

where a is the lattice constant and ag is the inter-atom distance. (see Fig. 2).



2.4 Band structure of graphene 18

) {b) 4 2p, orbital sp 2 orhital 213, orbital

~ (e) 0 e o

o )\ ... ‘
b\ \¢ >

2py 2py 2p; I

sigma

L ] pi bond

s)

bongd

(d) 7 _

y -,

. ” 8 — sp:hybnds & Q
y F
Hybrids shown ,\ “ Unit o

together X
Figure 2 : The basics of graphene structure. Image taken from [128].

2.4 Band structure of graphene

Graphene is a model of a gapless semiconductor in general band theory. In graphene, the
valence band is completely filled, the conduction band is empty, and there is no band gap
in between. The Fermi energy of this material corresponds to the energy at conical points.
On the other hand, Sn (grey tin) and HgTe are three-dimensional crystals known as gapless
semiconductors.

The unusual, chiral nature of the electron states, as well as the high degree of electron-hole
symmetry, are what distinguish graphene from other materials. Rather than the gapless state

itself [140].
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2.5 Synthesis of graphene

Novoselov and Geim received the Nobel Prize in Physics six years later "for pioneering experi-
ments regarding the two-dimensional material graphene." During this time, several techniques
for producing monolayer graphene have been created. Depending on the physical or chemical

procedure used to create the sheet of graphene, among these techniques we have:

2.5.1 Mechanical exfoliation

Everything starts with graphite. As in the pencils, if we zoom in, we would see a bunch of
graphene layers stuck together.

We just need to exfoliate them in each layer. The atoms are very tightly bonded, but the
layers are only weakly bonded among them, so we can just exfoliate them which a normal scotch
tape. We can just tear some of these layers apart. Using this method, the scientists managed
to get the first two-dimensional material ever, but the samples appear randomly distributed,

with uneven shapes and sizes. This is not an industrial way to make graphene [142].
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2.5.2 The chemical method

The Chemical Vapor Deposition (C'V D) method is a process used to fabricate graphene mate-
rial. It begins with a copper wafer that is then submerged in methane (C'H4) and heated to
extremely high temperatures.

When methane molecules (C'H4) hit copper, the carbon atom gets trapped while the other
hydrogen atoms continue to move around. This effectively creates a single layer of carbon atoms
that can be several centimeters long, but the carbon is too bonded to the copper, making it
difficult to do anything with it.

The copper wafer is deposited on acid, which dissolves the copper but has no effect on the
graphene, to transport the graphene around. First, the graphene is coated with an organic
polymer (PM M A) that serves as a protective layer.

The graphene (+PMMA) is then removed from the water using another wafer, typically
composed of (Si/Si0s) to remove any remaining acid residues.

Acetone or other solvents are used to remove the (PMMA) when the graphene is ready
to be employed in a device or experiment. and in doing so, we can create a two-dimensional

material [143].

2.6 The relation between the physics of graphene and
relativistic quantum mechanics

The main characteristic of graphene that has attracted more attention of researchers is its
electrons known as graphene quasiparticles, which behave as massless relativistic fermions and
are described by the (2 + 1)-dimensional Dirac equation with a fermi velocity of vy = ¢/300,
where c is the speed of light [1, 2, 4].

In graphene, the dispersion energy of electrons and holes is linear, similar to that of photons,
E. = +hup |k|. Tts bipartite crystal structure and the particular, regular arrangement of atoms
are the root causes of all these properties. It is the best material for investigating such single
electron physics. As a result, quantum field theory approaches are extremely useful in graphene
physics. Additionally, it makes it possible to investigate the effects of strong fields on quantum
electrodynamics [12, 13].

The study of the interactions between charge carriers in graphene and similar systems is
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interesting because of their application to superconductivity. Also, it is very useful in energy
storage systems, electronics, chemical sensors, optoelectronics, and nanocomposites.

To move from Dirac physics to graphene physics, we make the following replacements [18]:

m — 0, (2.2)
cC — Uy, (23)
By — Lhoplk|,h=1 (2.4)

2.6.1 Dirac-graphene equation

The dynamics of graphene quasiparticles in an external field is decribed by the Dirac equation
for massless femions.
Which has the form of two equations: the first is for electron wave function, and the second

is for hole wave function.

1% = e (k— A w,y,0) v, (2.5)

where 1 is the two-component wave function ¢ = (1’/;2)

2.6.2 Dirac-graphene Hamiltonian

To describe electron and hole states in graphene material, one needs to define the effective
Hamiltonian (Dirac-graphene Hamiltonian) around the Dirac points K and K’ which is analo-
gous to the Dirac Hamiltonian for massless fermions [140].

In the free case, the Dirac-graphene Hamiltonian near the points K and K’ is defined by

0 e — &
HK = VUfp P Py s (26)
Do + 1Dy 0
and
0 ot
HK’ = Ufp ) b py (27)
Pz — Zpy 0

The Dirac Hamiltonian of graphene quasiparticles in interaction with an external field

A, (x) = A, (x,y,t) around one of the special points K and K’ is given as
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Hye o = vr 0 (pr — €Ay (x)) Fi(py — ey (2)) @9

(pr — €A, (x)) £i(py, — €Ay (x)) 0

For multilayer graphene, the Hamiltonian is defined by

0 ((pe — €Ay () F i (p, — €4, (2)))’

HK,K’ = VUF J
((pe — €Ay (z)) £i(py — Ay (2))) 0

where J is the chirality index or the number of layers.

2.6.3 Slowed light in graphene

The researchers have used the light to observe the nature of quantum electronic material. In
graphene, light was captured and slowed to the speed of the material’s electrons.

The research involved confining the plasmons vertically down to 5nm using heterostructures
made of high-quality graphene, hexagonal Boron Nitride (h-BN), and adjacent metals [144], due
to the capacity to modify its plasmon phase velocity to low values, close to its Fermi velocity
of vr & ¢/300, where c is the speed of light in vacuum, as a result, slow down the propagation

velocity.

2.6.4 Quantum imaging of graphene’s current flow

The movement of electron currents in devices composed of ultra-thin materials has attracted
the attention of researchers. The first image presenting the motion of electrons in graphene
was finally captured by a research team from the University of Melbourne. When scientists
shine a green laser light on diamonds and then watch and analyze the intensity of the red light
arising from the magnetic field created by the electric current, they are able to image the flow
of electric currents in graphene. The team led by Hollenberg used a special quantum probe
based on an atomic-sized "color center" found only in diamonds to image the flow of electric

currents in graphene [145].
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Figure 4 : An image of the current flow in graphene was obtained using a diamond quantum.

Image taken from [145]



Chapter 3

Volkov-type solution of the
Dirac-graphene equation in the

presence of two orthogonal plane waves

3.1 Introduction

The exact solution of the Klein Gordon and Dirac equations in the presence of an electromag-
netic plane wave field is very important in relativistic quantum mechanics due to it’s widespread
use in laser beam applications.

The Volkov solution, which describes how Klein Gordon and Dirac particles behave in an
external electromagnetic plane wave field, was treated for the first time by Volkov [146] in 1935.

In the presence of two electromagnetic plane waves, Volkov’s solution for an electron was
reviewed in Refs [147, 148]. These publications actually provided the exact solutions of the
Dirac equation for two orthogonal electromagnetic plane wave fields. This makes it possible
to calculate the modified Compton formula for the scattering of two photons onto an electron
with accuracy.

In the same context, Volkov’s solution of Dirac-graphene equation that describes graphene
quasiparticles in the presence of an electromagnetic plane wave was derived in Refs. [149].

The principal motivation of the present chapter is to give an exact analytical solution of
the massless Dirac equation for graphene quasiparticles in the presence of two plane wave fields

by using the Volkov ansatz. The identification of the properties of the interaction between
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relativistic particles and laser light is the most interesting aspect of this solution, wich has also

been applied to the treatment of nonlinear Compton scattering.

3.2 Solution of the Dirac-graphene equation without a

field

The Dirac-graphene equation without a field is defined as

@E = vp (0.p) Y, (3.1)

where v ~ 10% m/s is the velocity of quasiparticles in graphene named the Fermi velocity
[10, 11, 5],

and 1 is the two-component of the wave function ¢ = (w

ng) that corresponds to electron

and hole states.

Setting the natural units ¢ = & = 1 then the momentum p = (p,, p,, p,) is the wave number
k = (k;, kg, ky) and /2:# = —1i0,, and the Minkowski tensor has signature g,,, = diag(—1,+1,+1);
w,v=0,1,2.

The last equation has the following simple solution [149]

, 1 (e i
— uetka—E7) S
Yy = uge y Uk = V2 (j:ei%)’ (3.2)
k
where 7 = vpt, q = (z,y)and k = (k,, k,) . Whereas ¢, = arctan(k—y) is the polar angle and
the energies (electrons-holes) are given as :

3.3 Volkov’s solution for the Dirac-graphene equation in
the presence of a single plane wave field

In this section, we study the interaction between graphene electrons and a single electromagnetic
plane wave field. The dynamics of graphene quasiparticles in an external plane wave field is
described by the Dirac equation for massless fermions, which is given by [151, 152]

zg—zf =vpo.(k—eA(x,y,t)) Y, (3.4)
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where k is the momentum of a quasiparticle in the natural units defined as
k= —i(e;0; +€,0,), 0 =e€,0,+e,0,, T=0pt, (3.5)

with (e, e,) are vectors direction of plane (z,y). Whereas the four-potential A* is a function

of the variable &, it is given as

At =AM (&); & =nax. (3.6)

We consider that the field of a plane electromagnetic wave is linearly polarized along the

graphene surface chosen as

A (@yt) = A= (0,4©), (3.7)
A©) = aA©). (3:8)

Moreover, we have the following properties
n* = (1,7) = (1,0,1) with n* = 0. (3.9)

These allow us to write the variable £ as £ = ay — 7, which will play an important role in
the next calculation.

We put the parameter value o« = 1 which means that velocities of electromagnetic wave and
quasiparticles in graphene coincide [149].

To solve this problem, let us introduce the following notation
Lt =h+id,, L~ =h—io,, (3.10)

where

h= 0y (ke —eA()) +0,.ky, (3.11)

by taking the condition (/Y (€) is parallel to the vector e}) since £ dependent on (y, 7) [149]. Then

the Hamiltonian expression is defined as

H = LYL™ =92-0.— 02 +2icA(£) 0,
+e2A° (&) +ied, A (€) o, — ied A (€) o, (3.12)
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We impose that the four-potential A* (£) satisfies the Lorentz gauge condition

DA (&) = n' (A, (€) =0, (3.13)

= e'n,=0=n""A4,=0, (3.14)

we define then the equation Hvy = 0 as follows

(02 — 02 — 02 + 2ieA(£) 0, + A% (&) + €D, A(§) 0. —ieD, A () 0,) =0, (3.15)
According to the Volkov ansatz, the solution is of the form
L = eXE (&) uy, (3.16)
with x =kq - E1, =y —T.

Incorporating in (3.15) with (3.16), we check for F' (£) the following equation

%3
dy

LO&

% (ky — k) F + (—QeA () ky +2A2(E) + e ( A (&) o, —i—A"(€) o—)) F=0. (3.17)

Its solution will be given as

_ LT 22eA ) ki + A (§) + e (A (§) 0 +iA (§) 04)
e <_/0 “ (kT - ky) > .

3.18
. (3.18)
Consequently, the solution of the Dirac-Graphene equation in the presence of an electromagnetic

plane wave is given as

y y—T _ 2 A2 ! c AL
b = exp (Z (kq — E¢)+% /0 i 2e Ak, + *A ?/: (_Ak(f)) o, +iA (£ ax))uk’
o Y

= [1 + e—A,(%?Zj_i’g;(f)”} upeXe™, (3.19)

where

S:_/é#@%fﬂwmwg 5.20)
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3.4 Volkov’s solution for the Dirac-Graphene equation

in the presence of two plane wave fields

In this section, we study the interaction between the graphene electrons and two orthogonal

electromagnetic plane wave fields linearly polarized along the graphene surface that is chosen

as
A (@, ,1) = A (&) + 45 (&), (3:21)
where
A (&) = (0.41(6)) A5 (€) = (0.4 (&) (3:22)
and

= AF (z,y,t) = €141 (&) + €245 (&) . (3.23)

Whereas
& =nlz,, £y = nhx,,. (3.24)

Also, we have the following properties

nf = (1,71) ,nf = (1,72) = niny, = nhny, =0, (3.25)

n‘fng“ =1- ﬁl.ﬁg =0& ﬁl//ﬁg (326)

By using the same procedure as in the previous section and by taking into account the
condition ([fl (&) + A5 (€,) is parallel to the vector e}) since ¢; and &, dependent on (y,7),

the Hamiltonian expression is defined as

H = LTL™ =82—-07—0; +2ie (A1 (&) + A2 (&) On
+e? (A1 (61)) + (A2 (&))" + 241 (&) A2 (&) &1.65)
+e0y (A1 (§;) + A2 (§5)) 02 —ied- (A1 (§1) + A2 (§5))0s. (3.27)

We also consider that the four potentials A} (£;) and A% (&,) satisfy the Lorentz gauge

conditions

0,
(3.28)
0
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and we consider that the two waves are orthogonal, then we can write

I _ n _ In _ I _
einy, =0, eyng, =0=niA;, =0,n545, =0,

and A (&) 45 (&) = 0. (3.29)

Now, towards the solution of the equation Hv¥ = 0 and by using the Volkov ansatz, the
solution is of the form [147]

Uy = e MF (&), &) up (3.30)

Then, we write the equation for F' (£,,&,) as follows

2ik,nf ;1 Fy, + 2ik,n} ;2F +e (4 (£1))* + (A2 (52))2) F(&1,65)

—2e (A1 (&) + A2 (&) kaF (§1,65) + ied, (A1 (1) + A2(82)) 02F (§1,65)
—ied- (A1 (&) + A2 (§3))0.F (€1, &5) = 0. (3.31)

At this stage, we are looking for the solution in the most simple form

F(£17£2) =X (51) Y (52) (3-32)

After insertion of Eq. (3.32) into Eq. (3.31) and division of the new equation by XY, we get
the terms depending only on &, and on &,. Then we get

2“%”1 %Y + QA% (1) — 2eA1 (&) ke + edyAx (&1) 0. —ied (A1 (&) o

(k Jashime (Ag(fz))Q—26A2(€2)kx+63y/12(§2)0z—ieaTA2(52))UI):0‘

(3.33)

Next, the solution of Eq. (3.33) is reduced to the solution of two equations only; after the

simplification, we obtain

651
%1 A4 (€y)0-—i %L LAl (€1)0a . 2 2_2¢ -
X (&) = [Hea e ]exp [—@ / (e —teaun d51]7 (3:34)

and

55 £2 A1
(f )Uz % A (&- ) . 62 —2e T
Y (5'2) |:1 42 22(1%_1%) 2 ] exp {—Z/ (Az(ﬁzzLijyf)‘z &)k df :| (3.35)
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With &, = y1 — 71,&, = y2 — 72 . The results can be written as

and ]
! o,+iAl o . e2( Al > _2eA! -
Y (&) = [1+eA2(52;(;j_/2;)(52) ] exp {—2 / (A2(5322T_§y)2(52)’“ de, | . (3.37)
The total solution then takes the following form
wk — |:]_ 4+ 614,1(51)2‘2;:’2'123)(51)01] [1 + 6A12(§2)2‘lejj123)(§2)01i| ukeixeisl(A1)+iS2(A2), (338)
where
¢? (A1 (£1))" +2e41 (&) K
S, = — d 3.39
' / 2 (kr — ky) S (3:39)
¢ (A2 (&) +2e45 (&) k.
Sy = — dg,. 3.40
? / 2 (k, — ky) $2 (3.40)

3.5 Conclusion

In this chapter, we have presented an exact analytical Volkov solution of the massless Dirac
equation for graphene in the presence of a single and two plane wave fields using the Volkov
ansatz. We have derived the partial differential equation (Volkov equation) and deduced the

wave function for graphene quasiparticles.



Chapter 4

Path integral formulation for graphene
quasiparticles in interaction with two

plane wave fields

4.1 Introduction

The path integral formalism was able to successfully resolve several issues in NRQM because
of its compatibility with calculation techniques and the absence of operators. Although, the
success of this formulation did not make it the perfect one due to the problem that occurred
in the spin because of its discrete nature, it has not been easy to introduce it as a suggestion
for a continuous path.

Many various attempts to integrate spin into a path integral formulation can be classified
into two categories. The first one was suggested by Feynmann, in which he described the spin
by using the bosonic variables. The second one was suggested by Fradkin in 1965 [100, 101] in
which he described the spin by using the fermionic variables (Grassmann variables). Then by
Berezin and Marinov [102, 103]. In the last decade, exactly in 1991, Fradkin and Gitmann [153]
have returned to this model and succeeded in establishing a rigorous formulation of path integral
representation with effective classical actions [105] following the standard Feynman form ) ;..
expliS(path)], where S(path) is a supersymmetric action describing both the external motions

of the particle by bosonic-type variables and the internal dynamics relating to the spin of the

particle by Grassmann variables.
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The fundamental idea of this formalism is to write the causal Green’s function as the inverse
of an operator. Then multiplying this inverse by an adequate conjugate operator in order to
reduce the problem to a quadratic operator of Klein-Gordon type plus a spin-orbit type coupling
term. After that, we write it in integral representation by using a generalized proper time that
has two parts, one bosonic and the other fermionic. Then the Dirac matrices are replaced by
Grassmann variables. After doing all of this, we apply the functional integration method to
give the explicit result of Green’s function.

The aim of this chapter is to adapt the formalism of the path integral for graphene quasipar-
ticles. We construct the causal Green’s function via the supersymmetric formalism proposed by
Fradkin and Gitman [105] for graphene quasiparticles in the free case, in the presence of a single
plane wave field and two orthogonal plane wave fields. Before that, we determine the Polyakov
spin factor by using the Grassmann functional integration technique. Finally, we deduce the

corresponding wave functions for each case.

4.2 The causal Green function for graphene quasiparti-

cles in the presence of an external electromagnetic

field

We consider a graphene’s quasiparticle in the presence of an external electromagnetic field
described by a vector potential A,(x) = A" (x,y,t). For a (24 1)—dimensional space-time, the

corresponding causal Green’s function S° (¢}, z#) satisfies the 2D Dirac-graphene equation

OS¢ (z}f, 71) = 6% (2 — 24) , (4.1)

where the Dirac-graphene operator 09" is defined as

O = h —id, (4.2)
and h represents the Hamiltonian of Dirac massless particles, defined as

h= (ﬁx — eA (z,y, 7')) Oy + Dyoy. (4.3)

Here z = a2, 1 = 0,1,2 and 7 = vpt where the characteristic vy = (1.12 + 0.02) x 10°m/s
is the Fermi velocity in graphene, which replaces the speed of light in the Dirac theory.
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(04,04,0,) are the Pauli matrices; they are given as

0 1 0 —i 1 0
Op = Oy = O, = : (4.4)

10 1 0 0 —1
Setting the natural units ¢ = h = 1, then the momentum p = (p;,ps,p,) is the wave
number k£ = (k. k;, k,) and /2:# = —i0, and the Minkowski tensor has signature g,, =

diag(—1,+1,+1); u,v = 0,1, 2.
In this work, we perform our study in (2 + 1)-dimensional, which allows us to express the

Dirac gamma matrices v* as a function of the Pauli matrices in the following way
V=03, Y =io,, V2 = —ioy. (4.5)
Eq. (4.2) can be written as
O = 4%0, — 4 (10, + eA(z,y,7)) — ¥%0,. (4.6)

According to the Schwinger proper time method [37], the propagator S€¢(zy,z,) can be

written as a matrix element of the operator S¢ in coordinate space
S¢ (l’g, .fg) = <xb’ S¢ |xa> ) (47)

where (], |z,) are eigenvectors of the self-adjoint operator i# and form a complete ortho-

normal system with

T 2,) = 2 xg) , (ap |Ta) = 6% (1 — 24) (4.8)
by using Eqs. (4.1) and (4.7), we get
(25| OIS |20) = 6% (2 — 24) | (4.9)
or
0S5 =1. (4.10)
So, the operator S¢ is the inverse of the graphene operator 09", defined as

S = [07]7! = [07] [09] 2. (4.11)

According to the habitual construction procedure of the path integral (the Schwinger trick),

we have

—i /000 dhexp [iX [[09 +ic]] = —[09] " [exp (ic0) — exp (0)]

= [07]7 + i, (4.12)
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and
i/dx exp [ixO] = — 0], (4.13)

the operator S¢ takes then the following form

Se = / d)\/dx exp [i [M O] + i€] +ix [07]], (4.14)
0
where \ is an even variable and x is an odd (Grassmann) variable [154]. Notice that x

anticommuting with the Q9 -operator and verifying the following properties
2 =1; /dx = 0; /de =1. (4.15)

We omit the infinitesimal quantity e. We express the operator S¢ as follows

Se = /000 d)\/exp (—zﬁ) dy. (4.16)

Here H is the Hamiltonian that governs the movement of the graphene quasiparticle ex-

pressed by the following equation
H (X x) = =A[07] +[07]x, (4.17)

with
07" = 'VOiar - '71 (10, +eA(x,y,7)) — '72i8y7 (4.18)

otherwise

H=2\ (02 — 02 — 05 + 2ieA (z,y,7) 0, + 2 A% (z,y,7)

(A(x,y, T Alx,y, T .,
e (z,y )7071_ (z,y )7172 + (07 .
or dy

=\[02-02 - 85 + 2ieA (z,y,7) Oy + 2 A% (z,y,7)

e
~ 5 Furr?] + 10" (4.19)

Where [, is the electromagnetic field tensor antisymmetric defined as a derivable of a

potential

Fuyt'y" = (0,4, — 0,A,) ",

_ A(x,y,7) 0.1 Az, y,7) 1 4
—2< 5 o ) (4.20)
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Now, the Green function is written in coordinate representation as

¢ (zt,x / d/\/ (5] exp zH) l2a) dx (4.21)

To pass to the path integral representation for the Green function S¢ (x}', z), we follow the
standard discretization method given in [153]. Subdividing the interval [z,; 23] into N parts that
we will assume equal for simplicity, we write exp (—ZH ) by [exp [—zﬁ /(N + 1)” e .Then
introducing between them N completeness relation of the space-time eigen-states 1 = [ d®z |z) (x|
each pair of infinitesimal operators exp(—icH), where ¢ = 1/(N + 1).

We follow the standard discretization method for the kernel of Eq. (4.21). As it is known,

usually we write

exp (—z’)\[:I) = [exp (—i)uﬁf/ (N + 1)>]N+1 : (4.22)

After all of this, the Green function then takes the following discrete form

+oo F[ <3§“,]A€>
Se(x), ak) = / d)\/dx/ wdry (xyilexp | —i————=M | |zn)

N+1
X... <x]|exp _ZN——}—]_A — 2\

|zj_1) ... (x1] exp | —i N1 | o)

= / d)\/dthH / d3xjH§-V:1 (x| exp [ig)\lﬂ |75 1) e = I

Then we insert (N + 1) times the identities of this formula

- / & k) (k] (4.23)

where the momentum k verifies the following relations

1
(27)

ikx

K k) = K" |k) (kIK) =8 (k—F)  (alk) = e

(NI

At the end, we take the limit N — oo, which transforms the expression of S¢ (x}, %) into

the following path integral

(2, x / d)\/dx llm HN 1/ d3ZL‘]HN / d*k; (x;] exp [iéx\]:!] |k;) (kj | wj—q) .
0 0
(4.24)
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To eliminate the derivation operators, we inject the following relations

exp (1z;x,-1)

(2 [ 2j0) = 2n) (4.25)
Then, the Green function (4.24) takes the following form
Sc(a:’;,xg):/ d)\/dfox/Dk
0
x T exp {z Z [k’jAmj + Ae (/f? — 2ieA (x5, Y5, 7;) ko + e? A? (5,9, Tj))
J
e 5
_5 [,I,V’YM/Y ) + (7%@- + 71 (kxj —eA (Ij7yja Tj)) + ’)/Qk‘yj) X:| } ) (426)

where, 2! = [29 =7, = 7(s;), 2} = 25 = 2(s;), 23 = y; = y(s;)] , 2f = 2" (s), 2¥ = 2"(s4),
ande=s;—s;_1=1/(N+1).

Whereas T is the time ordering operator, also called the chronological product operator of
Dyson (Dyson time ordering symbol), it affects only on the phase relative to the coupling term
that ordered the z, £ and y—matrices, which are formally supposed to depend on the time
parameter s.

A more explicit expression for S¢(x), %) is easily obtained. Taking at the end the limit

N — oo or (e = 25 — 0), the continuous form of the Green function S° (], z!) becomes as

1
N+1
Sc(xg,xfj):/ d)\/dx/'Dx/Dk
) 0
x T exp {z/ ds [ki + N (=k2+ k2 + k) — 2eA(2,y,7) ko + €2 A% (2,9, 7)
0

e Y
—5 Fuwn™y ) + (Vkr + 4" (ke — eA (2,9, 7)) +7°ky) x] } , (4.27)

where the integration over trajectories x (s) is parametrized by parameter s € [0, 1], giving

the boundary conditions

z(0) = x4, (1) = .

We note that = = (7,z,y) and k = (k;, ks, k,) respectively represent the quadratic vector
coordinate momentum.

Let us integrate over the z—component. First, we integrate the term fol tk,ds by part
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1 1
/ Theds = ky,xp — Ky o — / xk,ds, (4.28)
0 0

then Green’s function S¢ (z}, z") rewrites as follows

SC(Q:Z,:L‘Z):/ d)\/dx/Dx/Dk:

0
1

x T exp {2/ ds [k:mbxb — kypoxo — xk + kg + N (=K + K] —i—/{:i — 2eA (z,y,7) ky + €*A* (z,y,T)
0

1€
-5 ,m“v”) + (Vkr + 7" (ke — eA (2,9, 7)) +77ky) X} } : (4.29)

The integrations over the x—component give the Dirac functions & (k) , which are defined

as

Du exp <—i /0 1 :z:l%ds) —5 <k> , (4.30)

which leads to the conservation of k,—momentum during the motion
kyy = kgy = oo kyy = ks, (4.31)

this gives for the Green function S¢ (), z#) the following result

Sc(xf,xg):/ d)\/dx/Dx/Dk
0

1
x T exp {z/ ds [ky (26 — 2a) + kG + X (k2 + K2 + k) — 2eA (2, y,7) ko + > A% (2,9, 7)
0

1e
_5 WY“V”) + (70]{;7_ + ’Yl (k:v - 614 (‘7;7 y? T)) + 72]{;9) X:| } . (432)
Otherwise
dk, .
5*(af ) = [ Get s g qp), (4.3
T

where S¢(qi', ¢) is written as

s(aat) = [ ax [ax [pa [
. 0
x T exp {z/ ds [kG+ N (k2 + k2 + k2 — 2eA (z,y,7) ke + > A® (2,9, 7)
0

—%GFW () 7“7”) + (Vks + 7t (ke — eA(2,y,7)) + 7°K,) x} } . (4.34)
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We note that ¢ = (q1,q2) = (7,y) and k = (ky, ky) = (k;, k,), and the functional measure
symbols Dq and Dk are defined as

N N+1
— dk. dk
Dg = drd Dk = T_ Y, 4.
q L[lfy, EQW% (4.35)

Next, one must obligatorily eliminate the ordering operator T by using the source technique
of Fradkin [105], associated to " (s) the odd sources p# (s) anticommuting with y—matrices

by the definition such that v dependent on time.

ten(r 0t o) = e {F () bren{ [0t s

m

where % presents the derivation with respect to the Grassmann source p* (s).
"

Then S°(q', ¢*) can be transformed as follows

s(aat) = [ ax [ax [pa [ D
0

1 _ . (S 5
X exp {Z/O ds |:kq +A (k2 —2eA (l’,y,T) kx + 62A2 (x>y77—> - %F/w()-_plu(s_ply)

+ (k: Oy (= A (g, 7)) 2L+ ky%) X] } Texp {/01 0 (5) wds}

- 4.37
0po 0p; ( )

p=0

In the next step, we write the quantity T exp { fol Py (s) yﬂds} via a Grassmannian path

0 ! “ .
= exp <Z’y“—> / exp {/ v = 2ip,W") ds
p=0 00" ) S, 0+, (1=, 0 ( g g )

+1b, (1) 9" (0)] Dy 5=, (4.38)

integral [105] as follows

T exp {/01 P (8) V“ds}

where D1 is defined by the following expression

1 -1
Dy =D D '“d) . 4.39
" w[ /¢ P < | v s] (4.39)

Here ¢, A are even variables, x, 6" and (s) are (odd)-Grassmann variables, anticommuting

with the y—matrices, and satisfy the following boundary conditions

x(o):xa 7x(1):xa 7)‘(0):/\0 7X<O):X07 (4'40)
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and

Y, (0)+v,(1) =0, (4.41)
By inserting the identity (4.38) in Eq. (4.37), the Green function will take the following

S (Q5,Q5)=exp<iv“5%)/ d/\/dx/Dq/Dk/D
0

1
exp {z/ ds [l;:q + A (k2 —2eA(z,y,7) ky + 2 A% (2,7, 7')) + 2ieAF,, Yt
0

form

=20 (ke + (ky — eA (2,y, 7)) " + k) x = z'wb“] +1, (D) Y! (0)} : (4.42)

0=0

4.3 The causal Green’s function for free graphene’s qua-
siparticles

The causal Green’s function for the quasiparticles graphene in interaction with an electromag-

netic field S¢ (x}, z#) is given as

S(ay,q,) = exp <i7"5%)/ d)\/dX/Dq/Dk/D
0
1
exp {7,/ ds [kq+ X (k> — 2eA (z,y,7) ky + €2 A% (2,y,7)) + 2ieAF, 0" 7
0

90 (ke + (ke — eA (,9,7) 01 + k) x — i, ] 40, 0 @) (443)

=0
For the simplest and fundamental case of a free graphene quasiparticles, we put the electromag-

netic field A (z,y,7) = 0, and the corresponding causal Green’s function S (z}, z#) is given as

[155]

[e3) 1
Sz, xt) = exp (w“%)/ d)\/dx/D:c/Dkexp {z/ ds [k:i:—l—)\kﬂ}
0 0

/ Dy exp {z /0 ds [—2@/4#1/;% . z'z/;#z'p“] +p, (1) (0)} . (4.44)

60=0
4.3.1 The evaluation of Green’s function

In order to evaluate the Green function in the free case, we integrate x first and perform the

functional integral over the paths z (s), which implies that the momentum £ is conserved

k = cst. (4.45)
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Therefore, the Green function becomes as

o) 1
S (x)f, zk) = exp (i”y”%) / d)\/dx/Dk exp {z/ ds [k (z, — ) + AkQ]}
0 0

/ Dip exp {2 /0 s [—QZ'WHX - w#zb“] + b, (1) (0)} . (4.46)

=0
Now, we calculate the functional integrations over Grassmaniann variables 1 (s), and we

replace the integration variables ¢ by the velocity w(s) (there is no restriction on w(s)) as

follows
1 ! / / / 0
v(s)== [ e(s—s\ w(s)ds' + =, (4.47)
2/ 2
where € (s — §') is the sign function, and it is defined as
—1 for s > s
e(s—s)=sign(s—s)=12 0 fors'=s , (4.48)
1 forss>¢

and the velocity (odd Grassmaian variable) w(s) by using the relation L (s — s') = 20 (s — §'),

is the derivative of 1) with respect to s as

b(s) =w(s), (4.49)
which gives
zpuip“ = —% /ds’w (s)e(s—s)w(s) + gw (s), (4.50)
and
1 o* ! 0
P* (1), (0) = [%/0 e(l—s)w"(s)ds+ E} B/o e(—s)w, (s)ds + E‘L
1
_ wh (s)ds, (4.51)
2 Jo
on the other hand
d d d
w (1) +w(0) = Zls1 + tlemo = 70 =0, (4.52)

whereas the measure Dy has the following definition



4.3 The causal Green’s function for free graphene’s quasiparticles 41

Dy = D) { / Dipexp ( /0 1 z/;u{p“dsﬂ B . (4.53)

Finally, Green’s function can be transformed as follows

S° (2, 2) = exp (wé%) /OOO d/\/dx/Dkexp{i [k (2 — 2a) + M2}
/Dwexp{ / ds(—mu [%/015(3—3) " (s )ds+9;]x
[—z' (5/0 (5(5—5) b () ds' —f-e;))wu(s)] ds—% Ulwu(s)ds}

By using the following convolution notation

(4.54)

0=0

et = /0 1 /0 o (5) 2 (5 — o) ot (s) disds’ (4.55)

The causal Green function becomes as

S¢(x), ak) = exp (i’y“%) / d)\/dx/Dk:exp {i [k (z — z0) + AE*] }
0

1 .
/Dw exp {Z/o ds (—z’kzu (ew" +60") x + %wusw“> } : (4.56)
=0
At this stage, we integrate over the y—Grassmann proper time, and we get
S (x), k) = exp (w 59,,) fo d\ [ Dkexp {i [k (xp — x,) + A\E?]} (457)
7 Iz _1 n '
X [ Dw [fo (ew* + 1)) ds] exp{ 2 fo WnEW dTHe:o :
by inserting the odd source p (7), the Green function transforms to
S (xp, 20) = exp (i7" %) [o7 dX [ Dhkexp {i [k (zp — x0) + M}
p=0 (458)

X Dw [ o [kr (525 +6°) + ke (555 +0%) + hy (5% +6%) | ds| 1 (o)

where the Gaussian integration I (p) over w gives

0 = frae{ [ [ oo )]

_ exp{—% /0 et (s — ) ] ds}, (4.59)

)
0=0
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45 (s— '), the equation (4.59) takes the

N =

by using the following property ¢! (s — s') =

I(p) = eXp{—i/Ol [puiMS—S)p“] dS}

= exp{}i /0 1 [0"] ds}. (4.60)

The expression of the Green function becomes as

following form

S (2, 20) = exp (i7" %) [o7 dX [ Dhkexp {i [k (zp — x4) + M}
X [k’T (5% + 90> + kg (EW +0 ) + ks (5% + Hzﬂ exp {i fol [pup“] ds}

At this level, we perform the differentiation with respect to p, after that, we use these

p=0 (461)

0=0

identities
0 > O .
ow (s ) 10| =1 (G5 ewlivs)| (4.62)
( 60" =0 90 oo
and expanding exp (i7"6,) to the first order
exp (iv"8,) = 1 4+ iv"4,,, (4.63)
the Green function takes the following form
S (xy, x,) = exp (w" a%") fooo d\ [ Dkexp{i[k (zy, — x,) + AE?]} (4.64)
x (ke (550) + ka (5r) + Ky (52)] (1 + mu‘g#)‘e:o ’
where
5ep{1/1[pp“]ds} 0 (4.65)
— ex — = U. .
op 4 [, “* =0

Finally, by integrating over the even variable A\, we get

S (Tp,re) = i/Dk (ke + ko' + kyy?) exp {i [k (z — xa)]}/ dXexp {i\k?}
0

/Dk‘l;: exp {i [k (zp — z4)]} /OO dXexp {iAk*}

/Dk exp {i[k (zp — x4)]} - (4.66)

Where k = ky* and

T dk, dk, dk,
27T o 21

Dk =

(4.67)



4.4 The causal Green’s function for graphene quasiparticles in interaction with a
single plane wave field 43

4.3.2 The derivation of the wave function from Green’s function

The suitably normalized wave functions that describe the motion of the free graphene quasi-

particles are given as
VY (@) = exp {—ika}u (k,s), (4.68)

and
v (2) = exp {ikz} v (k, s) . (4.69)

The sets {z/JSC)} and {1/1;3)} are each orthonormalized relative to the usual scalar product

W05 = 05 w5)) = 6 (k= K) 6., (4.70)
and
(WLR vip) =0, (4.71)
Egs. (4.68) and (4.69) satisfy the 2D massless Dirac equation
0
za—f =vp (0.k) v, (4.72)

1 —idy, 1 —idy,
whilst u (k, s) = 7 <j_ " ) and v (k, s) = 7 ‘ ” ), are the solutions of the free Dirac-
e'Pr —e'Pk

graphene equation (the spinors), such as @ (k, s) u (k,s) =1 and © (k, s) v (k,s) = —1, and they

verify the below equations

Ay =2 s ulks)ut (ks) =

A= vk s)vt(ks)=

(4.73)

|
?v|w>w|w>

4.4 The causal Green’s function for graphene quasipar-

ticles in interaction with a single plane wave field

To construct the causal Green’s function for a Dirac massless particles in the presence of an

electromagnetic plane wave field, let us consider the vector potential A (z) chosen as
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where A (€) is an arbitrary function of the single variable
E=nlr, =ay—T,

whereas 7 = vpt and 2" = (1, 2,9) .
Here o = 1, indicating that the velocities of electromagnetic waves and quasiparticles in
graphene are the same and equal to vp = (1.12 £ 0.02) x 105m/s [144, 149)].

The vector of propagation (the wave vector) n has the following components
n=(1,0,1), (4.76)

and verifying the condition of

n* = nfn, = 0. (4.77)

Where Minkowski tensor has the signature g, = diag (—1,+1,+1).
In addition, we impose that the electromagnetic plane wave satisfy the Lorentz gauge con-

dition

B A" = n, (AMY = (n, A") =0, (4.78)

where the prime denotes the derivative functions of A (§) with regard to &.

The electromagnetic field tensor F),, is then defined as

0 0
Futy” = 24 (€) (a—fvo'yl — 8—57172> (4.79)
= 24'(§) (577“71 —5;7172>- (4.80)

Where ¢, = % and &, = g—j
For all of this, the causal Green’s function for a Dirac massless particles in the presence of

an electromagnetic plane wave field is given as
4] o0 _
S(q), q") = exp <i’y“&ﬁ) / d)\/dx/Dq/Dk/D
0
1
exp {z/ ds [kG+ X (K* — 2eA(y,7) ky + €A (y, 7)) + 2ieAF 0" 7
0

=20 (ke 4 (b — eA (g, 7)) 0 + k) X — i, '] + 0, e @) (a8

0=0
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4.4.1 The evaluation of Green’s function

The integrations over ¢ (s) = (7(s),y(s)) seem to be difficult due to the dependence of
A (ntq, = &). We propose to introduce a new variable ¢ that considers the plane wave vari-

able £ = nq as independent from the quadriposition ¢ via the following easily proved identity

100, 104]

[ deueas (6= 10,) 5 (6 = &~ (g, — 0,)) = 1. (182
Or rather its generalization which lets all time intervals [n — 1, n] occur
N N+1
[ dede.s (- na) [ T1dg, T8 (a6, ~nag,,) =1 (483)
where
i dke, , i
) (Afn —n q#n) = o exp [zkgn (Afn —n Aqun)} , (4.84)

with £ = n*q, = y—7 and AE,, = ¢, —&,_;. By inserting this in equation (4.81), the Green

function takes the following form

S(ay,q4) = exp (W“(S%) /OOO dA/dx
X /dgbdgaa (€, — (Ya —Ta))/Df/Dkg/Dq/DIE/Dz/;

1
X exp {7,/ ds [(l?; — nkf) q—+ kgé + A (k2 —2eA (&) k, + €2 A? (5)) + 2ieAF), (&) vHy”
0

—2i (k) + (ke — A (1. 7)) ¥ + k) X — i, |+, (v O (4.85)
where
N N4
D¢ =[] d¢,. Dhe= [ . (4.86)
n=1 n=1 ™

Then shifting the momentum from k + nke into k by taking into account the equations
n*A, = 0 and n*n, = 0, at the limit continuous N — oo, we get for the Green function the

following expression
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S°(ay. qf) = exp (Wa%) /oo d)\/dX
/dgbdga( . — Ta) /Dg/pkf/pq/m/pw

X exp {z / 1 ds [léq + kel 4+ N (K2 + 2kenk — 2e A (€) ky + €2A (€)) + 2ieAF,, (€) Yy
0

2 (ke + (k= eA (3, 7)) ' + iyt + ken?) x — i, |+, (D () . (487)

Now it becomes possible to integrate over ¢; and Ej. Let us perform the functional integra-

tion on g;—variables; this latter gives /N Dirac functions 4 (l;:j — 72’3‘71) defined as

/qu_i o dkds _ 5 (E) : (4.88)
which leads to the conservation of (k;,k,)—momentum of the quasiparticles in graphene

during the motion

ke, = kry. ke =k =cst, ky =ky...k =k, = cst. (4.89)

TN+1 YN+1

For this conservation, the Green function S¢ (z}, z#) takes the following form

S°(x, xf) = exp (w 50”)/ /dx/ dsk e (f =t ) +ik?
< [ dede, 60~ (- ) /D&/Dkg/m

X exp {2 / s [/fg (5 42k — 2muwx) A (=2eA (&) ky + €2A2(€)) + 2ieAE,, (€) 'y
0
=20 (k" + (ky — eA(y, 7)) ' + k) x — z‘wm"’] +ab,, (1) 9" (0>} : (4.90)

0=0

For performing the functional integrations over Grassmannian odd variables, we write the spin-

field couplage F),, (§) ¢*1)"” as follows

B () " = 2 (n)) (A (€) 0. (4.91)

This writing inspires us to introduce a new Grassmannian variable = n/¢, as an inde-

pendent variable from ¢ via the following Grassmann functional identity [100]

/dnbdnaé (na - n“w%) /Dn5 <7'7 - n“¢u> =1, (4.92)
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where
) _ Shy . - W
) <77 n w#> / 5 OXP [zkn (17 n wu)} , (4.93)
with k, is the momentum Grassmannian odd variable.

From Egs. (4.92) and (4.93), the Green function becomes

o Bk ,
5ot ) = exp (”%)/ " / dx / et
0 T

< [ dde (€.~ - a)) [ D€ [ D [ dnans (.~ w0,

X / Dn / Dk, / Di exp {z / ds [kg (5 + 2k — 22’77)() + (77 . n“{bu)
0
A

(—2eA (&) ky + €2 A% (€)) + dieAn A’ () ¢

~2 (k0 + (= eA (1, ) 0+ R0?) x — 0,0 + 0, Mt @) (499
where
N N+1 Jk
D=1l dn,, Dky= 1] 5™ (4.95)
n=1 n=1 7‘-

In order to determine the functional integrations over Grassmannian variables 1 (s), we note
that these odd trajectories ¢ (s) obey the antiperiodic boundary condition ¢, (0)+1, (1) = 0,,.
This condition can be suitably absorbed by replacing the integration over odd trajectories v (s)

by one over odd velocities w (s) is defined as

1 0
v = [ls=u(s)as+ 3, (4.96)
where
—1 fors =5
e(s=§)=sign(s—s)=49 0 fors=s ,
1 fors>s

and the measure Dy has the following definition

Dy = Dy { / D exp ( /0 1 w#@b”ds)} B . (4.97)

We use the following convolution notation [100].

feg = /0 /0 f(s)e(s—5")g(s)dsds'. (4.98)
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For the transformation of w” (s), the Green function takes the Gaussian form and is written

as

S (xl, at) = exp (w 69“) / d)‘/dX/ ds/{?geik (ahi—aht ) +irk?
< [ desdes (€.~ a—ra)) [ D€ [ Dk [ amings <na 3 =0,
/Dn/Dk /Dw exp { /1 ds [kg <§ + 2\nk — 2inx> + k, () — nf'w,,)

+A (—2eA (&) ky + €2 A% (€)) + 2ieAnA’ (€) (sw + 0)

—i (ke — eA(€)) (e + 0Y) + ky (e + 6")) x + %wuew“} } . (4.99)
=0
In order to extract the classical equation of motion relative to spin, therefore, make a

link between classical and quantum evolution, then perform the following translation shift of

velocity, which facilitates the calculation over the spin variables
1
Wt (s) — w" (s) + in“/ et (s — &) ky(s)ds'. (4.100)
0

At this step, by using the plane wave properties n? = 0 and nA = 0, the terms containing
the velocities will transform as follows.
For the linear term

wyewt — wyewt — 2ik,ntw,. (4.101)

For the Delta bilinear term

ewt — ewh +inf'k,), (4.102)

the measure Dw is unchanged. Then the Green function can be written as
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S (xh, k) = exp (w 56“)/ /dX/ d3k?3elku (wh—ak)+irk?
< [ desdes €.~ tva =) [ De [ D [anns <na )
/Dn / Dk /Dw exp { /1 ds [k;f (5 + 20k — 2inx> + ey (1) — nw,)

+A (—2eA (&) ky + €2 A% (€)) + 2ieAnA’ (§) (ew + ink, + 0)

—i ((ky — eA(€)) (ew' + ink, + ") + ky, (sw" + ink, + 0")) x + % (wyew — Qiknnw)} }
6=0

(4.103)

Now, we replace the delta functional § (na + %n“ (wy — Hu)) by the exponential form as

) (% + %n“ (wy — Qu)) = /dkna exp (z’kna (na + %n“ (wy — 9#))) , (4.104)
the Green function is then determined by the following expression
d3 ik, x —x )+2)\k2
S (x, wy) = exp ( iv" 59“ d)\ dx 36 u\Tp e
< [ dede 3¢, (0o 7) / pe [ D / g, [ a,

/ Dn / Dk, exp { / ds [ka (5 20k, — 2@'7])() + &y (7 + nk,X)

+ky, (”a - > + A (—2eA (&) ky + €2 A% (€)) + 2ieAnA’ (£) 0

2
—i (ke — €A (£)) 0" + ku0") x] } 1 (€,m) lo=o, (4.105)
where I (£, 1) gives the Gaussian integration over the odd w—velocities trajectories
T
I(&n) = /Dw exp {/ |:_§CU“M#1/WU + juw“] ds} , (4.106)
0

noting that M, (s,s") = gue (s —s') and g, refers to the metric tensor of the Minkowski

space. While the expressions of external current sources J,, are given as

To==x [ (= e (€@N)e (& = 9)as
— 26)\/0 n(s) A (E(s)e (s —s)ds’ + %k’nan“.

1 .
= —x(k, —eA,8)e — 26)\/ nA'e + %k‘nan“. (4.107)
0
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According to Refs. [100], we determine the spin factor I (¢, 7n), which takes the Gaussian

form as

1
/Dw exp {/0 l—%w”Mww” + jﬂw“] ds} ,
B det M 1 o
N dete P {_ﬁj“M“”j }
1
= exp {—5‘7“/\/1;”1\7”}

= exp {—%jualj“} , (4.108)

where d(’f;tM =1and /\/l is the inverse of the matrix M,,.

For the factor J,e “1J*#, it is easy to show that

Je T = / T (s (s — ) T"(s')dsds' = [2eX (k, — eA,) en (s2) A + ik, kn*] x
—4 (eX)*nAlenA, (4.109)

which gives us the following form of spin factor I (£, n)

1
I(&,m)=exp {z/ ds Hie/\ (k, —eA,)enA’ — %kun“kna} X — 2@62)\277A/€77A/:| } . (4.110)
0

The Green function then takes the following form

S (), xt) = exp (W 50“)/ d)\/dx/ d3k36'k (ol —aht ) +idk?
/ d&yd€,0 (§a — (Yo — Ta) / D¢ / Dk / dn,dn, / dk,,

X /Dn/Dk‘77 exp {2/0 ds [kg <§ + 2X\k*n, — 2i77x> + ky, () + n"k,x)

1 kynt

—i ((ky — eA()) (0" — edend’) + k,0") x — 2ie>*nA'enA']} |o=o - (4.111)

x) + A (—2eA (&) ky + €2 A% (€)) + 2ieAnA’ (£) 0

After that, noticing that the integrations over k, and k¢ give the following delta functional
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6(f) + nkx), (4.112)

and
5 (é 42X (nk) — 2inx) . (4.113)

By integrating the arguments of delta functionals §(7) + nky) and § (5 + 2\ (nk) — 2i77x> :

we get the following results
0+ n"k,x =0=n(s) =n, — (nk) xs, (4.114)

and

£+ 2X (nk) — 2iny = 0= £(s) = £, — 2X\ (nk) s + 2in, xs. (4.115)

At this level, we insert the explicit solutions of the classical equations of motion (4.114) and
(4.115) in the expression of the previous Green’s function, and after straightforward and long

computations, we obtain

. SN [ Bh e (o) 2
S¢ (zy, xly) = exp (WMW)/O dA/dX/ (27036@( bl +idk
[ et (€, (va =) [ dnngd (n, =+ )

, 1 ntk,
X0 (gb - ga + 2Ank — 2ZnaX) d Ng — 571#9# - 9 X

X exp {Z/O ds [N (—2eA (&) ky + €2 A% (€)) + 2ieX (n, — n'k,xs) A" (€) 6

—i (ks — eA(€)) (0" — eXe (n, — n"k,xs) A) + k.0") x
—2ie*X* (n, — nPkuxs) A'e (n, — "k, xs') Al } o—o, (4.116)

we use the following simplifications

(N, — n*kuxs) A'e (n, — nf'k,xs") A= —2k,n"A'es’ A'n, x. (4.117)

The Green function expression becomes as
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S 3
5t w0) = exp (ﬂ%) / " / dx / <Z k)—s b (k) 82
0 T

< [ dede,d (€0~ (=70 [ dndnd (n, =, + 190

, 1 ntk,
X4 (éb - ga + 2Ank’_2,”7aX) 0 Na — 5”“0“ - 2 X

X exp {z /1 ds [X (—=2eA (&) ky + €2 A% (€)) + 2ieX (n, — n'k,xs) A" (€) 6
0

—i (ks — eA(€)) (0" — eXe (n, — n"k,xs') A) + k,.0") x
+4ie* Nk, n* A'es’ An,x] } o=o - (4.118)

From the two delta functions shown in the above expression for the Green function, we can
get the following equations

1 1
Ny = §n“0# + §nk‘x, (4.119)

and

n, — N, = —nkx. (4.120)

The summation of the previous equations (4.119) and (4.120) gives
Ny + 1y = nt0,, (4.121)

this boundary condition represents the conservation of spin for quasiparticles during motion.
By summing the above two equations, we can find this equality (7, + n, = nf).
Let us now integrate over 7, and over 7,. The propagator is therefore reduced to the following

expression

(5[ *° Bk BB 4 a2
C (b ) — o b d\ d zku(x xa)—i-z)\k:
S¢(x), zk) = exp <ny 68“)/0 / X/(Zw)?’e b

X /débd§a5 (o= Yo — Ta)) 6 (& — &4 + 2MKFny, — in”0,X)
1
exp {Z/O ds (X (—2eA (&) ky + €2 A% (€)) + el (—2n*k,xs + n#0, + n'k,x) A’ (€) 6

*o
—i ((kx —eA(9)) (91 — e)\%eA') + k,ﬁ“) X+ ZieQAQn“kuA'esA'n"Hux] } lo=o . (4.122)

Now, we integrate over k; this integration gives us the delta function § (5 + 2A\nk — in@x)
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£ = —2X\nk+infy. (4.123)
e _ —2Ank 4 infyx. (4.124)
ds
Its inverse is given as

ds 1 i nd
— =— 14+ -—x|. 4.125
& 2wk ( * ZAnkX) (4.125)

Performing now the integration over the proper time s, and by simplification, the Green

function becomes as

d*k 2
S (), xt) = exp (w 50#)/ d)\/dx/ 3ezk wh—t ) +idk

X /dﬁbdfa(S (€o — (Yo — Ta)) 0 (& — &, + 2MEFny, —in0,X) (4.126)

; &
exp { [2;—]{ / (~20A (&) ko + A% (€)) dE + 510, (A — Aa) 0

(&
+ [—Z (A + Ad) 0 = 7 [k (Ay + Au) + eAuAu] 00, + k| X} lo=o (4.127)

To eliminate the constraints £, = nay, replace the delta function 0 (§, — £, + 2A\ktn,, —in*0,x)

by its integral representation
dk
§ (& — & + 20EFn, —intb,x) = / 2—& exp [ike, (&, — &, + 2Ank — in"0,x)] . (4.128)
T

Next, shifting the momentum k by k—nk, , and according to integrate over the y —Grassmann

proper time, one obtains

sl o] 2

x [k;e [1 + S, (A — Ay 9] -2 S (Ay+ A,)0

2nk
e e
T (Ap+ Ag) + eAg A 070, — —— (Ay + Ag) 0 (n6,) (Ay — A, ‘
o (e (A o)+ eA A 16, — S (A + A6 (06,) (A, — A |
; 19
exp {zk (zp — Tq) + i + ﬁ (—26A (&) ku + €247 (9)) df} . (4.129)
n
Then performing the derivation with respect to # and using the relation
exp iv“i () =f o exp (iv"6,,) (4.130)
06" =0 20 =0
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Expanding exp (i7"60,) to the second order as follows

1
exp (1v"8,) = 14+ iv"0, — 5%9”7"7”.

(4.131)

Using the properties n?2 = 0, nA = 0, and AB+ BA = 2AB, after this step, Green’s function

is transformed to

S (g, al) = / d)x/ d3k /2: —|—ﬁﬁ</lb—/la)}—eflb

2
+—TL (k‘Ab) — 6_ (A Ab) + ﬁﬂA Ab:|

2kn 2kn
i 19
exp {m (zp — 24) + IAK? + ok ). (—26A (&) ks + €247 (€)) dg} :
n
where, (7 = n,y*, A= A,ﬁ“,l;: =k, ") .
By using the idea of the relationship
bt g (A= 4u)] = F 1+ gnd) [1- %”A}
- [ gl i1 o] e
e . .
——n (kA —A A — —nA,A
S (EA) + i (Aas) = iAo

The expression of Green’s function becomes as

- / d)\/ dzk/ 1+ A Ay |k nA,
“(oy, o) =i 2 nun b Qk:“nu

19
exp {zk; (zp — x4) + IAK? + /5 (—2eA (&) ky + €2 A% (€)) dg} :

2kkn,

At the end, the integration over the bosonic proper time A one obtains

&k [ dk k e
O s -7 - L
S (i, 22) / (27T)2 / 2m ll * 2]47“ nAb} k? + ie [1 Qk“nun

i
i &p
exp {k (@ = 70) + 5 /5 (=264 (€) b + 247 ) dg} |

(4.132)

(4.133)

(4.134)

(4.135)
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4.4.2 The derivation of the wave function from the Green function

To determine the wave functions, we integrate over the energy k, by applying the residue
theorem. The poles of Green’s function give us the positive and negative energies (the plus sign
stands for graphene quasiparticles, and the minus sign

stands for holes), they are given by

2= () k2 - k2 =0= kY = +,/k2 + k2 = +E Fic. (4.136)

The application of the residue theorem gives

2 A
SO(glh ) = —iO (t —ta) / (j £ [1+ ¢ ﬁAb}ﬁ[l e ﬁAa}

)  2kkn,

exp {—ik (zp — T40) + /§ fb (—2eA (&) by + €2A% (€)) dg}

2k e ] —k e
—1 — 1-— nAy| — |1 nA

&
/5 (—2eA (&) ke + €*A%(9)) df}, (4.137)

exp {zk: (T — z4) + D,

we have a projection of the positive and negative energy states [156]

;
Ao = 2wgulhos)um () = (4.138)
—k :
k2

A=Y vk s) vt (ks) =
where u (k,s) and v (k,s) are the spinors, which are the solutions of the free graphene
quasi-particles equation verifying @ (k, s)u (k,s) =1 and © (k,s) v (k,s) = —1,
The expansion of Green’s function in terms of the complete basis of states for quasiparticles

in an external field is given as

&k
(2m)*

3 ) (@) L (xa)

s==+1

S¢ (xy, xh) = —iO (t, — ta)/

2
0 (ta—t) [ S5 Y 0 @) B (w). (4.139)

(ZW)Z s==+1
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where
() () — € o
W2 @) = |1+ g ke
. ng
X exp {—m NI / (—2eA (€) ky + €242 (€)) dg} , (4.140)
2 (ky - kr) 0
and
(=) _ € i
Yoy (2) = [1 Qk”nMnA} v (k,s)
. ng
X exp {zk‘x PR / (—2eA (&) ky + €242 (£)) dg} . (4.141)
2 (ky o k‘r) 0

The sets {wgz)} and {wg;)} are each orthonormalized relative to the usual scalar product

W5 = @S i) =6 (k=) s (5, 05)) =0. (4.142)

According to Ref. [156]. The solutions of a complete and orthonormal system relative can

be rewritten as

1/)?,;) (x) = exp {—ik‘x + m /an <—2€A (&) ky + e2 A? &) — ienA’ (f)) d{} u(k,s),
(4.143)
and

i

@Dg_k) () = exp {zkx + 5 ] /an (—2€A (&) ky + €2A% (&) +ien A’ ({)) d{} v(k,s).

(ky — kr
(4.144)
which satisfy the 2D massless Dirac equation
20_¢ =vpo. (k—eA(z,y,t)) . (4.145)

ot
This result agrees exactly with that of Refs. [149] and with that obtained in the third
chapter of this thesis.

4.5 The causal Green function for Dirac-graphene
quasiparticles in interaction with two plane wave

fields

The main goal of this section of the chapter is to calculate the relative causal Green’s function

for graphene quasiparicles in interaction with orthogonal two plane wave fields described by the
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4-vector waves n} and nh with components nf = n§ = (1,0,1), via path integral formalism.
For this choice, n} and n} verify the properties nfny, = nhny, = 0 and also nfny, = 0. After

that, we deduce the corresponding wave function.

4.5.1 The evaluation of Green’s function

According to the previous section, the relative causal Green’s function S¢ (g}, ¢*) (setting the

natural unit ¢ = A = 1) has the following expression

) = exp [0 2L [
S(qy,qy) = exp (w 59“)/0 dA/dx
1
x/Dq/Dk/Dq/)exp {Z/o ds [kq+ X (K> — 2e (A1 (&) + A2 (&) ks

e (A (&) + Az (€))% + 2ieA (Fr (&) + Fou (&) *7)
+ [kt + (ky — e (A1 (&) + Az (£))) ¥ + k)] x — wmﬂ +, (1) 9" <0>} . (4.146)

Where (k = (k. k,)) and (¢ = (7,)). and the electromagnetic field tensor F,, is then defined

as

Fiw (§) " = 241(§) (577071—5’7172), (4.147)
Fouw (£) 7"y = 245 () (Sﬂ v —&qt 2)- (4.148)

3§
with 5 and 5 ay
At this stage, it is useful to introduce two new variables £; and £, that consider the plane
wave variables niq and nyq respectively, and are independent from the quadriposition ¢. So,

we use the following identity

2 .
[T [ d€d€ia6 (€10 — iy, / Dg, / Dhe, exp |ike, (& —nid)| = 1. (4.149)
i=1

We suggest the introduction of the two new Grassmannian variables 77, = ny¢ and 17, = no

as independent variables from v via the following identities

2 .
':1_[1 dnibdnia(s (nia - n?¢pa) /Dnszm exXp [lkm (777, - nfqﬁu)] = 1. (4150)

Also, using this replacement, which represents the coupling term of the two electromagnetic

plane wave fields with the spin variables, is defined as
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(Fluv (&) + Fop (&2)) v =2 () (A; (&) ). (4.151)
By inserting the Eqs. (4.149), (4.150) and (4.151) in the Eq (4.146) and shifting the momentum
k by k + n;ke; taking into account the properties n;A(§;) = 0, niny, = nhng, = 0, and

ning, = 0, the causal Green function expression is then simplified to

S(qy,qt) = exp (iv“é%)/ dA/dx
0

2
X 1:[1 €3y dE300 (S0 — MY ) / D¢, / Dk, / A dn;,S (n;, — ni,)

x /Dq/Dk/Dm / Dk, /Dw exp {z /01 ds [(/% +niker) § + e, (5 - nm>
oy, (71— i) + A (B2 + 2k, (k) — 26 (Ay (€1) + A2 (&) ke
¢’ (A1 (&) + Az (52))2) + dien; (A" (§;) + A" (&) ¥
—2i (ks + (ky — e (A1 (&) + A2 (£))) ¥ + kytp® + niukeit") x
i, " | 0, (e ()} (4.152)

Performing the integration over the g—variables. This integration gives us the delta Dirac
functions, which implies that the momentum (%, k,)-momentum is conserved. After this, Eq.

(6.26) the Green function will take the following form

dk dky 'Lk(qb qa)Firk?

d)\

dx

xg / A €10 (€10 — ) / De, / D, / @i (i — 20, )

x /Dm/ka- /DQ/J exp {i/ol ds [kéi (fz + 2 nk — 2”7@')() + ko, (77@ - nfwu)

A (—2¢ (A1 (§) + Az (6) ki + € (A1 (€1) + A2 (€5))7) + diedn; (A" (&) + A" (&) ¢
—2i (k) + (ko — e (A1 (&) + A2 (£)) ¥ + k) x — wMM +, (1) yH (0)} . (4.153)

Next, we perform the functional integration over Grassmannian odd variables v(s), which
requires the introduction of the variables w*—velocity defined in Eq. (4.96). By making the
following shift

Wt (s) — wh (s) + mf/o e (s — &) ky,(s)ds. (4.154)
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After some calculations, the causal Green function takes the following form

o9 3 B
S°(gy 44) = exp (iwﬂ) / d\ / dx / K iba—aay+ine
00" ) Jo (2m)

2
X 1:[1 dgibdgia(s (Sia _nlga)/Dgz/Dkfl/dnbdna/dkna/Dnz/ka

X exp {z /01 ds [A (=2 (Ag, + Ag,) ke + € (A, + Ag,)?)
e, (& 205 = 2inx) + by, (i + nEE) + (n - %nf@u)
i (ke — € (A¢, + Ag,)) 0 + ku0") x + Zien, (Agl + A;&) 9] } [ oo . (4.155)
Where -
I(&,n;) = /Dw exp {/O [—ﬁw“/\/lww” + Juw“] ds} : (4.156)

with M, (s,s") = gue (s — ') and the external current sources J,, has the following expression

To==x [ (bt eA (€ (e (7 = ryar
— 2e\ /1 n; (T AL (& (7)) e (7 — 1) dr’ + 3'k‘n, n'. (4.157)
0 2

The integration of the spin term can now be easily applied thanks to its Gaussian form,

which is simplified to

1 .
! ! ?
I(&,,n;) = exp {/0 ds [—6)\ (ky +e (A + Asy))en (AL + A)) — 5/{:“7151{;771,&)(

+2e2N\°n; (A} + AY)en; (A + Ab)] }. (4.158)

Let us now perform the integration over £, and k,, and over k¢, and k¢,. These integrations

are easy and directly given the following products of the delta functionals

2
L 8 (7 4+ ni'kux) — m; (s) = (m;, — ni'kuxs) , (4.159)

(A
and

2, :
I]¢ (fi + 2X\k"n,,; — Qinix) =&+ 2\k"n,; — 2in;x = 0. (4.160)
=1

The argument of the delta functional in Egs. (4.159) and (4.160) gives us the explicit

solutions of the classical equations of motion
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1; (8) = Nia — nikxs, (4.161)

and
§,(8) = &p — 2X (nik) s + 2im,, ). (4.162)

By substituting all the previous results in Eqs. (4.155) and after straightforward and long
computations. We immediately obtain the expression of Green’s function, which is determined

by

S (" gt = d d3k k(e —qa) FirK?
(@, 4y) = exp | iv" 59” X

2
X Hl/dfibdfiaCS (gm - ”zﬁ'bqua) /dmbdma
X0 (N — Nia + nl;kuX) o (fib — &, T 2AkMn,, — Qimax)
1
X /dknm exp {2/ ds [)\ (—26 (Af1 + A§2) ky + €2 (Aél + A§2)2>
+ky.. (nm ——nib, — k nt'ky, X) + 2ie (n,, — nl'kuxs) (Alél + A’2> 0

=i (ke — e (Ag, + A§2)2) (0" = erem (AL, + Ag,) ) + k") x
_462)‘%5@ (A/ (&) + A’ (€2)) esmigx (A (51 +Al (€2) ” lo=0 - (4.163)

Let us now integrate over k;,_, which gives the delta functional 6 (n;, — in!'0, — 2k,nl'k, x).

From this, we get the constraints

1 1
Nia = Engeu + 51‘;#”?90 (4.164)
and
i = Tia — Mg KX (4.165)

it is easy to show that the antiperiodic boundary condition on the spin variables n,;,+n;, = n.'0,
is satisfied and conserved.

iy + Nia = 15 - (4.166)

Using the above equations in the Egs. (4.163) and by performing the integration over 1, and
n,- After this, the propagator is reduced to the following form
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d3 —zq)+iAk?
S (xy,xh) = exp (m 59“)/ /dx/ k(s —za)FiNk

<1 [ 6 (6 = 0,) 8 (€, — &+ Wi, = in)
e i [ s [0 (-2 (41 (6) + A6 e+ (1 6) + A:(69))
FieA (=2l s + 0, + kum) (A (€)) + A (6))0
i (k= e (@) + s () (01 - A2 (4 () + 4 (€)) + 1) x
2\t (A1 (6) + A’ (€)) 5 <A’ €+ A (€) 0]} oo (4167

Replacing the Delta functional ¢ (&, — §;, + 2A\k#n;, — inl'0,x) by its integral representation

dke.
0 (Eip — &ia + 20Ky, — iné‘@ux) = / 276: €xXp {ikfib (Eip = &ia + 22K, — inf@ux)} )

(4.168)
and change the momentum k* by k* — n/'k. and after that, integrating over the Grassmann

proper time y, the result simplifies to

oo )_exp<” #) ] G

,u
x [ke l1 %% £, (A Am)e}

4 (Azb + Aza) 9

__°© . 4 ANt © . . o 4.
o, (ko (Aip + Aia) + €AigAip) 00, Sy, (Aip + Aia) 0 (nf0,) (Aip — Aia) 91 -
; Eiv
exp {zk (zp — 7a) + iAK? + 2k:n / (—2e4; (&) ko + €% (A (51))2) d{z} : (4.169)

At this stage, we perform the differentiation with respect to 6 by using the identities (4.130)

and (4.131). The expression of the causal Green’s function is rewritten as

sitaprt) = [ o [T f{k - g @@ - )

2
- AZ AZQAZ ZkA’L
c b+2kunun b+k: nwn b k‘ nm }

) &zb
X exp {zk (2 — 4) + iAK® + ijn /5 (—2e (A; (&) b + €% (4 (€))% dfz} . (4.170)
w ia
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At the end, where we used the relation AB + BA = 2AB with A = A", taking into
account the properties n? = 0 and n;4; = 0, and after performing the integration over the
bosonic proper time A, the Green function related to the graphene’s quasiparticles in interaction

with two electromagnetic plane wave fields is given as
Ph 2 e . B2 e A
Se A =7 AZA AiAia
(i, 22) / (27)° 1 [ Skin, } el l Skimy, }

2 1 Eib )
X gexp {zk: (xp — x4) + /5 (—26A¢ (&) ke + €2 (A4; (£)) ) d@} ) (4.171)

2/6“711'#

4.5.2 The derivation of the wave function from Green’s function

The suitably normalized wave functions that describe the motion of the graphene quasiparticles

in interaction with two electromagnetic plane wave fields are given by

l

V@) = e {—m i (R ke (A€ e
<

n,AZ} u(k,s), (4.172)

k‘“nm

and

o4 @) = Tewp ko + S ), (@) e (A E)) |

=1

e oA
X [1 - QanHniAi} v(k,s). (4.173)

The solutions of a complete and orthonormal system relative can be rewritten as

) =ew [Z {cibo g [ (e bt ¢ (60 e ) d@}] u(k,

7

(4.174)

and

vl (@) = exp [Z fike s s [ (e e+ (A0 +iendi ) da}] v (ks
(4.175)

This result agrees exactly with that obtained in the third chapter by using Volkov’s method.

4.6 Conclusion

In this chapter, we have calculated the causal Green’s function of graphene quasiparticles via

the supersymmetric path integral formalism. First, in the free case, then for the quasiparticles
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in interaction with one electromagnetic plane wave field and with two electromagnetic plane
wave fields. Finally, the wave functions are exactly deduced and presented for the three consid-
ered cases. The results obtained from the path integral formalism are identical to the results
obtained via Volkov’s method in the previous section. These results give us all information
about the behavior of graphene’s quasiparticles which helps us study the electronic, magnetic,
and nonlinear properties of graphene at high energy.

If the angle between the two waves is so small (@ < 1) (see Ref. [157]), in the future it
can help us solve many problems, such as, for example, the Schwinger effect and the Compton

effect..... etc.



Chapter 5

Schwinger pair production in
monolayer graphene under the action
of a constant electromagnetic field and
in non-commutative phase space

coordinates

5.1 Introduction

At first, the Schwinger effect was studied for a constant electric field [37]. More generally, the
issue of pair creation was studied for various configurations of fields, such as the electromagnetic
field. For example, this problem was treated in detail in Ref. [158] in the presence of a constant
electromagnetic field for both scalar and spinorial particles using the Bogoliubov transformation
method.

Furthermore, in Ref. [39] the author used Schwinger’s method for calculating the effective
action and the pair production probability for both scalar and spinorial relativistic particles in
the presence of a constant electromagnetic field plus a volkov plane wave. He shown that the
results for scalar and spinning particles are different by the spin factor, and he deduced that
the plane wave has no influence on the process of pair creation.

On the other hand, it is well known that the amazing properties of graphene material
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[1, 2, 4, 161] allow to study the quantum electrodynamics effects of the strong fields [12, 13]. In
recent years, a series of studies concerning the Schwinger effect have been conducted through a
strong external field in graphene, because pair creation is essential for investigating this system.
Moreover, the Schwinger effect was studied also for monolayer graphene under the action of a
strong electric field [162, 163, 164] and in the presence of an electric current [165], for bilayer
graphene in anisotropic QED [166] and for multilayer graphene by several researchers [94]. Also,
the Schwinger effect was treated for the time-dependent Schwinger mechanism in Ref. [167]. In
the same context, in Ref. [94] the probability of pair production for a constant electric field was
calculated using the semi-classical approach for multilayer graphene also via an exact solution
of the Schridinger equation for the case of monolayer graphene was obtained.

There are some researches in the literature that study the influence of the pair creation
problem on the NC space coordinates developed by Chikh Jabbari in Ref. [95], the author
calculated the effective action and deduced the rate and the pair creation probability for both
scalar and spinorial relativistic particles in the presence of an electromagnetic field in non-
commutative space coordinate considering Schwinger’s method.

In this chapter, we apply the Schwinger method in NC phase space coordinates for Dirac-
graphene quasiparticles in interaction with a constant electromagnetic field via path integral
formalism using the method of Fradkin and Gitman [105, 168].

We consider two gauges of quadri-vector potential in NC phase space. For calculating the
effective action and the pair creation probability, we assume that the direction of the magnetic
field B is along the z—axis, B = Bk and electric field is along the y—axis, £ = £j. Thus, our
aim is to formulate the effective action under these two gauges in NC phase space coordinates.

The first one is the Landau gauge, defined by

B B
A, = (0, —52\?2, 5?(1 + &), (5.1)
and the second is
B B
A# - (-5)(27 —§X2, 5)(1), (52)

where A} = x — gpy and Xo =y + gpx.

We made the corresponding Lagrangian function to calculate Green’s function, and after
that, we formulate the corresponding effective action for calculating the pair production prob-
ability. At the end, we discuss the results for special cases. On the other hand, we study the

influence of the plane wave on the process of particle-antiparticle pair creation.
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5.2 The formal method of effective action

5.2.1 Dirac-Graphene equation for quasiparticles in interaction with
an electromagnetic field in non-commutative phase-space co-

ordinates

The massless Dirac equation on this NC phase space can be written as

7 (0 — €A (@) %0 (2) = 0, (5.3)

Where the x represents the star product, it has been used to incorporate the non-commutativity
between the coordinates and between the momentum operators.

Following Refs. [169, 170], the Moyal star product is defined as

(f % g) (x,p) = e300 0"+ 5m5079" £ (0 p)g(z, p)

7 7
= f(:E,p)g(fE,p) + §0Uazxfa]xg |-731':a7j +§nz]azpf8jpg |pi:pj +O (92) ’ (54)

where f(z,p) and g(z,p) are two arbitrary functions and O (©?) indicates the higher order
terms of (0, 1), then by using this formula (5.4), we return to the usual product.
As a result, the corresponding massless Dirac equation for monolayer graphene on NC phase

space coordinates (5.3) will be simplified as

Oaraphw(x) = 07 (55)

where the Dirac-graphene operator of the monolayer graphene on NC phase space is defined as

Oémph = 1Dy = 1" <75u - eA,A)E')) , 1=0,1,2. (5.6)

A~

While A, (X) represents the quadri-vector potential of a constant electromagnetic field and

7" are Dirac matrices, in (2 + 1)-dimensions are represented by the Pauli matrices as follows
VP =03, Y =104, V2 = —101. (5.7)

By applying the Bopp shift transformation [171, 172, 173, 169, 170, 174, 175], the non-
commuting coordinates (23' “,75“> can be expressed in terms of the commuting coordinates

(Z;,p;). Where the time component rests unchanged in the following way [122]
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. . . 0, - .
XOZ.IOEt, 770:00:7,(9/87, Xi::i"i—#pj, Pizpi+7xj,z:1,2. (58)
Where 7 = vpt, vp = (1.12£0.02) x 10° m/s is the Fermi velocity in graphene and 6;;, n;;

are the results of non-commutativity in plane (z,y) are defined as
Hz‘j = 9€ij » Mig = N<i5- (5~9)

Here the parameter ¢;; is the Levi-Civita symbol [176], and 0,7 are the parameters of the
deformation.

The operators (2\? . 75“) satisfy the below commutation relations
[PP]] =, [XX]] — 0, [XPJ — by, i j=1,2. (5.10)

While the operators (#;, p;) are new variables that satisfy the usual canonical commutation

relations,
[ji7jjj] = 07 [ﬁwﬁ]] = 07 [ﬁl?i‘]] = Z(SZ] (511)

5.2.2 The vacuum-vacuum transition amplitude A (vac — vac)

In quantum field theory (QF'T'), the vacuum-vacuum transition amplitude for spinning particles
that existed at the point (z;,t;) to be found at the point (xf, ts) is written as a functional integral

over all Grassmann field configurations () and v(x) which is clarified in the papers [37, 177],

given by
A = (0ou |0in), (5.12)
- /D@/JDQ/} exp |:Z/d3$£g,«aph:| (5.13)
= exp [ZS’SC;)} , (5.14)

where Lgrqpn is the Lagrangian density.

In NC phase space coordinates, the Lagrangian density is defined as

£Graph = @Oémphi/% (515)

with Ogmph representing the massless Dirac-graphene electron operator in NC phace space

coordinates, that is defined as

OAZ'raph - Z,y'u (75# - eAM(‘XA‘#)) ) ,LL - 07 ]-7 2 (516)
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The functional integral (5.13) is Gaussian, then the vacuum-vacuum transition amplitude

has the following form

Agpin, = det ( Agmph) . (5.17)

~

In order to evaluate the determinant det (Ogmph>, we use the following formula

. ) L i1/2
det A = det A" = II,\; = det [AAT] , (5.18)

where AT is the conjugate of the operator Af. Notice that the eigenvalues of A and A" are

conjugate. Then we can write

. ., 1/2
Agpin. ~ det [ *Gmphocjmph} , (5.19)
Ay R 1/2
~ det [OKG — S0 fw} . (5.20)
Here O}G represents the Klein-Gordon operator, which is defined by
i = (Pu = eAulD)) (P = ea()). (521)

and o/ = $y#~" is the spin tensor and F, is the strength antisymmetric tensor, of a gauge

field related to noncommutative geometry given by
Fpw = A, — O, A, + te[Au, AL (5.22)

Form [177] we have the formula

det |0k — ga‘“’f;ju] = exp [ln [O}G — SUW}—;VH (5.23)
= exp BTT (ln [ p) ga’“’f;j])] : (5.24)
Using the representation .
InA = Cst — / d—)\)\ exp [—MA] : (5.25)
0

we obtain

In [O%q — ga“”f"* } =Cst — /00 % exp [—z)\ [O;{G — —a’“’f;yH . (5.26)
0
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5.2.3 The Schwinger effective action

Formally, the effective action expression is given as [158]
NC o d)\ \fel
st f;? — /O TTr GO (t N (5.27)

Here "T'r" indicates the complete diagonal summation over the continuous space-time co-
ordinates and y—matrices (T'r = TryTrz).
It is obvious that the determination of SSC;) requires the knowledge of the kernel propagator
defined by
GO (@l i \) = —aT (3| exp {—z)\ [7:( (X”,ﬁ“)] } |zq) (5.28)

where
~ ~ ~ Ay N ~ e . N ~
H (X“,P“) — 0o (X“,P“) - SO (X“,P“) . (5.29)
Whilst "T" represents the time ordering operator that affects on the phase relative to the
coupling term, which ordered the x, p and y—matrices.
We understand from Eq. (5.27), that the kernel propagator calculation helps us in deter-

mining the effective action as well as the probability of particle creation. To do this, we follow

the standard discretization method for the kernel (5.28) and write as usual exp (—%Agﬂ) =

N\ N+1
[exp (—%87{)} , with & = A\g/(N + 1), and then insert N identities [ |z,)(z,|dz, = 1
and (N + 1) times the identities [ [p,) (pu|dp, = 1 between all the infinitesimal operators
exp (—%eﬂ) Therefore, the expression of G (z3, 24, ) will be taken as the following Hamil-

tonian path-integral representation

00 N N+1 d3p N+1
— : 3 " .
GO (ah ak \) = 7,]\}1_{1(1)0 i dXo ,!_ll/d Ty, kl_ll /—27’“ exp {z E [Py, Az,

k=1
1 0 V)2 i i, 0 i _ Y vorx
+ € U_Z(pOk_er(xk’Xk>> - (Pk_eA (xk:’Xk)) _57 v ‘7:#1/ ) (530)
F

Following the method of Fradkin and Gitman [168], we can write the effective action as

dA
SG) == / ~ / dtydzydy,

X /DthDy/Dw exp {2//\ ds [L (z,2,5) —1eF,, PH" + “Mﬂ]} , (5.31)
0

Tp==Taq

follows
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where L (x, &, s) represents the Lagrangian function associated with a uniform electromagnetic

field in NC phase space coordinates, and as usual, we define (Dx, Dy and Dt) as,

M n N e
Dzt = 1li u dat, ad .32
TN 2uma Pl ( O V 227r)\> ’ (532)

and the measure Dy has the following definition

Dy = Dy { [ pess {—z‘ / " dsut () 9" <5>H B (5.33)

0

where 1, (s) are odd Grassmann variables that obey the boundary condition 1 (0) +1 (A) = 0.
We note that the difference between the effective action and the kernel propagator is the factor

(1/)), with the boundary condition z#(0) = x*(\).

5.2.4 The pair production probability

The probability of transition vacuum-vacuum amplitude A, is defined by

,P’UG,C*’UCLC - |Aspin. ('UCLC — ’UCLC)|2

= |<Oout ‘Oin>‘2

= exp (—/d3x21m£eff>

= exp(—2ImS.s¢). (5.34)

Schwinger [37] has shown that the probability of pair creation is the imaginary part of the

effective action Sess defined as

PCreat = 1 _Pvacf'uac

= 1—exp (—/d?’xQImEeff)

~ 2Im Seyy. (5.35)

5.2.5 Gauge invariance

It is well known that, in the case of the commutative phase space (i.e., n = 0 and 6 = 0),

the previous quadri-potentials (4, = (0, —§X2, gXl + &t) and A, = (—EXs, —%Xg, 1—23/'\,’1)) are
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connected by this gauge transformation A} (z) = A, (z)+0,A(x), where A(z) denotes the gauge
function are physically equivalent (also known as gauge invariance).

However, in the noncommutative case (i.e., n # 0 and 6 # 0) they are no longer equivalent
according to this usual gauge transformation , and as we shall observe in our application con-
cerning the production of pairs. Otherwise, the equation (5.5) is not invariant uder this usual
gauge transformation because of the NC phase space. We may deduce, without making any
claims, that one should introduce adequate gauge transformations containing the noncommuta-
tivity parameters (7, 0) to satisfy a corresponding gauge invariance of the equation (5.5). These
gauge transformations would also ensure the invariance of the Maxwell equations corresponding

to the fields in this NC phase space.

5.3 The construction of effective action for the first gauge

of field

5.3.1 The evaluation of propagator G~ (z;, z,, \)

In this section, we study the creation of particles from the vacuum in monolayer graphene, under
the action of a uniform electromagnetic fields A4, = (0, —%XQ, gXl + £t), in a non-commutative
space coordinate considering Schwinger’s method.

For constructing the effective action, we must calculate the Green function via the super-
symmetric path integral formalism. It is convenient to write the Hamiltonian OAZ,mph (z’\? # 75“>

associated with this gauge in (2 + 1)-dimensions as follows

H (9’5’“,75") = Oraph (9’5’“,75") = —(po)” + (px (1 + ?) + ? (1 + %) y)2

eBo eB n 2 e,y
(o (1457 —7<1+£)l‘—65t - SV (5.36)

By making the shift p, — p, + pﬂ and after a long and straightforward calculation, we

obtain the classical Lagrangian function corresponding to this gauge of field

L <3:, T, 1, s) = —7tt2 + 7{172 + Tyyz + w1y — way + wsty

A e ) (5.37)
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Where my, m, and m, are the mass of particles in NC phase space along the ¢, x, y directions,

respectively, and wy,ws and w3 are the frequencies along the x and y directions.

2
v2 eB (1+2%
my = 97 My =My, = Wv Wy = w2 = 7((1#”;0))7
e
7 5.38
RCEY o
and
* g €
02 = .7—“1*2:8(1—1—%—1—%)- (5.39)

Note that the mass of graphene quasiparticles, m, is posed as m = 0. By applying the path

integral formalism using the method of Fradkin and Gitman [105], we obtain

2 2 2
+w1 Y — wady + waty + ieF ) PrP” — “W)} } , (5.40)

g(NC)(xg,xg;)\) = /DthDy/Dz/)eXp {z/ dt[ M g2 24 %ig%— @92
0

where Dz, Dy and Dt are defined as

TN
Dat = lim /= I1 (dx’,j mlﬂ”), (5.41)

where the measure D1 is given by

1

Dt = D) [/ DQ/JeXp{—/O/\ dtWH_ . (5.42)

The standard technique of the Gaussian integration over the Grassmannian variables gives

us 4/ (ie(itej\/l—/\zle())7 the propagator then takes the following form

GO (a2 )) — \/ det M (e)

det M (e = 0)
A
/ DtDzDy exp {z / dt [—%t‘? + %j@ + %yﬁ w01 TY — wady + wgty'] } . (5.43)
0
with
M, (e,7,7') = [77/“,5’(7' —7')—eF;, (1) 0(T — ). (5.44)

It is easy to show that the spin factor (SF) is written as

TR Y g FONER R
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where (M~1)" (7,7') is the inverse of the matrix elements M*” (7, 7') satisfying the following
relation )
/ M, (e, 7,5) (M”'B)fl (e,5,7') =8,6 (T —7'). (5.46)
0
Following Ref. [168] and after a long and simple calculation, which is presented in the
appendix, we obtain this result

det M (e) _
\/m = cosh (eT1 ), (5.47)

v

2
with T, = \/<%) — (B)? (142 1 1)z,
Following [178], the kernel propagator G (24 2#; \) can be written as

GO (a2t N) = exp (wa (Taya — 231)) K (2], 243 X) cosh (€T1)) (5.48)
where IC (23,74, A) is defined as

K (2l o ) = / Dyexp{ / (M) dt}K[y(t)], (5.49)

K[y (t)] is the propagator of a free particle in a time-dependent external force (2w19) and w3y,

respectively, on the axes (Oz) and (Ot) defined by

Kly ()] = (O] x Ki [y (1)]

= /Dxexp{ / [Ze4? + (2w:) g ds}
X/Dtexp {z/o [—%i2+w3yt] ds}. (5.50)

Using the well known result of time-dependent forcing of a free particle [179], the propagators

K, [y (t)] and K, [y (t)] respectively have the following forms

My

K [y (0] = 4/ 5 exp {055 (@0 — )"} exp {0 (2w1) (w09 — Ta)}
A 2wy 4wt 5 4w? s
— — — "ds'| ds b . bl
Xexp{z/o {)\ (g — )y ng&y —i—mx/\y(s)/oy(s) s} s} (5.51)
and
—my
Kily (t)] = 9y P {—1 (ty — ta) } exp { —ws (tyys — ta¥a)}

xexp{z/:[ =~ 2 (t, —tb)y+2—2y —mw—;y( )/Osy(s’)ds'} ds}. (5.52)



5.3 The construction of effective action for the first gauge of field 74

Consequently, we can write propagator K [y (¢)] as follows

mz 9
V 277'@ \/ 2T\ 2N P {_Z_ ta) } exp {_ZW3 (tbyb - taya)}

x exp {155 (2 — 2a)” } exp {201 (249 — Tala) }
AT 2w, ws 4? w?
Tl (g — 1) — =2 (ta— ) |y — | = — == | 4
X exp {2/0 H A (¥ = ) A ( b)] Y [2mm th] Y
4w? w3 NP
s ) o [ veas] | as} 559

Performing the integration by parts of the term ( f [ ) [y ( ] ), the kernel propa-

gator K (z, x#; \) then will express as follows

. 2W3 4&)1
IC (zl), xh; N) /Dy exp { / [yQ + [)\my (to —tp) + jr (X — mb)l Yy
4 4o 2 A 2
- { i - w3 } } ds} exp{ 5 { Y1 s } [/ y (s) ds] : (5.54)
mym, — mym, mymy,  memy | | Jo

By using the following formula,

\[/dxexp —ax® +by] = exp [(2\[) ] (5.55)

The Gaussian function exp { oy [%ﬂ{by — mth [ fo ] } can be written as follows
A 400
my | 4wd w? [ 1y zmy 9
exXp {Zﬁ |:m1;mly)\ o mt'rr?;y)\] |:/0 :| } 27\ / X
m 4u? w2
+zTy L _ 3 x/ y(s)ds }dx. (5.56)
meymy  mymy,” g

Incorporating Eq. (5.56) into Eq. (5.54), this gives for the kernel propagator K (z}, z#; \)

the following result

+oo
K (o N) =\ / p {15 K (ot A x) dx (5.57)

where K (2, 2, \, x) is given by

A
K($§a$57)\7>() = /Dyexp {Z/O [% (y2 i nyQ)

1

A [2w1 (g — xp) — w3 (ta — t) + My x] y} ds} . (5.58)
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This propagator represents a one-dimensional forced harmonic oscillator with frequency €2,

defined as

4 2 2
0 = \/ it (5.59)

MMy Ty,

_ 2\/(e15’)2 (1+ %) (1 + ?) - (Z)z, (5.60)

and a time-independent external force defined as

1
F, = X 2wy (24 — @) — w3 (ta — tp) + My Qx] . (5.61)

Following Ref. [179], the propagator K (z', z#, A, x) transformed to
My, 2 My, 2
K (o, 2t 0, X) = 3 gty exp { oty (42 + 02) cos (@A) = 2yu) |
L 0w (ze—2p)—ws (ta—tp)+myQ
xexp {o |- Al e W (4, 4y ) (cos (@10) — 1)) }

L (2w (xg—1p)—ws3 (te— m 2
X exp {Z)J (2w ( b) 3(t tp)+myQ1x) (COS (Ql)\) . 1)}

my Q3 sin(Q12)

L 0wy (zg—mp)—ws (te— m 2
X exp [Z)‘(%(z 1 b)2mjs(;§ to)+my %)) } , (5.62)

At this stage, by substituting Eq. (5.62) into Eq. (5.57) and by performing the integration
over y from —oo to +o0o, then with some simplifications [178], we get for the expression of the

Green function the following result

g(NC (xb’ﬁu /\ KO tb>ta,>\ Ko fEb,$a,)\)€ w3 (toyp—taya) o1 (ToYp—TaYa)

/ QA
o omy fumy my N 2 1
2msin(Q10) '\ 2mA tan(Ql/\/z) { [ Yo — Yp)~ COL (—2 )

zmle
- 202 4 - ta —t
2\ <mZ2JQl;) 2m2Q tan(Ql)\/2)) ( W1W3( 'rb)< b))

1M, 1
- (i ey ) (@ - o - - 00| beosh 1) .09
y o1

where Ky (ty,tq, A) and Kg (zp, 24, A) are the propagators of free particles olong t and z

direction respectively.
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5.3.2 The effective action expression

As it is usually known, we write the effective action corresponding to the first gauge, which

takes the following form

1 )
SUE = /0 ~ | dtudzydy, cosh (€T1)

X Ko (ty, tay A) Ko (2, ay A) 02 (to9p—tata) gror (2530 —a30) (5.64)
/ O
My 2 m My 2 2 1
21 51$1 (;1)\ 27r§ . QQ tan( Q1>\/2) Ty . . CXP {Z Z - |:<ya - yb) cot ( 2 >

1y 1 .
— 2\ <m12/Q:f o 2m§Q% tan(Ql)\/Q)) (_4CU1(,U3 (l’a — xb) (ta o tb))

1, 1
- Qy/\ (ng};’ T 2maee t:\n(Ql)\/Q)) (4w (za — m3)* — w3 (ta — tb)g)] } (5.65)
Y Ta=2Tp
Consequently, by some simplification, the effective action takes this simple form
elj‘;(l = / /dtbdmbdyb cosh (eT1 )
zm
Ko (ty, ta, A) K A math v 5.66
X Ko (th, tay A) Ko (2, %0, M) 3/ oy 27r)\\/ % - tan Q 1A/2) (5.66)
where
—my,
Ko (ty, ta, ) = : 5.67
0 ( bs ) 2N ( )
m
Ko (24, 20, A) = - 5.68
oo ) = oy (569

Performing now the final space-time coordinates integral for all terms we obtain, the volume

that is defined as

/dtbdxbdyb = TLQ, (569)
the effective action then becomes as follows
(NC.G1) _ mr2 02050 ° dX cosh (eT1\)
Seff‘ =TL 87!'3/2(14:%)2 /0 (570)

NP2 sinh <Ql)\>

Returning to real time via the replacements (7" — ¢7") in the Eq. (5.70) . Consequently, we
get the expression of S S;?)in the framework of the NC phase space coordinate for first gauge,

which is defined as
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(NC.GL) 2 32000  dX cosh (eT1))
Serp. =TL 871'3/2(1Ji6;)2/ o - , (5.71)
4 0 sinh (Ql/\)

with ; = €21 /2 which has the following form

~ 2 2
0 = ﬁ\/ i w5 (5.72)

2\ mymy  mymy

- \/(2‘22 —(eB)* (1+ %) (1 + ?) . (5.73)

In commutative phase space (§ =71 — 0) and B = 0, Eq. (5.71) agrees exactly with that of
Ref. [162, 94, 163].

5.3.3 The pair production probability

The pair production probability per unit volume and per unit time in the framework of the NC

phase space coordinate for the first gauge is defined as
POCE) (pair) = 2Tm Sg;) (5.74)
Where the imaginary part of SU of f can be written as follows

c) (e *(NC)
2Im SS9 = (Seﬁf S, (5.75)

eff.
1T 2 820,00 /+°° dA cosh (eT1))

o) L NP gy (QM)7 o

this result (5.76) is verified when Qf > (0, while it equals zero in the opposite case.

Let us now achieve the integration over A\ by using the residue theorem. We close the
integration contour at infinity with a semicircle in the upper half-plane.

The function sinh(Q\) has these poles Q\j, = ikm = A, = %’ along the integration contour,

then we can write

d\ cosh(eT1A) cosh(eYT1 ) Lk
/ \3/2 sinh Qll)\ QWLZRGS () ¢ (5.77)
(—1)k cos(egl1 k7r)
( k /Q >3/2 (951
LKTT

k=1
_ f; (5.78)
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Finally, the expression of pair production probability per unit volume per unit time in the
framework of a NC phase space coordinate for the first gauge is simplified in the following

manner

k
(Nc,a1) ) 2 Q?/2'UF S (_1) ey
P (pair) =TL TR ST cos 5 km ), (5.79)

As a result, when there are no noncommutative coefficients (i.e., # = n — 0) in the case
when £ # 0, B = 0, we have (eY; = QO = %), and the pair production probability per unit

volume per unit time becomes as

P(NC,GI) (pair) —

2 > ¢(3/2), (5.80)

o k2 47?21)}/2

vpT L2 (g)w o (1) TL*(e€)*?

47 VR

with ¢ is the Riemann zeta function and ¢ (3/2) = Y5, k=3/? = 2.61238.

The Eq. (5.80) confirms the Schwinger results in graphene, which agrees exactly with those
of Refs. [162, 94].

Moreover, following Eq. (5.76) in the case of large magnetic fields, the problem of pair

production is non-existent. The same result exists in the absence of electromagnetic fields.

5.4 The construction of effective action for the second

gauge of field

5.4.1 The evaluation of propagator G~°%) (x, z,, \)

In this section, we study the creation of particle-anti particle pairs from the vacuum in mono-
layer graphene under the action of the uniform electromagnetic field and in a non-commutative
space-phase coordinates considering Schwinger’s method.

We consider the vector potential A, (X) that is given by

A, = (-EX,, —§X2, §X1), (5.81)

where X} =z — gpy and X =y + gpz.
The Hamiltonian Og,wh (22 i 75“> associated with this gauge is defined as
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A, A ) .0 . n. eB, . 0.
OGraph (XM7’PN) = (pO =+ 65(y + §px))2 - (pw + 53/ + 7( + §pz))2
R n. g,. 0. e B
— (Py — 2t T = §py)>2 B 57#7 F (5.82)

and the corresponding Lagrangian function Lo (x, T, 1, 0, s) for this gauge can be written

as
Lg, (:U, i, 1), s) = %JEQ + %YQ +wizY —wYi — wyY?
+225.0,m) (@ — wa) = €T 00 + i, (5.83)
F
with
Y=y+ (1) (5.84)
=Y 65[(1+P§9)*E§9(1+228)]p07 :
and
My = - 2Ty My = . 2
2| ()" (325) 2(1+47)
LB ara) P () (e5) 8
2T ey ()
eE\? [(1+80) <8 (14.4))’ 5 (1+ 1)
wy = — (—) IV 60;32 and 6 (0,1) = — 6269 eg,g T (5.85)
vr/) () - (5852) ) - 1+ )]
also
* g (& €
Foy = —E(1+%), Fiy=-B1+%E 4+ 1) (5.86)

Whereas m,, and my are the masses of quasiparticles in a NC phase space along the z and Y
directions, respectively, and wy is the frequency along the Y. Note that in the ordinary case,
it is well known that the effective masses and the frequencies are respectively given by m, =
my = 1/2 and wy = ws = %.

By applying the path integral formalism using the method of Fradkin and Gitman [105],

the corresponding Green’s function is defined as

+
g(NC;GQ) (x/;,xg’ )\) _ / o0 %e_zpo(tb—ta)
™

—00

A
X /Dny/Dw exp {z/ dr [%ﬁ + %YQ +wizY —woYi
0

(%3

SRV 4 P () 5(0,m) — e @W] } . (5.87)
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The integration over spin is given as (i.e., see the Appendix),

det M(c)
\/m = cosh (€T3, (5.88)

with Ty = | /5 (14+5%)% = B2(1+%F+ )2,
By using the same methodology that was presented in the previous section, we perform all
the path integrations on the bosonic trajectories. Therefore, the kernel propagator GN¢:¢2) (zhf, zh N)

can be expressed as,

GOV (a2, ) = exp (s (3.Ye — 1Y) K (228, ) (5:89)
where the kernel propagator K (z}, 2%, ) can be written as,

K (2t 2, / DYeXp{ / [mYQY wyy2] ds}K[Y ®)] . (5.90)

We note that K[Y ()] is the free particle propagator in a time-dependent external force
((w1 4+ w;)Y) defined as

:/Dxexp {Z/OA [%ﬁ”wﬁwz)m] ds}. (5.91)

Following [179], the propagator K [Y (¢)] is transformed to

My m
K[Y (t)] = 5o OXP {02 (- ma)z} exp {1 (w1 + wa) (1Y, — 2,Ya)}
A 2 2 s
(w1 + LUQ) (w1 + CUQ) 9 (w1 + u)2> / ’ ’
e w——— —x)Y - ——Y'+—=Y [ ¥V .
X exp {2/0 S (g — xp) o + ) i (s")ds"| ds

(5.92)

After the integration by parts of the term <f0A ds [Y (s) [ Y (s)ds'] ), we find
K (2, 2t N) = /DYexp{mY/ [Y2+2(‘§1T+;2)(xa—xb)Y (%—FQ‘UY)YQ]d}

xexp{ %% [/OAY(S)CZSF}. (5.93)

Then, we write the final term in Eq. (5.93) as follows

(w1 +ws)? [ [ 2 limy [T° imy

-my o 2

P {Z 2 mymy A l/o Y s) ds] } 2T\ /_oo exp{ 27 ¢
((Ul + WQ>

A
My —— Y (s)dspdy. (5.94
vimy S [Ty (s o)
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Then, the Eq. (5.93) reduces to

400
J]b,l' \/ tmy / {_W_YX2}IC(xg7xg7/\7X) dX7 (595)

where IC (z}, z#, A, x) is given by

K (al', 2, A, /DY exp{ / [TY (Y2 . w2Y2>
+ (@ ((ma — ) + ZZX)) Y] ds} , (5.96)

This propagator represents a one-dimensional forced harmonic oscillator with a time-independent

external force that is defined as

Py = M ((wa —ay) 4 X X) . (5.97)

xT

Following [179], in this gauge, the expression of the kernel (5.96) takes the following form

IC(x)f, ah A x) = —%Z’Z‘I’l%ﬂ) exp {12;&‘(’5%2/\) ((Yf + Y}f) cos (2A) — 2YbYa)}

(witwa) my
o ((@a—m)+y /o X
X exp {z [— A S<22 ) ) (Y, + Y,) (cos (§22) — 1)] }

(w+w)$_x 2 (w+w)w—az 2
Xexp{z< 552 (a5 x)) (cos (M) — 1)}exp z/\( 5 (a5 ] , (5.98)

my Q3 sin(Q2) 2my Q3

with

mgimy my

2 2
Q, — \/M Loy (5.99)

Finally, after substituting Eq. (5.98) into Eq. (5.95) and performing the integration over
X from (—oo to + 00), by combining Eq. (5.95) into Eq. (5.89), the Green function will be

expressed as follows

GNCC2) (bt \) / —2 cosh (eTa\)
e~ Pt =ta) [A ()] Y2 Ko (23, 2o, \) Ko, (Ys, Ya, A)
X exp {Ml (Y — 2,Y,) + ZS—O (xp — x4) 0 (0, 7])}
F

xexp [Dy (N) (20 — 2)° + Doy (V) (20 — 2) (Yo + Ya) + Dy () (Y + Vo)), (5.100)

where, K (zy, x4, A) is the propagator of free particles along the z direction.
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Kq, (Y, Ya, A) is the propagator of a one-dimensional harmonic oscillator with frequency
Qs.
Whereas D, (A), D,y (A), Dy () are given as

ma[(w1+w2)? fmamy] (oA — 2tan (Q2)/2))

D (N) = =55 AN |
_wrtwe)/ymamy | | mamy tan(Q2)/2) _my [(witw2)? /memy | tan2(Qa2/2)
Doy (A) = Z[ A | ,:(QQA) == and Dy (A) =2 | 272 | A(Q;\) )
(5.101)
with
A(QN) = |1+ % 2 tan (Qu)/2) — Q)] . (5.102)

5.4.2 The effective action expression

Through the definition, the effective action for the second gauge of quasiparticles of graphene

in the NC phase space coordinates takes the following form

d\ [ d
e;;) / / po/dtbdxbdybcosh (eT2N)

e~ Pt =ta) [A ()] Y2 Ko (23, 2o, \) Ko, (Ys, Ya, A)
< exp {zwl (enYs — 2Y) + 122 (2 — ) 5 (6, 77)}

UF

x exp [Dy (A) (20 — 23)% + Doy () (76 — @) (Y + Ya) + Dy (A) (Vs + Yo)?] ymen - (5.103)

By performing the integration for all terms within the expression of & of f , we get

Sg;') = —ZTL2/ d/\/@cosh (eTa))

-1/2 my my- Q)
A (Q)\)] \l 2T\ 2msi§(922)\)

wi4w2)?/mamy| tan
X / dY exp {szQQ {“ﬁfg@gl 4 Al ymemy] jgg;;ﬂ YQ}. (5.104)
(1)

For our study, we know that y = Y —

2 [y g , for this reason py must be
constrained to be in the range 0 < py < e£L((1 + %) — 689(1 +52)) /(1 + %%), in order that
the entire range of time is included as pq is varied. After simplifying this integral and then

integrating over Y, the Eq. (6.34) gives us the following result
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50— rp [ 2 () dpo
eff. N A o
my WQQ msz cosh (eTg)\) . (5105)
2mIA —22w§, tan (Qu)/2) 2™ sin(Q2))

Integrating now over py and returning to real time via the replacements (7" — «1T") [37], we

obtain -
o) a2 TL*up * dX\ cosh (eTo))
S = | P fe (5.106)
m3/2 (14 4" Jo sinh (Qg)\/2>
where Q, = 210, and Q2 is given by
R G N (9 e o ) (e 9
: (<)’ (s22)’
€ 2 S 7] e 2 € 2 e 2
 (eBO+) () fflng)(zii) ~(££)8(1+2)) 5,107

(1+5)" (32)"
In commutative phase space (# =n — 0) and B = 0, Eq. (5.106) agrees exactly with that
of Ref. [162, 94, 163].

5.4.3 The pair production probability

The same steps that we made in the previous section to calculate the term (2Im S S};)), which
will give the pair production probability per unit volume per unit time in the framework of the

NC phase space coordinates for second gauge

NC,G2 : 2 ’UF ( )k €T2
’P( C,G )(pall‘) = TL24 2(1+689)2 Z ( )3/2 Q—Qkﬂ' , (5108)

when 0 — 0 and  — 0, the above result agrees with Refs. [162, 94].

5.5 Special cases and discussion

Table 1 represents a list of special effective actions for graphene quasiparticles in NC phase
space with electric and magnetic fields different from or equal to zero.

In order to discuss all the special cases of two gauges and compare the results between them,
we will show the results of the effective actions for four cases (£ # 0,8 # 0, £ # 0,8 = 0,
E=0,B+#0,and £ = 0,8 =0) of both gauges.



TABLE 1. Effective actions of special uniform electromagnetic fields within the NC phase space.
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Let us start with the case of £ # 0,B # 0, when 6 # 0 and 1 # 0. From the table, the
effective actions are defined in the equations (Eq. (5.71) and Eq. (5.106)) as follows

S(NC.Gl) — T2 B30 vr ; /00 d\ cosh (T A) (5.109)
eff. grd/2(1+<50)" fo  A3/2 sinh (Ql>‘> |

and

glsca) _ /o TL*Qup /°° d\  cosh (eTa)\)
0

oy = . . (5.110)
1 8m3/2 (1 + %)2 X2 sinh (Qg)\/2)

As a result, in commutative phase space coordinates (i.e., § = n — 0), the effective actions

for two gauges are the same and become

NC,G1,G2 vpTL? d)\ (68 ]
Séf;,c @) _ LTI 32 [(€)” / U%) —(eB)?\ |, (5.111)

Consequently, when # = 0 and n # 0, the S, S};) expression is the same for both gauges, and

it is given as

(1\'0,(;2,(:1) 3/2'UFTL 85) i>2
Seff. 871'3/2 )\3/2 1 + eBB

X coth <\/& — (eB)® (1+g,g)2x) . (5.112)

Also, when 6 # 0 and n = 0, the expression of Sg;) for two gauges, respectively, become as

00 (eé‘ B0 P)
S(I;;,(:1):Z3/2UFTL2/ d\ \/ v 66 (1—|— 4)

873/2 \3/2 ﬁ 2
4
E
x coth \/(Z—) — (eB)? (142E)2) (5.113)
F
and ) ~
(NC,G2) 3/2 'UFTL * dA\ ngzg cosh (TZW:O)\)
Seff =1 T NG B0 — ) (5.114)
(14 £9)* sinh (szo)\)
Where
o () 0T e () - (:5) 50+ )]
Q5 0—0 = 5 z : (5.115)
M (1+e§9) _(2595)
vE
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and To,o = (14+B0)\/(c€)? /vl — (eB)?

From the above Egs. (5.113) and (5.114), for each gauge, the effective action is different.
This indicates that in this case, the pair production problem becomes essential because if 6 # 0
and 7 = 0, we conclude that the creation of pairs for the two gauges gives different results.
On the other hand, in Ref. [95], the author "Sheikh-Jabbari" has studied the problem of pair
creation by an external electromagnetic field in NC space given in a gauge configuration that
differs from ours; his study gives necessarily different results, and this is due to the properties
of non-commutativity.

Then, for the second case (€ # 0, B = 0), the effective actions are defined in the Tablel .
In particular, when § = 0 and n # 0, we find the same expression of the S S};) for both gauges
that is given by

2
(Ne.G1e2) _ ,3/2 UFTL 68 oA ﬁ 2
Serf. D UF 3/2 coth o A |, (5.116)

while in the case when 6 # 0 and n = 0, the S S};) expression for both gauges is reduced to

S(N( G1,62) _ 3/2UFTL é/ dA coth (68 > , (5.117)
0

eff. 873/2 vy )\3/2 Up

which gives the same expression in an ordinary uniform electric field [162, 94].
Then, in the third case (£ = 0,B # 0), the expression of effective actions is defined in
Tablel. Especially if § = 0 and 1 # 0, the result of Sg;') is the same for two gauges and is

written as

TL? % dA
s =P (14 55) [ (B G0

As well as when 6 # 0 and 1 = 0, the Sg;.) expression for two gauges is given by

(NC,G1,G2) 3 QUFTL2 el < dA eBBo
Sy =3/ el T cot (eB(1+SB2)N) . (5.119)
4

In the free case (B = £ = 0), from Eq. (5.71) and Eq. (5.106), the effective action in
these NC phase space coordinates for both gauges is the same result specified in the following

equation

(0.1 * dA
Sél};_tfr(;z) _ 3/2TL28;§/2/ )\3/277(:0‘5 (n\), (5.120)

which is the same result of the effective action of a charged massless particle in a constant

magnetic field (n/e).
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5.6 Schwinger’s pair production in monolayer graphene

under the action of electromagnetic plane wave fields

In this section, we suggest to study the influence of a single plane wave field on the process
of particle-antiparticle pair creation from the vacuum in ordinary space phase coordinates in

monolayer graphene following the Green function that exists in the fourth chapter.

5.6.1 The effective action expression for a single-plane wave field
As it is well known, Schwinger’s effective action is defined as
Seff. = /0 %Tr G (2, xh, ), (5.121)
where the corresponding kernel propagator G (x}, 2%, \) can be presented in the form
G (z), 2k, X) = =T (x| exp { = A [H (z, k)] } |za) - (5.122)

The Green function for a (2 + 1)-dimensional relativistic Dirac massless particles in the

presence of an electromagnetic plane wave field is defined as [100]

) e .
G (z}, xh, \) d)\ 1—1—2 kn (Ab A )} eA,
) et .
—1—%77, (]{?Ab) ann (AaAb) + %TLA Ab:|
; I3
exp {m (2 — Ta) + NG + 2’—% / (=2 (€) by + €242 (€)) dg} , (5.123)
nr Je,

where, (7 = n,y", A= A,ﬁ“,l;: =k, ") .

The effective action then takes the following form

d\
Sepr. = —z/ / da:bTT[ “\kQ
Tp==Tq

—eAy + %n (kAy) — %n(A A+ — A A, }

X exp {zk (zp — T4) + ﬁ /gb (—2eA (&) ky + €2 A% (€)) dgH : (5.124)

we have g = n#l‘u =Yy—-T7T—= ga = Ya _Taygb =Y —Typ and Aa = Aau’yua Ab = Abu'yuaﬁ = n//yﬂa
also Ay, = A, (nxyp) , Agy = A, (nxy,) .
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We can write the effective action expression with the component in the following form

d\ Bk e
Serr = —i / — / dx / ek
1 A Jay=z, ’ (277)3

™ H’” [1+ C  [(nn® 4 ny7%) (A, () — A, <n:ca>>vl]}

2kkn,
oyt [ L g [(n00? + m?) (s () = A, ()2

m
i (U g ({100 12%) (4 (o) = A, )2

m

2
—eA, (nz) 7' + 5 (07" +1y7?) (As (02) ") (A (n2) ")
m
2

+k#n# (?’I,Tfyo + nyf)/?) kVAV (nl’b) — ]{j“n” (an}/O + nyf)/2) AazzAV (nxb)}

X exp {zk (25— ) + / " (C2eA () by + P42 (na)) n“dmuH(S.l%)

2kMny, [,

By using the fundamental properties of trace of v matrices, which are represented by the

Pauli matrices in two dimensions, they are defined as
VP =03, Y =i0s, ¥ = —ioy. (5.126)

it is easy to obtain the traces

TrTr, Gz, 2t \)=Tr,Tr, H/% {1+ ¢ ﬁ(flb—flaﬂ

2ktn,
—eAy + ——i (kAy) — iﬁ(A A )+i221 A
* " %%kn b 2kn atih 2%kn P
; 19
exp {zk; (26 — a) + iAK — 22—]{ (2A (€) by + A2 (€)) dg}] = 05.127)
ﬁa

The effective action in this case thus vanishes.

Serr. = 0. (5.128)

Consequently, the pair production probability of quasiparticles-holes in graphene by an
electromagnetic plane wave is null.

7)C"reat = 0. (5129)
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5.6.2 The effective action expression for two plane wave fields

In this section, we suggest to study the influence of the two orthogonal plane wave fields on
the creation of quasiparticles-holes) in monolayer graphene. The Green function for a (2 + 1)-

dimensional relativistic Dirac massless particles in this configuration of the field is defined as

A’k > 2 (- A A
g(xgvxg7)‘):/(27r)2/o d/\ll;ll{k |:1 Qk“nw <A — A >}

2

A e
—eAy + —— ;A Ay + —— ik A,
b 2kHn, b k“nw b ”m

H/_/

X exp {zk: (T — 4) + N +

2]{3”711'”

iv
/E_ (—2€ (Ai (&) ke + €° (A (£,))%) dfi}. (5.130)

It is easy to show that the traces of G (x}, 2%, \) are null.

2 A A A
TrTr,G (x), xt, X) =TrTr, [] {k [1 __° f; <Aib — Am)]

i=1 2]{7”7%"“
~ 62 A e 2
—eAy + WniAiaAib + anikAib nAmAzb}

I Ny, Kty

Siv
coxp {ih (o = a0) 4 07 + [ Createnhr () def =0, ()

Qk:“nw

Then the corresponding effective action is also null.

Sess. = 0. (5.132)

Therefore, the probability of pair production for graphene quasiparticles under the action

of two orthogonal electromagnetic plane wave fields is null.

Pereat = 0. (5.133)

5.7 Conclusion

In this chapter, we have studied the problem of particle-antiparticle pair creation from the
vacuum in monolayer graphene by a constant electromagnetic field in the framework of non-
commutative phase space coordinates using Schwinger’s method.

we have made the corresponding quadratic Lagrangian, and then we have calculated the

effective action using the supersymetric path integral formalism for the first and second gauges
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that are defined in the Egs. (5.1) and (5.2). Also, all special cases of (6,7, &, B) for each gauge
are discussed. It is shown that the results are identical to the Schwinger result in (24 1) QED.
When we put the limits # — 0,7 — 0 and B =0, we get the same results for the
probability that are obtained in the Refs. [94]. Also, we have obtained an important result, and
we show that when & = B =0, the corresponding effective action is equivalent to the effective
action in a constant magnetic field (B = ﬂ).
On the other hand, the configuration f)f the field consists of one plane wave field, and two

orthogonal plane wave fields do not contribute to the effective action. Consequently, there is

no influence of the plane wave fields on the process of pair creation.



Chapter 6

Schwinger pair production of scalar
and spinorial particles by a constant
electromagnetic field and in
non-commutative phase space

coordinates

6.1 Introduction

The main goal of this chapter is the study of the creation of relativistic scalar and spinorial
particles from the vacuum by an electromagnetic field in noncommutative (NC) phase space
coordinates, considering the Schwinger method. We calculate the effective action and the
probability of the creation of both scalar and spinorial particles. Also, we discuss all special

cases of pair creation probability for each case of (0,7,&,B) .

6.2 Scalar particles

For determine the pair production probability of scalar particles in the framework of the NC

phase space coordinates of quantum field theory, we must use the vacuum-vacuum transition
(xo)

sealar. s a functional integral over all scalar field configurations p(x) and ¢*(x),

amplitude A
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which considered independents and given as [177, 39]

ASZ;Z)W. (vac — vac) = /Dchgo* exp [z / d%ﬁgg) (p, ", 0up, (9#90*)} p=0,1,23  (6.1)

where Lk is the scalar Lagrangian density defined by

ng) = ¢" (2) Oga * ¢ () = " (2) {(P“ —eA, (({»))

2

- mQ} * @ (x). (6.2)
While the operators (.92 H, ﬁ“) satisfy the canonical commutation relations defined as
[751'775]'] = M4, [?ew)ej] = 10y, [9\?1,75]} =105, 4,J=1,2, (6.3)

and the operators (Z;,p;) are new variables that satisfy the usual canonical commutation

relations given as

[, 2] = 0, [pi, ;] =0, [Bi, &3] = 3. (6.4)
For solving the previous functional integral, we consider this equation
[(75“ —ed, () - mﬂ %6, (1) = M, (), (6.5)
on the other hand, we have
/ d*z¢, (z) ¢, (x) = Snm. (6.6)
If we expand ¢ () on the basis {¢,, (z)}as

o (@) =3 aud, (2). (6.7)

we find
(xc) 2 R
A iir. =N Hdaidaj exp ZZ la, " A\ | =N [det( KG)] ) (6.8)
1,7 n
We can write the term L as follows
det(O% )
1 [ R
———— —exp |~Tr (003 | 6.9
det(Ofg) KG (69)
by using the following representation
A  dA A
In Oy = Const — / 5N /Dx exp [—MO}G} . (6.10)
0
From Egs. (6.8), (6.9) and (6.10) we obtain the famous expression of the effective action
; ® dA\ A N
SS;;) = —Z/O TTT (xp| T. exp {—MOKG (X, P)} |zq) - (6.11)

Where "T'r" indicates the complete diagonal summation over the continuous space-time coor-

dinates.
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6.2.1 The evaluation of propagator G™°) (1}, 2,, \)

We consider the vector potential A, (X) which is the same as the second gauge in previous

chapter, defined as

B, B
5 A 5 A1.0), (6.12)

The corresponding Hamiltonian OA}}G subjected to the action of this uniform electromagnetic

field is defined as follows

A, =(—-EXy, —

. A . .0 . n. eB 0
o (B.P) = (B e+ 550" = (o + 25+ (0 + 552)°
N . O
~(py— 38— B(E — 5p)) . (613)
where
.XA‘ ~ 91] ~ - /’71] A
i =2 — D, P =p; + Qx],z—l 2. (6.14)

It is simple to demonstrate that the action of a scalar propagator of a charged particle in
a constant external electromagnetic field in NC phase space coordinates is identical to that
of a propagator in a constant external magnetic field in the z direction and with a quadratic
potential in standard quantum field theory.

By using the Lagrangian representation, we find

N dA dr ‘
ng;‘) _ —z/ T oM, {/ geﬂE(tb—ta)g(NC) (atb,%)] ) (6.15)
0

(nc)

The propagator G\ (xy, ) is distinguished from the effective action S g;) by the parame-

ter 1/\ and the boundary condition #(0) = Z()).Then, to calculate the effective action (Sg;h)),

we must calculate the propagator G (x4, 7,) as follows

A
GO (2, 14) = /DnyDz exp {z/ L(x,&,t) dt} . (6.16)
0
Where the Lagrangian function is given as
L(z,i,t) = 24”4 mYY2 + 7z +wizY —w)Yi — wiY?
+E (w5 — 24) 0 (6,7) - (6.17)

eBéo
Whereas the variable Y is dependent on term energy defined as (Y = y+L4 eBg(HFBQ ) )
& [(1+57)—=3* (14375

and m,, my and m, are the effective masses along the x, Y and z directions, respectlvely, while
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wy is the frequency along the Y and wy, ws play the role of the components of the effective mag-
netic field. These masses and frequencies depend on the values of the external electromagnetic

field (£, B) and the parameters of deformation (6, 7) and are given by

_ 1 _ 1 1
Ty T T gy T
b — eB (1+%) e B (1480 (14 & ) —(e£)?§
1 — 2 (1+e§9)7 2 — (H_ege)?_(egs)? )
2 _(eg)? [(regt)-eo ) 5(0,7) = F(1+ %) (6.18)
Y (r+20) ()’ Ve ) iy ]
Knowing that the coordinate z is free, then the propagator is given as
GO (1, 1,) = 2m S, €XP {z — za)2} exp (ws (2, Y, — 2pY3)) K (2,20, A) (6.19)
m

where the kernel propagator K (z}, 2%, A) can be written as

K (2,20, A / DY exp{ / [% - wayﬂ dt} K[Y (£)]. (6.20)

We note that K[Y (¢)] is the free particle propagator in a time-dependent external force
((w1 + w2) 1) defined by

A
= /Dx exp {z/ [%12 + (w1 + w2) Y:c} dt} . (6.21)
0
Following [179], the propagator K [Y (¢)] is transformed to

exp {12 (z) — xa)Q} exp {1 (w1 + wa) (zpY, — 2,Ya)}

My
2T\

2 2 t
(w1 + wa) (€0 — 7)Y — (w1 + w2) Y2 4+ (w1 +ws) Y/ Y (s)ds|dtp.
2my My A 0

A

(6.22)

By substituting Eq. (6.22) into Eq. (6.20) we obtain

g(l\c xb’xa, l ezﬁ(zb za 2 e’L L (zp— :Ea u.ul(bebfmaYa)
7TZ

X /DYIC (T, g, N) - (6.23)
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After integration by part of the term ( fOA dt [Y (t) [ Y (s) ds} ), we find
A ,
K (xp,xq, \) = /DY exp {z"%/o [Y2 + 2(°;1T+:2) (g —xp) Y — ((%j;n"i) + wy) YZ] dt}

xexp{ ‘;i;;:i [/ Y (s }} (6.24)

Then, we can write the final term in Eq. (6.24) as follows [178]

2 T +00
my (W1 T W m _umy
ol G [ vma] |- B e g

%X/O Y(t)dt}dx. (6.25)

+1my
Therefore, Eq. (6.24) becomes as

“+o0o
K (zp,xq, A 7,2my / —Zm—YXQ} K (zp,24, A, X) dX, (6.26)
\/ A

where K (3,24, A, X) is given by

K (25,70, A Y) = /DYexp {Z/OA [% (Y2 _ Q2Y2)
+ (@ ((% — ) + Z—:X» Y] dt} . (6.27)

This propagator represents a one-dimensional forced harmonic oscillator with a time-independent

external force defined as

Py = M ((xa — )+ Z’;X) . (6.28)

Following [179], in this gauge, the expression of the kernel (6.27) takes the following form

K (2,0, A, X) = #ﬁé}m exp {225;—%?,\) ((Ya2 + sz) cos (QN) — 2Y},Ya)}

(w1+w2) Lo my
cemp o [~ (1) con @) - 1)

(w1+wg) (o, 2 @1t92) (o 2
X exp {z< 552 (a5 x)) (cos (QN) — 1)}exp z/\( 5 (a5 ] , (6.29)

my 3 sin(Q\) 2my Q2

with

02 = (M + 2ﬁ> . (6.30)
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Finally, after substituting Eq.(5.98) into Eq. (5.95) and performing the integration over x
from (—oo to + c0), then by combining (5.95) into (5.89), the Green function will express as

follows

*dA dE
g(NC) (3:[;,370,7)\) = —7,/ TG_ZAWF/%/dtbdxbdybde
0

xe Bt [A Q)] Ko (20, 20, A) Ko (1, Ta, A) Ko (Y, Ya, A)
x exp {ww (xpYy — 2,Y,) +1E (2, — x,) 6 (0,1)}
x exp [D; (V) (w0 = )" + Doy (A) (0 —23) (Y +Ya) + Dy (A) (Y + Ya)"] loy=s, - (6:31)

where Ky (23, 24, A) and Ky (23, 24, A) are the propagators of free particles along the axes z
and z, respectively.
Kq (Y, Y,, M) is the propagator of a one-dimensional harmonic oscillator with frequency
Qs.
Whereas D, (A), Dyy (A), Dy () are given as,
me [(wiw2)? fmamy ] (A — 2tan (21/2))

De () == EXCOVER
(Witwa)//mamy | | /mzmy tan(QA/2) my [(w1+w2)? /mamy | tan?
Day (A) = Z[ BY9) d Y(stv\)( 2 and Dy (A) =1 | 2)Q2 "l A((g:)/z)’ (6.32)
with
AQN) = |1+ % 2 tan (QA/2) — QA . (6.33)

6.2.2 The effective action expression Sél;;)

We calculate the final space-time coordinates integral for each term in the S™ of f expression, we

obtain

S(NC _ —ZTL2 /OO @e—zAmQ @
0

efF. A 2w
) [A QN2 e [ e [ _me
[ ( )] 2mid V 2\ V 2mesin(QA)
w14w2)?/mem an
X /dY exp {zmyQ {Cosslfl%)gl + 2t ;5)12/ k: j((g;\)/%} Y2} . (6.34)
B (1+<32)

In our study, we have y =Y —

, for this £ must be constrained in the

o€ [(1+E2) - B (14 ,25)
range 0 < £ < eEL((1+ #) — 630(1 + 505))/ (1 + €

—e —

n order that the entire range of time is
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included as F varies. By simplification and after integrating over the variable Y, the effective

action takes the following form

() 1)

S(\() TL2/ d)\ 71)\m / (1+ege) d_E

eff. = o

mm myQ 5
\/ 27T’L V 2mA \/2ZWY tan Q)\/2) 2msin(QA) (63 )

Returning to real time Via the replacements (7" — ¢T") in the Eq. 6.35. Consequently, we get

the final expression of S (e off Jin the presence of a constant electromagnetic <5 £ 7, B= Bk:)

field in the framework of a NC phase space coordinate for the scalar case defined as [37]

SG) =1L

0 o (6.36)

Q/<]‘ + %)2 dA —Mm
)\2 sm(Q/\)

where Q% = —Q2/4.
In the free case (B = £ = 0), the effective action expression in this NC phase space becomes

as follows
(NC) 3 e dA 671/\777‘2
Sets—tree. = T L 165 167T2 /0 2 SR (6.37)

this formula agrees exactly with that of Ref. [37] for a charged particle in a constant

magnetic field (B = n/e).

6.2.3 The pair production probability

The pair production probability per unit volume and per unit time in the framework of a NC

phase space coordinates is defined a

P (pair) = 2Im S5, (6.38)

Where the imaginary part of S® of f can be written as follows

0/ (1 + L) /+°° dr e

SR ) _ 1
o m S _ 1 (S(m) _ 5*<M>) — -TI? 2 A
eff. 2 eff. eff. ) 1672 —00 >‘2 sinh (Q)\)

(6.39)

This result is verified when 2 > 0, whereas it equals zero in the opposite case.
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Finally, the expression of pair production probability per unit volume per unit time in
the framework of NC phase space coordinates for scalar particles is simplified in the following
manner

PO (pair) = TL?— i (_1>k+le—%m2 (6.40)
p grd(14+80)" = |2 : :

4
Moreover, in the case when £ # 0, B =0, # = 0, and n = 0, the pair production probability

per unit volume per unit time becomes as

P (pair) = T (e€)” i e ™, (6.41)
83 - k2
Following the Eq. (6.39), for the large magnetic field B >, the pair production problem is
non-existent, which is the same result in the case of the absence of the electromagnetic field.
In the absence of the parameters of deformation (i.e.,  — 0 and # — 0), we obtained the

Schwinger results for scalar relativistic particles (see, Refs [37, 35]).

6.3 Spinorial case

6.3.1 The evaluation of propagator G~ (z;, 2,4, \)
(ne)

opin, 18 defined as

In this case of the Dirac particle, the vacuum-vacuum transition amplitude A

a functional integral over all Grassmann field configurations 1(x) and 1 (z) defined by

A (vac —vae) = [ DuDGexy [z / d‘*wémmcw] , (6.42)
. 1/2
~ det [oga—gawm] (6.43)

where OA;{G represents the Hamiltonian of the Klein-Gordon equation in NC phase space coor-
dinates defined in the previous section, and F, is the strength tensor of a gauge field related

to the non-commutativity of phase space given as

Foo = E(L+ B2) Fry = —B(1+ %8 4 1), (6.44)

6.3.2 The effective action expression

To determine the effective action expression for relativistic spinorial particles, we introduce two

paths of integral representations, including spinor indices represented by Grassmann variables
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[105, 168] and the variables relative to space-time coordinates. Consequently, we can write

‘ dA dE
Sg;_) = —z/Texp (—Zm2)\) /dtbdxbdybdzb/gem(tbta)

A
X/Da:DyDz/'D@ZJeXp {@/ dt [%x'?—i-"%}'/?—i-
0

—wyY? + E (1, — x4) 0 (0,1) — e, 0" +1 w] } : (6.45)

Tp==Taq

W;Z 22 4wy — woYi

where the measure D is given by

1

Dy =D {/Dwexp{—/o)\dtz/ﬂ[p}} . (6.46)

Directly, the integration over Grassmann variables gives the following result

(o) d\ oo dE detM
Seff. = —Z/Texp( /\) /dtbdxbdybdzb/ det./\/l e = 0

A
x/DnyDzexp {z/ dt [m”a: +mYY2+ 5 224w —wYi
0

—wA Y2+ E(z, — 1) 6 (0, 77)] }xb:xa , (6.47)
with
M, (e,7,7") = [77W5’(T —7) = eFp, (T)0(T — T’)} ) (6.48)

Returning to real time via the replacement (7" — ¢T") in the Eq. 6.35. Consequently, the
final form of S° of f in the presence of a constant electromagnetic (5 Ej i, B= Bk) field in the

framework of NC phase space coordinates for relativistic spinorial particles becomes as [37]

3 00
(Ne) _ L°T @ Q cosh(eTA) —iAm?2
Seff- - _2167T2 / 22 (1+%0>2 sinh () € ) (6.49)

In the free case (B = £ = 0), the effective action in this NC phase space becomes as follows

(ve) _ 3.1 = @ —1Am?
Seff—free, = —TL 1671'2 /0 )\2 coth (77/\) € ) (650)

6.3.3 The pair production probability

In this case, the pair production probability per unit volume and per unit time in the framework

of the NC phase space coordinates for spinorial relativistic particles takes the following form

1 0 = (=M eT krm?
P(NC) (palr) = E COS (Tkﬂ—) e @ (651)
3 B0 2 2 ’

8m (14 )" =1 k Q
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In the absence of the parameters of deformation (i.e., n — 0 and § — 0), we obtained the same
results as Schwinger for 1/2—spin particles [39, 37]. In the free case (B = £ = 0), the pair

production problem is non-existent.

6.4 Special cases

Table 2 represents a list of pair production probabilities of bosonic and spinorial particles in

NC phase space coordinates with electric and magnetic fields different from or equal to zero.



TABLE II. The pair production probability of special uniform electromagnetic fields within the

NC phase space.
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From the effective action expressions of both bosonic and fermionic particles , we will see
that if (B # 0, &€ = 0, ¥ (0,7n)) the imaginary part of this latter is zero, this leads to the
corresponding pair production probability also being zero, which indicates that there is no pair

creation.
P (pair) = 0. (6.52)
But when (B #0, £ #0, § # 0, and 5 # 0), the pair production probability P™) (pair) is
defined in Eqgs. 5.79 and 6.38 given as

1 Q2 el nm?
P (pair) ~ 5 5 COS <eT7T> e, (6.53)
s (1 22\

with e = (0, 1) representing the bosonic and fermionic particles, respectively.

While when (B # 0, £ #0, 6 # 0, and 1 = 0) the pair production probability becomes as

1 jd 71"’”2
77,51%) (pair) = ﬁﬁ%_ @ cos | €
77

e/E2(1+E0)2 — B2(14-E2):

_ , 6.54
- m (6:54)

o (e£)?[(1+82) <B]*_ (eB(14-280)* —eB( <02 )" —(e£)?4)”
h Q= .
" \/ (0 ~(%7)
In addition, we conclude that if (B # 0, £ # 0, § = 0, and 1 # 0) the pair production
probability will end up with the following result

‘n‘m2

. 1 2 ez w2 (s 2
Péi%) (pair) ~ —e (52 - B (1 + %) ) e VEB(+3) cog (em) . (6.55)

8

Likewise, when the effects of the deformation are absent (B # 0, £ # 0, § = 0, and n = 0), we

obtain the following result

7'r'rn2

1 _

- ((65)2 — (68)2) e VB2 o5 (err). (6.56)

779(12):0 (pair) ~

In addition, in the absence of the magnetic field (£ # 0, B = 0) and in the presence of NC
phase space (6 # 0, n # 0), the probability of this type of creation pair becomes as

2 1_(659)2

: 1 = AL v S (V2 —p24 /1 (£0)?
P (pair) ~ @ Q cos <e (c€) 77; S > (6.57)

Y= C
87T3 1— (5840)

With € = 1/(e€) (1= )" — (- 2 (e€)* (1 + ).



6.5 Conclusion 103

Also, the result of Eq. (6.53) if § — 0 and 1 # 0 agree with the following result,

7rm2

N . 1 B 2 2
Py (pair) ~ 5 ((e€)” —n?)e V& -1, (6.58)

But if » — 0 and 6 # 0, the Eq. (6.53) leads to the standard result

P (pair) = () o~ (6.59)
h—o (Pair) = “o—-e . .

Also, when the effects of the deformation are absent (B = 0, £ # 0, § = 0, and n = 0),
will recover the standard result of the uniform electric field for the bosonic pair production

probability in Ref. [37] given as

(68)2 _mm?
e (6.60)

Pg(if]):o (pair) ~

If we take the limit m — 0,¢c — vp in (2 4+ 1) QED, we obtain the same result in Ref.

[126] in the case of graphene.

6.5 Conclusion

In this chapter, we have studied the problem of pair creation of scalar and spinorial relativistic
particles from a vacuum by a constant electromagnetic field in the framework of NC phase
space coordinates using Schwinger’s method.

we have made the corresponding quadratic Lagrangian, and then we have calculated the
effective action using the supersymetric path integral formalism for two cases of relativistic
particles defined by Eqgs. (6.36) and (6.49). Also, all particular cases of (0,7,&,B) for each
case are discussed. It is shown that in the absence of the parameter of deformations (i.e.,
0 — 0,7 — 0 ), we recover that the results agree with the Schwinger results. Also, it
is shown that when £ = B =0, the effective action is equivalent to the effective action in a

constant magnetic field (B = n/e).



Chapter 7

Dirac-graphene quasiparticles in the
combination of a Volkov plane wave

and a parallel constant magnetic field

7.1 Introduction

In recent years, the Redmond solution for charged particles moving in an arbitrary electromag-
netic plane wave and a uniform static magnetic field was studied in Refs [180]. Furthermore, the
same problem was solved via the path integral formalism, using the delta-functionals method
[181] and via the Schwinger action principle method by solving the Heisenberg equations [182].
Also using a supersymmetric action [183, 184].

As a special case, the Green functions for charged particles of spin zero and spin 1/2,
which are in interaction with an electromagnetic plane wave, were constructed according to the
path integral formalism through different methods, the direct method and the semi-classiclal
approach [104], and by using a supersymmetric action proposed by Fradkin and Gitman [100].

On the other hand, the Volkov solution of the massless Dirac equation for graphene in
the field of slow-light pulse with arbitrary time dependence has also been discussed [185].
Furthermore, its generalization for two orthogonal electromagnetic plane wave fields via path
integral formalism using the method of Fradkin and Gitman is analyzed in the fourth chapter
of the thesis.

In this chapter, we solve the Dirac equation for graphene quasiparticles in interaction with
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the combination of a plane wave and a parallel magnetic field using the Redmond method.
Also, we solve in the framework of Feynman’s path integrals the Redmond problem using the
method of delta-functionals, where the integrations of the spin factor are done by using the
T-product technique [186]. We construct the corresponding Green’s function via Feynman’s
technique.

At the end, we examine the issue of the creation of quasiparticle-hole pairs in monolayer

graphene under the action of this configuration of field.

7.2 Formulation of problem

In this section of the chapter, we present a short review of our notation and conventions. We
consider massless graphene quasiparticles of charge e < 0 in interaction with an electromagnetic
plane wave field plus a static magnetic field parallel to the direction of propagation of the plane

wave. We write the vector potential as a sum of two terms as follows [180, 181, 182]

AT (z) = A, (€) + Ay (27) (7.1)
where
A (2") = zg ('e" - x + e x). (7.3)

The first term generates the electromagnetic plane wave field with the vector of propagation
n which has a real components n# = (1,7) = (1,0, 1) satisfy ¢,n* = e;n* = n,n" = 0 and
§=nrx=nuat=oy—rT.

Here o = 1, indicating that the velocities of electromagnetic waves and quasiparticles in
graphene coincide. While the second term generates the constant magnetic field.

We introduce the vectors € and ¢* which are complex conjugates of each other, with com-
ponents €, = \% (0,1,4) and €, = \% (0,1, —1) are satisfying the orthogonality conditions
ee = €'¢* =0 and ee* = 1.

We note that in the (2 + 1)-dimension, the Minkowski tensor has the signature g,, =
diag (—1,4+1,+1) and units are chosen such that i = ¢ = 1. Also, we consider that the graphene
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quasiparticles with a magnetic field is moving in the z direction, which allows us to introduce
the quantities

x £ iy. (7.4)
We suppose that the potential A* (£) satisfies the Lorentz gauge condition
0 (€) =y, (A") =0, (7.5)
where the prime denotes the derivative with respect to &, which is equivalent to

n, A" () = 0. (7.6)

7.3 Solution of the Dirac-graphene equation in the com-
bination of a Volkov plane wave and a constant mag-

netic field

The dynamics of graphene quasiparticles in the combination of a Volkov plane wave and a

parallel magnetic field is described by the Dirac equation for massless fermions, defined as

A

{1%2 ~2e (AW +AQ) ket @ (AT +A©) — SFEMy| (@) =0, (1)

where k* = —i0, = (%, E) —1 (%, 6) is the momentum operator in the natural units,
with vp representing the Fermi velocity equals vy = (1.12 4 0.02) x 10%mn/s. Since the vector
potential Ag"mb and 1 (z) depend only on z” and &.

and v* are Dirac matrices, in two dimensions, are represented by the Pauli matrices in the

following manner

W =05, v =109, V2= —i04. (7.8)
With
01 0 —1 1 0
Oy = Oy = O, = : (7.9)
10 1 0 0 -1

According to the known Volkov ansatz, we seek a solution of the form

() = eXey, (27, &) up, (7.10)
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where
x=ka—ET, q=(¢z,qy) ,{E=y—T. (7.11)

By substituting (7.10) into Eq. (7.7), we obtain the equation for v, (xT, f)

k2 + 2ikd — 0% — 2ie (A («7) + A (5)) kp + €2 (/1 (z7) + A (6))2

fCOmb 1 U (27,€) =0, (7.12)

where
Fam s = (Ew (B) + L ()77 (7.13)
= 24°(¢) (%’yo’yl 857172) +2 (%vovl - %;T)VWQ) (7.14)
= 2(7"n,) (v Ay (as)) +iB (eve” = 7eye). (7.15)

This may be rewritten in the following form

2i (kr — ky) é% + k* — 0% — 2ie (fl (z") + A (f)) ke + €2 <fl (z") + A (y,7’)>2
+? (veye® — ve*ve) —ie (v*n,,) <’y”Au (ozs))} Uy (27,€) =0, (7.16)

At this stage, to complete the solution of equation (7.16), we need the analogy to the

classical situation. From Ref. [180], we have the following classical equations of motion
mi, = —eF i, (7.17)
The equation (7.17) is transformed to

dA -
¥ +en,— df —eA, =0, (7.18)

mi, + ieBe €, — ieBe, €, 1"

The mass parameter m must be equal to 1/2. It also seems that the classical equations of
motion (7.17) lead to the following relation after multiplying this latter by n. Consequently,
we can write

ni =0 = nx = s, (7.19)
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which represents the ¢-variable is defined by & = (s and [ is a constant. We make these

transformations

efrplemm = pll —eF,, (B) K¥

. . . . . 7.20
et (—Qin.kaﬁg) e — —Zin.k% + 7K — gK“F,w (B) K* ( )
where K (s) is the transverse vector and

=k —eA ("), (7.21)

The combination €%, then satisfies the equation

—zm.ka% + K — gK“FM (B)K* — (k)" + (a7 — eF,, (B) K" + eA(€))’
el3 * * . n v A 1Ko

—i-? (yeye" — ve*ve) —ie (vn,) (7 A, (63)) e =0, (7.22)

where (k2)" = —k?. We determine K (s) using the condition K (—oo) = 0, the equation
(7.22) separates to

7K + 217 (—eFL (B) K” + eA (8s)) = 0 — %K — _eF,, (B) K"+ eA(Bs),  (7.23)

which is the classical equation with m = 1/2 and

[—Zin.ka%_ —J (5)] e map, =0, (7.24)
where .
T (s) = /_ [C KMy (B) K + (B (B) K + eA ()] (7.25)

The solution of Eq. (7.24) is given as

[—2¢n.k%—J(g)] Ky, = 0,
)

—Qin.kag

Y = J(f) (U
— Y, = C’eﬁ‘](f), C = cst (7.26)

and

¢k (xTv 5) - eiK.W@bka (727)
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with the terms linear in 77 dropping out, the equation becomes as follows

(2i (kr — ky) (%wk — (k:z)T + ((WT)Q + ? (yeye™ — e ye)
—ie (vm) (1A, (€)) ) ) e (7, ) =0, (7.28)

The separation constant was determined just as in the case of the Klein Gordon equation.

Then we can write

{22’ (kr — ky) (% +eB(SF1)—ie(v'n,) <7”Al, (f))] e et myE = 0, (7.29)
and
[(k‘Q)T - ((7T2)T + 66)} e ety = 0, (7.30)

with S = £ (yeye* — ve*vye).
The equation (7.30) describes the particles in an uniform static magnetic field. This latter

analogy to the equation of harmonic oscilator. We have this commutation relation
[T, ) = —ieF), (B) (7.31)

multyplying the right hand side and the left hand side of the equation by this term e*¢”

we get the following result

(7.32)

*14 v
etr, €'m,
€, €', =eB = [ £ ] =

VeB' VeB
This is the commutaion relation for annihilation and creation operators. If e > 0 then the

following term €* - 7 is the annihilation operator and the ground states determined by
et mpy () =0 (7.33)

This is a first-order partial differential equation which separates if A (:CT) is a linear function
of 7, then other eigenfunctions (the excited states) is obtained by repeatedly applying the

creation operator € - ™ to ground state given as

[V
w3

U, (") =(n) 2 (eH) 2 (e-m)y ¥ (") (7.34)

Since

(xT)? = (¢* - 7) (e-7) + (e 7) (" - ) (7.35)
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The allowed values of (k2)T give us the following expression
(k)" = 2neB. (7.36)

Consequently, the complete set of solutions to the Dirac-graphene equation has the following

form
(kyn, ) = 7K (g, (2T) £, (€) + W, (a7) £ (€)} (7.37)

where ¥,, (xT) and ¥, (xT) are the solutions of the oscillator equations respectively of
order n — 1 and n.

whereas fi are spinors determined by Eq. (6.26) .The equation for f, (s) is given in Eq.

2 (ke = ky) f1 = [eB (7€) (96) = e (1) (v Ay (y = 7)) | £ = 0. (7.38)

By solving the equation (7.38) by iteration starting with f, on the right hand side repre-
sented by a constant spinor u, satisfying Su, = wu, which implies veu,; = 0.

We get for f, (§) the following form

Fi (€)= [+ yme R Q)] uy, (7.39)

where R (§) is a scalar function of &.
Incorporating Eq. (7.39) into Eq. (7.38) and after some manipulation of the v matrices,

the equation takes the following form

R (&) +iwoR (&) — m

the solution of the above equation is given as follows

A <§>] () (e s = 0, (7.40)

; 3
_ ve —iwoé A iwog’ J¢!
R (&) = 3k = ky)e /_oo €A (&) et dE, (7.41)

By applying for f_ the same procedure as f,, we obtain the folowing solution

() = L+ R (€) ynyel u. (7.42)
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7.4 Path integral formulation for Dirac-graphene quasi-
particles in the combination of a Volkov plane wave

and a parallel constant magnetic field

7.4.1 Construction of the causal Green’s function S¢(xz;, z,)

The Green function for graphene quasiparticles in interaction with the combination of a plane
wave and a constant magnetic field parallel to the direction of propagation of the electromag-

netic wave is defined as

OCTPhGE (3 w) = 6 (25 — @) (7.43)
where
OFTPh — 0 (i) — 4 (i, — e ACT™ (2)) — 2 (i) . (7.44)
with 7 = vpt and
Afomb (z) = A, (z") + A, (§), n=0,1,2. (7.45)

In lower dimensions, the Dirac gamma matrices v* are represented by the Pauli matrices in
the following way

P =03, Y =i0,, ¥ = —ioy. (7.46)

We can write S° (24, 7,) as a matrix element of the operator S¢ as follows
S (2, Ta) = (Ta] S |23) (7.47)

by using the Schwinger proper time method, we get

ge = / dA exp (—Mﬁ) , (7.48)
0
where H is the Hamiltonian operator, defined as
i (k) = [od?,
= O — oy FComt 7.49
- KG — 5’7 Y uv ) ( : )

and Oxc being the Klein Gordon operator, given by

O = 02 — 2 — 82 + 2ie A% (1) 0, + & [A°™ ()], (7.50)
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where F g,omb is the electromagnetic field tensor defined as a derivable of a potential A“°™ (x)

can then be written as

Flomb = 9,40 — 9, AT, (7.51)

= Fu (B) + fu (€), (7.52)

dA, dA
= iB (eue;, — €€)) + U n”d_ﬁu’ (7.53)

whereas B is the static magnetic field.
Formally, knowing that S¢(zp, z,) = (x.|exp (—’LI:I ) |zp) , we easily write for the Green

function the following result
S(xp, xq) = (o] exp (—zﬁ) |zp) - (7.54)

Let us now derive the path integral representation for the Green function S¢(zy, x,)

Sc(xf,xg):/Dx/Dk’

1
x T exp {z/ ds [ki + A (=k2+ K2+ K — 2e A () k,
0

12 [AComb (3:)]2 _ %f)/#fyyfucuomb>:| } ’ (7.55)

Where T is the time ordering operator, effects only on the phase relative to the coupling
term.

Here © = (7,x,y) represents the quadratic vector coordinate, and k = (k,, k,, k,) is the
quadratic vector momentum. Whereas A’ (§) is the abbreviated derivative functions of A (§)

with respect to £&. The same goes for other derivatives: fT =% and ¢ = %,

 or Y Oy
we can write the causal Green function S¢(xp, z,) as follows
S (xp, ) = Kra (Tp, a3 A) S (T, Taj N) - (7.56)
where \ .
S (zp, 245 A) = Texp {z/ ds [—%'y“ﬁy”.ﬁ%’mb] } : (7.57)
0
and

K (24, Ta; \) = / Da exp [z /0 ' [k‘x — (k- eAComb)Q] ds} , (7.58)



7.4 Path integral formulation for Dirac-graphene quasiparticles in the
combination of a Volkov plane wave and a parallel constant magnetic field 113

7.4.2 The evaluation of the kernel propagator Kxq (74, 74; )

Explicitly, the propagator K¢ (xp, £4; A) is defined as

Kra (xp, xa;\) = A}l_lrgo H;ylld4xjﬂjy:1% X Hé\f:l
xexp |i |kiAz; — e (k; — eAC™)?] ], (7.59)
where
r; = x(sj), v,=2(0), Az; =x; —xj_q,
Ajcomb = AComb (s;) and € = 5; — s;_1 = % (7.60)

Let us consider ¢ as a variable independent of nz. The integration over z (s) seems to be

difficult due the dependence A (nz = £). We insert this identity

[ deude,s (6, - k) 516, €= o —m)) = L (7.61)
into the expression (7.59a) or rather its generalization, which lets all time intervals [j — 1, j]
occur
/ déyde 0 (€, — nay) / I e I 6 (AL — ndAay) =1, (7.62)
where A§; = ¢, — £, and
1 .
0 (AE; — nAx;) = oy /dk’gj exp [Zkgj (Ag; — nij)} . (7.63)
The propagator (7.59a) then becomes as
Kk (w0, Ta; A) = /dfbd§a5 (€ = na) K (s Tby 0y Tas M) 4 (7.64)
where
B A
IC (&, gy Tay N) /DkaDkag exp [z/ (ki — k* — 2ek AT (1)
0
€2 [ACm (2)]* + ke (g - nx)] } . (7.65)
where
Dz = II5'dx;, (7.66)
Dk = 14 dkﬂg, (7.67)
(2m)
D¢ = I 'dg, (7.68)
dk
N—1%MEj5
Dke = ;'3 (7.69)
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Let us use the transverse and longitudinal components of the vectors (x, k) defined as

x = k= . (7.70)

By changing k* — nk¢ into k* and taking n? = 0 and nA (¢) = 0, By simplification, we
obtain the following expression for the propagator K (&, zy, &, Za; \)

K (& 20,6, 703 \) = / Dx*DE" D" DE' D¢ Dk
A
S« exp {@ [t e — @y -
0
—2e (kX + kL) A9 (z) — €* [AC™ (2)] 2
el = (k) k] ds} (7.71)

In discretized form

N

> kfAxf = kfak - Z kE) (7.72)

1

The integrations over :ch give us the Dirac distributions §(kF

%1 — ki) which lead to the

conservation of the longitudinal component of the momentum of graphene quasiparticles during

the motion

ke =kl = =kk =k (7.73)

then the propagator K (€, 2y, £,, Ta; A) becomes as
K (€, 206 tas \) = / Dk"Da™ DKT D¢ Dk exp |:Z /0 ' [k;%L . (kL)Q] ds}
X exp [z /0 ' (K737 = (K7)? = ekl A% (2)
e [AC (@) 4 ke (€= (k) )| ds] (7.74)

Let us integrate over the variables k¢ . The path integral | Dk¢ over the variables ke, gives

/ Dk exp [z /0 e (¢ - (kLn))ds] — Yy d;: {z /O ' ke, (& - (k" n)) ds(}7,75)

16 (&5 — 5o — (K)) (7.76)
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which imposes on the paths N constraints as follows
A = (K'n)e, jell,N]. (7.77)
These constraints give us the equation

% — (K'n) or else £ (s) ;5(0) _ & ; §o _ (kEn). (7.78)

The propagator K (£, zy, €, Ta; A) is then transformed to

K (& 20,6, Ta; \) = / Dz"Dk*Da" DK"DES (&, — €, — (k*n))
X exp {z /A [/ng;L _ (k;L)Q] ds}
0)\
X exp [Z/ [ijvT — (k" — eAZom? (x))Q} ds} : (7.79)
0

By substituting (7.79) in (7.64), the transverse propagator K¢ (74, T.; A) then becomes

Ko (o ) = [ €56, k) K (€m0 Y. (7.80)
= / dé,dE,0 (€, — ko) 0 (&, — &, — (KPnX)) DE*
xexp [i k" (af - 2k) = ()] | Kk (e, 2250T) . (7.81)
Where

Y
Kia (21, xl; AT /DITD]{?T exp [ / [/{:Tx’T — (KT — eAZm (x))2] ds} : (7.82)
0

By changing k7 —e A" into kT, we get
A
K% (xb ;Jf )\T) — /DJJTDkT exp |f/ [kTi’T _ (k_T - eAC"mb (I))2:| ds}
0

21.T A
= /DZ’ d k2exp |:7,/ [— (k'T)2—|—ka"T
0

—i—exTF (H) i’ +eA (&) i ] ds], (7.83)

where

A, (2") " = 2" F,, (H) ", (7.84)
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and by integrating on the variables k7, we get for the transverse propagator K% (23, Z4; \)

the following expression
1 A
Kke (of ali A7) = 5 / DaT exp lz / [(:'CT)2 +exTF (H) i + eA(€) :'CT} ds] . (7.85)
0

To eliminate the term A (£) 27, we take the following transformation

Xt = 27 -Q7, (7.86)
X7 = 7 -Q7, (7.87)

where Q7 satisfy this equation
Ql = eF (H)QT —eA(€), A(—o0) =0. (7.88)

After lengthy manipulations, the propagator K% (2{,21; A") then becomes as

Kia (zf, 2l 0") = i/DXTeXp {i/o)\ {(XT>2 +eXTF(H)XT
+eA (€) QT + edis («"F (H) @T)] ds]
— exp [—z' (J (&) — e (27 F (H) Q7)) jb] KL o (XT,XTNTY, (7.89)

where

3 T
7€) = / JEA(€) %, (7.90)

and K% ¢, (X[, XT;A") is defined as
AT/ o2 .
Kke, (Xg X3 AT) = / DX" exp {z / {(XT) +eXTF (H) XT] ds} (7.91)
0

= / dudv exp {z /0 A [(@? +0*) — wo (ud — vi)] ds} , (7.92)

u
with X7 = , and the cyclotron frequency wy is defined as wg = eB.
v

Now, to determine the kernal propagator K¢, (X I X, )\T) , we decouple the coordinates

u and v by introducing a rotation of coordinate axes as follows
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Finally, the kernal propagator K, (X I XT, /\T) is reduced to

oo (X5 = ey o [ [0 )+ (=] ot (5)
2
+2 (upva — vptia)] - (7.93)

After lengthy manipulations, the propagator Kxq (24, 24; A) takes the symmetrical form

Kxa (26,703 A) = m/dfbdfa/pk% (6a = K4a) 0 (& — &, — (K"n)))
xexp | =i (J(€) + e (" F (H)Q")) 2
X exp _z' [kL (:L’f — a:L) — (kL)Q)\H

X exp z% [(uy —ul) + (vj — v2)] cot (%)\) + 2 (upv, — vbua)k7.94)

with
Dkl = || — (7.95)

n=1

Now, we replace the distribution ¢ (5 by — &, — (k‘Ln)\)) by its integral representation

(6~ (K40) = o [ kg explike (66— ()], (799
and taking the replacement k% — k” —nke, with n? = 0, which indicates that £, = nxy, £, =
NTq-
By performing the integration over £, &,, the propagator Kxq (2, Tq; A) takes then the
following form
Kro (@ 244) = 16ms:10(‘%A) /d;: P [2 [kL (0 = 7a) - (kL)2AH
X exp [—z’ (J (&) +e (J:TF (H) @T)) Z}

X exp [z% [(uy —u2) + (vj — v2)] cot (%A) + 2 (upvg — Ubua)k7.97)

Finally, the integration over k” give us the following result

b — k)’
K SA) = 12 0 Ao )
KG (mb,l’ ) ) t 3271'3/2)\1/2 sin (%)\) P
§b:|
€a

X exp [—i (J(g) +e (]}TF (H) @T))

X exp [z% [(ug — ui) + (Ug — Ug)} cot (%A) + 2 (upv, — Ubua)k7.98)
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¢ dQ” _r T T T u
oo v

7.4.3 The evaluation of spin factor S (xy, ;)

Let us evaluate the spin factor S (3, z,; A) defined by

A .
S (xy,xa;\) =Texps ds —Eyuv”]—"comb : 7.100
0 2 w

To eliminate the T product, we use Schulman’s formula, which is defined as [153]

Texp [—z’ / C(Hy () + T (s))ds] _ Texp [_i / "L () ds}

« {TeXp [—i /ab HTeXp (—z/ Hy () ds'ﬂ_l
Hy (s) [Texp <—¢ / CH () ds’ﬂ ds”}. (7.101)

Let us write down the quantity T exp {2 fo/\ ds [—%67“7”.7-" Ej’mb] } as follows

A : A
T exp {z/ ds [—%”y“vl’ffy"mb} } = Texp [—z/ (Hi+ Hy) ds} (7.102)
0 0
where
Hy = — (iwo/2) 772, (7.103)
and .
CdA
Hy = —(ie/2) kd_g with A = A A" (7.104)
At first, we calculate the term T exp [—z’ fo/\ Hy (s) ds] . After the simplification, we obtain
A Ank kA
- = exp [—i200] (& wo1 (€E
T exp [—Z/O Hl(s)ds} —exp[ 22)\} ( 5 )+exp [22)\] ( 5 ) (7.105)

In the second step, we calculate the following term

{Texp i /0 ' “Texp (—z’ / CH () ds’)]_l H, (s) [Texp (—2' / CH () ds’)H ds] }

(7.106)
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where H; is hermitian
((6)" = =7, (AB)' = BIAT) — Hy = — (iwo/2)v'5* — H] = = (iwo/2) 7% (7.107)

Then we can write

[']1‘ exp (—i / 5 H,y (s ds’)] B = Texp (2 S Hi () ds'> . (7.108)
Or
[’]r exp (-z/ﬂ H, (s) dsﬂ T exp [2%3] (e;) + exp [—i%s] (i) . (7.109)

Whereas
Toxp (i [ ) as)| [Tew (< [0, o1 @)

This allows us to write

{Texp (_i /Os i, (5) ds’)}l H, (s) {Texp (—@' /05 H,y (s') ds/)]
— i) [(%) (1%‘2_?) (e;) n <€2€) (l%ccll_?>
— (ie/2) exp [—iwos] (626) (’“Cclz_f>

(

 Gief2)exp ins] ()

€'¢
11
5 ) (T111)

Now, it is easy to show that

e\ [dA\ (e e\ [dA\ [ere
(2)(%—5) (3)-(5) (’“%)(z)zo' M

and

~dA
k

i ) (7.113)
(5) (k5 ) (5 =e (<55

Finally, we can write
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T (i [ () a)] (s o (i [ () a))

= e/ exp [iwas] b (52 ) lie/Dexpliva] i (<52 ) (1)

therefore, the equation (7.106) is reduced to
-1 s
T exp [—z/ HTexp (—z/ H (s ')] Hy (s) {Texp <—z/ Hy () ds')]” ds
0
L A Nk A
= 1- e/2k:€*/ ds exp [—iwps] (ed—) — e/2k:€/ ds exp [iwgs] (e d—) (7.115)
0 dg 0 dg

d 1
we have e _ kfn — d¢ = dskPn — ds = deé, then we can write
n

\ A
[1 B gfg%*/o ds exp [—iwgs] (e%) — gl;:@/o ds exp [iws] (e*%)}
B A ¢ dA
=1 2kLk/od£eXp{ ](di)
e . [ Y LdA
_2]{Lnk6/0‘ dg exp |: kLn:| (6 d_é_,> 5 (7116)

Combining (7.105) and (7.115), the result of the calculation for the term T exp {z fo)\ ds [—Syty  FLor

is abbreviated to

S (zy,4;\) = Texp {i/OAds {_%Wvu}—ﬁmb}}
- (5] ol ()
X {1 — g;}g* /0)\ ds exp [—iwgs] (e%)
_gké /0A ds exp [iwos] (e*%)} : (7.117)

Finally, by integrating over k”, the Green function expression becomes as
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S (xp, x4)

with

7.5

S (:L'ba La; )‘) ,CKG (l'ba La; >‘>

wWo

(o — fﬁ)Q
3220 gin (400) (Z I\ )
X exp {—i (J©+5 ("F Q") z
xexp [ [(uf —u2) + (vF = v2)] cot (
<o [20] (5 ) e [0 (5
x [1 - gke /0A ds exp [—iwps] (e%)

e~ [ , LdA
—§k:e/0 ds exp [iwops] (e d_ﬁ)] :

J(€) = /io i

;12

/\> + 2 (upv, — Ubua)]

)

w|§

>

(7.118)

d§A(§) ——

dg, (7.119)

Schwinger’s pair production in monolayer graphene

in the combination of an electromagnetic plane wave

and a parallel magnetic field

7.5.1 Shwinger’s effective action and the pair production probability

In this section, we will recall how to construct the same system [37] but for graphene quasipar-

ticles in the combination of a Volkov plane wave and a parallel magnetic field. Firstly, we will

calculate the effective action that is defined as
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0 dA
/0 TTr,YTTxS (@, Ta; A) K (2, a3 )

1/2 Wo

. (of — o)’
(4 e 1—
320\ Psin (20) C\ A

X exp {—@' (J (€) + g (a7 F (H) @T)) i]

X exp [z% [(u; —ul) + (vi — v2)] cot <—0)\) + 2 (upvg — Ubua)}

X Hexp [—i%/\] (%) + exp [i%)\} <%2€)]
€ny A ) dA

X [1 - 51% /0 ds exp [—iwps] (ed—§>

R dA
—gké/o ds exp [iwgs] (e*d_f)H : (7.120)

In lower-dimensional space-time, the Dirac gamma matrices v* as a function of the Pauli

matrices are defined in the following way

P =03, Y =i0,, ¥ = —ioy. (7.121)

then we can write

and

= Tr, (%I — % ((i02) (—wl)))
= Tr, (%I — %@,)

(7.122)

-1 (7.123)
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On the other hand, we have

Tr, Ki) ke] = Tr, [(%H % (7172)) (= (kov®) + (k373))} =0, (7.124)

Tr, Keg ) l%a] ~ Tr, KE;) ke} ~Tr, Kj) ke] —0 (7.125)

Also, we have { =z, =y —7 =€, = Yo —Ta,§ = yp — Tp and € = )", € = ;"0 =

n,v". When we put £, = &, and by simplification, we get the effective action expression given

)\3/ 2gin

> d\ cos (7 )
/dxdydT/O 2 5m (_0)\) (7.127)

Sepp. = 2-1/232‘;3/2 /da:dydT/O dX (1 ) [exp [ C; )\] —|—exp[ O;O)\” ,(7.126)

We perform the final space-time coordinates integral for all terms, and returning to real
time via the replacements (7' — i7T") on the expression S.ss. we get

eB
< dA
Seff. = 23/2MTL2/ ——5 cot (§A> , (7.128)
0

Q3/2 \3/2 2

this latter is the effetive action for charged massless particle in a constant magnetic field.
Consequently, the pair production probability of quasiparticles-holes in graphene by the Red-

mond field is null

P (pair) = 0, (7.129)

7.6 Conclusion

In this chapter, we have solved the Dirac-graphene equation in the presence of an electromag-
netic plane wave plus a uniform static magnetic field parallel to the direction of the propagation
of the electromagnetic plane wave using the Redmond method and via path integral formalism
using the delta-functionals approach.

For the path integral formalism, we have constructed the propagator and integrated the spin
factor by using the T-product technique. Furthermore, we have calculated the probability of

pair production using Schwinger’s method. As it is well known, the essential result is that the
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magnetic field does not create pairs; the pair production probability does not depend on the
plane wave and its combination cannot creat pairs in monolayer graphene. This result agrees

with Ref. [39] .



Chapter 8

(General conclusion

In this thesis, we have studied some problems of relativistic quantum mechanics in monolayer
graphene. We have treated the behavior of graphene quasiparticles in the presence of some
configuration of fields consisting of a single plane wave, two plane waves, and the combination
of the plane wave plus a uniform magnetic field. In addition, we analyzed the problem of pair
creation from a vacuum under the action of an electromagnetic field in the framework of a
non-commutative geometry.

In the third chapter, we find the solutions of the massless Dirac-graphene equation in the
presence of two orthogonal electromagnetic plane waves via the ansatz proposed by Volkov.

Furthermore, in the fourth chapter, we have constructed the causal Green’s function of
graphene quasiparticles in interaction with two electromagnetic plane waves using a general
representation for the propagator via bosonic and fermionic path integrals formalism. The
wave functions have been deduced, and the results are agree with those obtained via Volkov’s
method.

In the fifth chapter, we have studied the issue of pair creation from the vacuum in monolayer
graphene, under the action of a static external electromagnetic field in the framework of non-
commutative phase space coordinates by using Schwinger’s method. We have calculated the
effective action for two different gauges by using the supersymetric path integral. It is shown
that the results are identical to the Schwinger result when we put the limits § — 0,7 — 0
and B — 0. For the same limit, we recover the same results of the probability obtained in
the literature [94] via the semi-classical approach for multilayer graphene with the number of

layers J = 1, and the same results obtained via the exact solution of the Schriodinger equation
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for the case of monolayer graphene. Additionally, we have studied the influence of a plane wave
and two orthogonal plane wave fields on the process of pair creation in monolayer graphene. In
this case, we have deduced that a single plane wave and the two orthogonal plane waves don’t
create pairs.

Also in the sixth chapter, we have studied the problem of pair creation of both scalar
and spinorial relativistic particles from the vacuum by a constant electromagnetic field in the
framework of non-commutative phase space coordinates using the same method in the previous
chapter, and we have discussed the special cases of the pair production probability and compare
them with those of the literature [126] by taking the limit vy — ¢,m — 0.

In the last chapter, we have presented the solution of Redmond problem in graphene using
different methods, we solved the Dirac-graphene equation in the presence of an electromagnetic
plane wave plus a uniform static magnetic field parallel to the direction of the propagation of
the electromagnetic plane wave using the Redmond method and via path integral formalism
using the delta-functional method.

For the path integral formalism, we have constructed the propagator and corresponding
Green’s function. For this role, we integrate the spin factor by using the T-product technique.
Furthermore, the pair creation problem is examined, and the null pair production probability
is deduced.

Furthermore, we aspire from this research to generalize it to two waves propagating in
different directions, which has been discussed in the special case when the angle between the
directions of propagation of the waves is very small (9 < 1) used in the application of laser
beams to produce strong electromagnetic radiation.

Through this work, we can say that the path integral formalism is a successful technique
that can be used in solving problems related to plane wave field, and the calculation of the pair
production probability and its results are essential because the Schwinger mechanism can be
realized experimentally in condensed matter, especially in graphene.

Appendix A: Inverse matrix (/\/l_l)w/:

det M(e) 7, we are going to calculate the inverse matrix (M~1)*"

In order to determine Tet M(e=0)

where

M, (e,7,7") = [77“”5'(7 —7') —eF,, (1) 0(T — )] . (1)
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As we know the relation between M, (7,7') and its inverse matrix (M~1)"" (7, 7') satisfying :

/1./\/1“,, (e,7,$) (M”’B)_l (e,s,7) = 55(5 (r—1). (2)
0
Substituting (1) into (2) we obtain
/1ds [77W5’(T —8) —eF,0(T — s)} (M”B)_l (e,s,7) = 55(5 (r—1). (3)
0
This latter is equivalent to the differential equation
iM_IW (e,7,7") —eFy "M\, (e,7,7) =n,,0 (T —7). (4)
dr # s

Knowing that in our case F* is a constant, let us insert the following general solution [168]
M (e,7,7) = exp (erF*) (1, 7). (5)

Into Eq. (4), we get
c(r,7)=0(r—7")exp(—er' F*)+ (7). (6)

Therefore, from (6) and (5) we obtain,
M (e,7,7) = exp (erF*)[O (1 — 7') exp (—er’ F*) + & (7)]. (7)

In this step we can determine the condition M;é (0,7") = ¢(7'), by inserting the integral over

7 on the equation (1), we find
1 1
M;,,l (1,7) — ./\/l;,,1 0,7) = e]:*#’\/o M} (e, 11, 7) dry + ?7W/0 §(r1 —7)dry, (8)
with M} (1,7) = =M} (0,7), Eq. (8) becomes as
1
—2¢(m")m,, = e]—"*lf/o MY (e, m1, 7)) dry + U 9)

After that, we insert the expression of M, ! in Eq. (9) and we can find &(7') after a long and

straightforward calculations as follows:
&(r') = —e T e [1+e?77] - (10)
Substituting (10) into (7), we get

1 N
M (e,7,7) = 566(7_7 7 e (t —7') — tanh (%f*)] , (11)
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where © (1 —7") =[1+e(r—7')] /2.

Further, with a simple calculation, we can conclude

R o froerenn)
—exp{4/0 de’ lfﬁwtanh< )\f*) }} (13)

To evaluate S.sy we start by finding \/ det cosh (%) Since F* is antisymmetric it can be use
the series of tanh(x) and the matrix characteristics of F*(7), (i.e., (F*)® oc F*).

For example, for the first gauge, we have

Fp=—y Fly=—B+%E+ %) (1)
and for the second gauge, we have
€ . e
Foo=—(1 "’#)a ‘7'—12:_8(1'1”%"_%)- (15)

From these, we can prove the following equality for two gauges respectively

/ 2
tanh (%\/<%) — 82(14—%—1—%)2)

{tanh (%P)} = f:w (16)
v V& — BR(14+2E+ 2y

, 2
N tanh (—\/ (£) 0+ e 32(1+%+%)2)
7% \/52 _ 62(1_’_%_’_;%)2

det M (e) A *Wtanh(”%)\)
\/det/\/l c=0) exp{4/0 de [f:l,}" —TL? , (18)

with T; 2 are defined in above sections. While F F** is given by

and

Finally, we get

TrF* = Fp,FH =277 ,. (19)

Which we can easily rewrite (18) as follows

det M (e) [ TigA Ty _
\/m = exp {/0 de {—2 tanh < 5 )\)} } = cosh (eT2)) . (20)
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Résumé

Dans cette thése, nous avons résolu I'équation de Dirac-Graphéne en présence de deux ondes
électromagnétique perpendiculaires en utilisant 'ansatz de Volkov, et nous avons finalement obtenu
les fonctions d'onde correspondantes. Nous avons également accompli le méme travail basé sur le
formalisme des intégrales de chemins, ou la fonction de Green a été construite en appliquant la

méthode de Feynman en utilisant la technique de Fradkin et Gitman.

Aussi, nous avons voulu étudier le phénomeéne de création des particules a partir du vide dans le
systéme du graphéne dans un espace non commutatif par deux jauges différentes d’'un champ
électromagnétique constant en utilisant I'action effective de Schwinger suivant I'intégrale de chemin,
d'ou nous avons calculé la probabilité de création des particules. Comme application telle que nous
I'avons déduite pour certains cas particuliers de (6,n,E,B). De plus, nous avons également examiné
linfluence d'un et deux champs d’ondes planes orthogonales sur le processus de création de paires

dans le graphéne qui est nul.

De plus, nous avons résolu I'équation de Dirac-Graphéne pour des quasi-particules en interaction
avec la combinaison d'une onde plane et d'un champ magnétique constant paralléle a la direction de
propagation de I'onde électromagnétique, dans un premier temps en utilisant la méthode de
Redmond, la deuxiéme est la méthode de Delta fonctionnelle. Enfin, la création de paires de

quasiparticules de graphéne a partir du vide par cette configuration de champ est analysée.

Mots-clés : Graphene, quasi-particules, integral de chemin, La fonction de Green, propagateur,
L’equation de Dirac, Les variables de Grassmann, La geometrie non-commutative, L’effet de

Shwinger, onde plane, Champ électromagnétique, Champ de Redmond.




