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Abstract

Our objective in this thesis is to study the qualitative behavior and the solvabil-
ity of some nonlinear systems of difference equations. In the first two chapters,
we will study several systems of rational difference equations with arbitrary
powers. We will focus on the asymptotic behavior of solutions and employ
techniques such as linearization, monotonicity, and boundedness to establish
conditions for local and global stability of equilibrium points. We will also ob-
tain results concerning the existence of periodic solutions and support them
with numerical examples. In the last chapter, we will derive explicit solutions
of certain non-autonomous equation and new classes of nonlinear systems of
difference equations by applying suitable changes of variables.

Keywords: Systems of difference equations, stability of the equilibrium point,
Local stability, Global stability, periodicity, explicit formulas of the solution
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General Introduction

leference equations play a fundamental role in the mathematical modeling of dy-
namic systems that evolve in discrete time. These equations arise naturally in diverse
fields such as biology, economics, engineering, and computer science, where processes
are inherently iterative or sampled at discrete intervals.

Among the many types of difference equations, nonlinear difference equations are es-
pecially rich in behavior. They can show a wide variety of dynamics, including sta-
bility, convergence, periodic cycles, and even chaotic behavior. This makes them both
interesting from a theoretical point of view and important in real-world applications.
Many researchers have studied these types of equations, see [2, 7(].

This thesis explores the dynamic behavior of various classes of nonlinear difference
equations and systems, with a primary focus on systems of rational difference equa-
tions. The central objective is to understand both the qualitative behavior and, where
possible, to obtain explicit solutions for such systems. We believe that the results pre-
sented in this thesis are of fundamental importance in their own right and collectively
contribute to the advancement of the general theory concerning the global behavior of
solutions to nonlinear difference equations of higher order.

The main approach involves using the linearization method, analyzing the bounded-
ness of the solutions, and applying monotonicity and convergence results to obtain
local and global stability. Periodic solutions are also examined, with attention given to
the conditions that lead to their existence and their behavior. In addition to studying
these qualitative properties, the thesis also seeks closed-form solutions for some sys-
tems and specific cases, which provide exact descriptions of the systems’s behavior,
allowing for analysis of stability, periodicity, and long-term dynamics.

The thesis is structured into three main chapters, each addressing a distinct class or
aspect of systems of rational difference equations.

Chapter 1 investigates three classes of systems of rational difference equations. The
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first system, [65], is a two-dimensional and given by

x'x® ., neNy,

Xpy1 =4a+ nxn-1s

p q q
Y1 ax, + ,an_l
-y 9 7 y +1 = ‘7—“
YxXn + AU,

while the second and third are extensions to three-dimensional systems of the above
system [b8], described respectively by

p q r r
yn—l Zn—l axi’l + ﬁxn—l t
Xpsl =0+ —5————, Yns1 = A+ —————,2Zp41 = | ———=— | X%y, 1 € Ny,
by,’; + cyZ_1 ezZ + fZZ—1 yx, +Ax;
and
p p s t t
_ [ ayn +by,_, g B z, 4 (8% +kx,_, o
Xn+1 = 5 P YnYu_1r Yn+1 =€ + T, Zp+l = lt—t XpX,_1,NE Np.
cyn +dy,_, fzn+hz Xp +mMX, 4

All parameters and initial conditions are assumed to be positive real numbers. The
analysis focuses on the global behavior of the systems by establishing sufficient condi-
tions for local and global stability, as well as necessary and sufficient conditions for the
existence of periodic solutions. Each section is dedicated to one of the systems, and the
results are supported by numerical applications that illustrate our obtained results.
Chapter 2, focuses on a different class of systems of rational difference equations

n Z
¥ g

X
Xp+l =301+ Aa—— +a

3 s
Xn-1 ]/n—l Zp-1

Xn-1 n-1 Zn—1
Yn+1 = 3b1 + b - +b3y +0,7=, neN
Xn Yn Zn
Xn-1 n-1 Zn—1
Zpel = 3C1 + Co L +C3 Y + Cy4 1 ,
Xp + Xp-1 Yn + Yn-1 Zn +Zp-1

the initial values x_;, y-j, z—j, j = 0, 1, are positive real numbers and the parameters a;,
bi, ci, i = 1,2,3,4 are non-negative real numbers. The chapter begins by establishing
sufficient conditions for the boundedness of solutions. It then proceeds to analyze the
stability and periodicity of the system and includes numerical examples to support the
theoretical findings.

Chapter 3 adopts a more constructive approach, focusing on closed-form solutions.
The first section begins with a general non autonomous higher-order rational difference
equation [p7]

Bn

Xn+l = QpXpy_k + e . , n €Ny,
nAn—1---An—k+1

where k € N, the sequences (a,), ey, (ﬁn)neN0 are real and the initial values x_g,
X_k+1,-.-Xo are non-zero real numbers. The next section also presents exact solutions
for the systems

A1Yn-1Zn-1 A2Xn-1Zn-1 z a3Xn-1Yn-1
n+l = n+l =
axp—1 + byp-1 + czn_1’ Y axp—1 + byn-1+czn_1’ axXp-1 +byn-1+czy_1’

Xp4l = n € Ny,
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and

A1YnZn y _ A2XnZy z _ asxXnYn "
1= 1=
ax, + by, +cz,” 7" ax, +by, +cz,” " ax, + by, +cz,’

Xpyl = € Np,
where the parameters a, b, ¢, a1, as, a3 are real numbers, and the initial values x_1, xo,
Y1, Yo, Z-1, Zo are non-zero real numbers.

The third section derives explicit solutions for the special cases k = 0, 1 of the system
[66]

A1 Xn—kYn—k a2Yn—kZn—k aA3Xp—kZn—k

+1 = Zp4l = n € Ny
axXp—k + byn—k + czy—i’ Yn axp_g + by +czpp " axXp—k + byn—k +czy_i’ !

Xn+1 =

where the parameters and initial conditions are non-zero real numbers. The final sec-
tion, [pY], explores another class of systems of rational difference equations with arbi-
trary powers and provides a closed-form solutions. The system is given by

p pq
x”yn—lzn—Q

xl’l+1 = Vi
p_rq P _rq
Ynz, (@ +bxny,_1z,"5

q qr
ynzn—lxn—Q

.
Zpx) (@ + Bynzy_ X

Yn+1 = G ,n € Ng.

n—2
r pr
Z”xn—lyn—2

r, pr r pr oN°
xXpY, (0 +Azux! _ 1y

Zn+l1 =

where p, q,r € Ny and the parameters a,b, a, , 0, A and the initial conditions x_;, y-;,
and z_; for j = 0,1,2, are non-zero real numbers. The behavior of these solutions is
then analyzed to gain a precise understanding of how initial conditions and parameters
influence the dynamics.

Taken together, the three chapters provide a broad yet coherent exploration of systems
of rational difference equations, from general qualitative analysis to exact solution tech-
niques. The results contribute to the theoretical understanding of nonlinear discrete
systems and offer tools that can be applied in modeling real-world processes.



Global Behavior of Three

Classes of Rational Systems of
Difterence Equations with Arbitrary
Powers

1.1 Introduction

Systems of rational difference equations have long been a subject of interest in mathe-
matical research due to their broad applications in various fields. Due to the challenge
of finding closed-form solutions, research in this area focuses on studying the global
behavior of solutions.

This chapter explores the dynamics of three distinct classes of systems of rational differ-
ence equations with arbitrary powers, aiming to analyze their global behavior. In this
work, we employ methods based on the boundedness of solutions and the monotonic-
ity of the functions defining our systems to offer crucial insights into their long-term
behavior.

Each section is dedicated to studying a specific system, analyzing its global behavior,
stability (both local and global), periodicity, and provide numerical illustrations.

In the first section, we focus on a two-dimensional system of rational difference equa-
tions defined as follows:

P q q
Y1 ax, +px,_,
Xp+1 =4+ 7 7 Yn+1 = 7 .9 x;xfl_l, ne No, (111)
by, +cy,_, yx, +Ax,

where p,q € N, s,r € Ny and the parameters a,b,c,a,,0,A and the initial values
X_1, X0, Y-1, Yo are positive real numbers. The main motivation for studying this system
arises from prior work [B5],[34] on a special case wherep = g = r = s = 1, which serves
as a basis for understanding the general system.
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In the second section, we extend the analysis to a three-dimensional system of rational
difference equations, defined as follows:

p q r r
yn—l Zn—l axn + ﬁxn—l s .t
— - 7 ZIntl = |\ T o | XX n € Ny,

X4l =4+ —5————, Ypp1 = d + By
byp +cy! ez) + fz! | Y +AX; "

(1.1.2)

where p,q € N, s,v € Ny and the parameters a,b,c,a,p,0,A and the initial val-
ues X_1, Xo, Y-1, Yo, 2-1, Zo are positive real numbers. This system generalizes the two-
dimensional system studied in the previous Section , and the analysis focuses on its
global stability, periodic behavior, and boundedness of solutions.

Motivated by the previous results, the third section examines another class of rational
difference equations, further generalizing previous models. The system under consid-
eration is a three-dimensional system defined by the following equations

n'n-17

(uyﬁ + byﬁ_l
Xn+l = | —— 5

z8 . gxt +kx! | .
cyn +dy,_,

q,r n—
- il =€t ———F—~—, %2
)yﬂyn 1 y fZi"‘hZfz_l/ lx;l-i-mx;_l

(1.1.3)

This section explores the global behavior of this three-dimensional system, including
stability and periodicity, through analytical and numerical methods. The findings of
this chapter further contribute to the understanding of the dynamical properties of
systems of rational difference equations.
Before proceeding, we recall some known results that will be used throughout this
study. Further details can be found in [21],[27].
Consider the first-order system of difference equations given by the following vectorial
form

Uy =W(Uy), n €Ny, (1.1.4)

where WV : (0, +oo)k — (0, +oo)k is a C! function and the initial value Uy € (0, +oo)k.

Let U € (0, +0)" be an equilibrium point of ([.T-4), that is a solution of
u=wu).

With System ([.1.4]), we associate the linear system defined by

Vis1 = Jo(U)V,, n € Ny,

where V,, = U, — U and ]\p(U) is the Jacobian matrix of the function W evaluated at the
equilibrium point U.

In order to study the stability of an equilibrium point, we need the following theorem
[21].

Theorem 1.1 (Linearized stability Theorem). The following statements are true:

x?_,,n €Np,
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(i) If all the eigenvalues of Jy(U) lie in the open unit disk |A| < 1, then the equilibrium U is
asymptotically stable.
(ii) If at least one eigenvalue of [w(U) has absolute value greater than one, then the equilib-
rium U is unstable.
The following theorem, Rouché’s Theorem, from complex analysis [[[4] provides a use-
ful tool for stability analysis and the localization of the roots of the characteristic poly-
nomial.
Theorem 1.2. Let C denote a simple closed contour, and suppose that
e Two functions f(z) and g(z) are analytic inside and on C.
o |f(z)| > |g(z)| at each point on C.
Then f(z) and f(z) + g(z) have the same number of zeros, counting multiplicities, inside C.
Definition 1.3. A solution (Uy)uen, of System ([.1.4) is said to be periodic of period p € N,
if for all n € Ny, we have
Unsp = Uy, n € No.

1.2 Analysis of a Two-Dimensional Rational System of Differ-
ence Equations

In the following, we analyze the global stability of the solutions for System ([.T.1]).

We first identify its equilibrium point, then examine local stability using the Jacobian

matrix. Next, we establish conditions for global attractivity using the boundedness of

solutions and the monotonicity of the system’s defining functions. Additionally, we

provide results on the existence of periodic solutions and some applications of our
findings.

1.2.1 Global behavior of the solutions for System ([.1.7))

It’s easy to see that for System ([[.I.1)), there exists only one equilibrium point, and it is

o 1 0(+ﬁ 1 r+s
(x'y)_(a+b+c'(y+/\)(a+b+c) )

Let consider the functions

given by

f,g:(0, +00)?2 — (0, +00)

defined by

(1.2.1)

aul + poi s
yul + Avf ’

tP
f(w,t) =a+ m, g(u,v) = (

The next result establishes the monotonicity properties of the functions f and ¢ which
we will use in subsequent analysis.
Lemma 1.4. Assume that

(r+q)ad+(r—q)By =0,(s —gq)ar+(s+q)By > 0.
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Then, the function f is decreasing in w for all t and increasing in t for all w, while the function
g is increasing in u for all v and increasing in v for all u.

Proof. The result follows directly from the partial derivatives of the functions f and g
that, forall u, v, w,t € (0, +o0), we have

d bwp=1tp
_f(wl t) — _p—2 <0,
dw (bwP + ctP)
pyp-1
a_f w,t) — M > 0’
ot (bw? + ctP)?
8_g(ul o) = u oS (rayu® + ((r + q)ad + (r —2 q)By)ulv? + rAv*) S0,
du (yu1+ Av1)
a_g(u/v) _ u' v Hsayu?l + ((s — g)ad + (s -; q)By)ulv? + spAv?) 0
Jv (yu? + Av1)
O
System ([.T.T]) can be equivalently expressed in terms of the functions f and g as
Xn+1 = f(Yn, Yn-1), Yn+1 = §(Xn, Xn-1)- (1.2.2)
Its vectorial form of System ([[.T.) is given by
X1 = ¥(Xy), n €Ny, (1.2.3)

where X, = (X, X1, Yn, Yn-1)T, W : (0, +00)* — (0, +c0)* defined by

W(X)=(f(z,t),x,8(x,y),z), X=(x,y,z,1).

System ([[L2Z.3) has a unique equilibrium point, and is given by

X = (f/fry/y)

The functions f and g are C Lon (0, +o0)?, and the associated linearized system around
the equilibrium point X is given by

Y1 = Jw(X)Y,, n € N,

where the Jacobian matrix Jy(X) is given by

0 0 -A A
10 0 O
B C 0 O
0 0 1 0
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with
Ao pb(y + A)(b + c) 572

" (ab+c)+D)ts(a+B)

g labto+ D (r(a + p)(y + A) +g(ad - By))
B (b +c)+s5=1(y + )2 ’

_ @b+ + 1) s(a+ )y +A) +q(By — ad))
- (b+c)+s=1(y + A)? '

C

The characteristic polynomial corresponding to the matrix Jy(X) takes the form

p(6) ' + PLU@ B0+ 1) +q(ad = By)) oy pbCa(By —ad) + (s = r)(a+p)y +A)
B (@ab+c)+ )b +c)a+p)(y+A7) (ab+c)+ )b +c)a+p)(y+A)
_ pb(s(a+B)(y +A) +q(By — ad))
(a@+c)+ DB +c)a+p)y+A)

We now proceed to establish the conditions under which the unique equilibrium point

of System ([[.1.1)) is locally asymptotically stable.
Theorem 1.5. Assume that

pb [[r(a+B)(y + 1) + g(ad — By)| +[29(By — ad) + (s = r)(a + B)(y + )| + |s(a + B)(y + A) + q(By — )]
(ab+c)+ 1O +c)a+p)(y+A)

(1.2.4)

then the equilibrium point

o 1 0(+ﬁ 1 r+s
(x'y)_(a+b+c'(y+/\)(a+b+c) )

of System ([[.I.0)) is locally asymptotically stable.

Proof. Let P(0) = y(0) — ¢(0), where the functions ¢ and ¢ are defined by
¥(0) = 6%,

and

_pb(r(a+B)(y +A) + q(ad = By)) 92_2717(267([37/ —ad)+ (s —r)(a+p)(y +7))
(ab+c)+ )b +c)a+p)(y+A) @ab+co)+ Db +c)a+p)(y+A7)

P(0) =

pb(s(a + B)(y + A) + q(By — al))
(a@+c)+ Db +c)a+p)y+A)

Forevery 0 € C: |0| = 1, we get

pb(jr(a+B)(y + 1)+ q(ar = By)|  pb([29(By — ad) + (s = r)(a + B)(y + 1))
(ab+c)+ )b +c)a+p)(y+A7) (@ab+c)+1)b+c)a+p)(y+A7)

|0(6)] <

pb(|s(a +B)(y +A) + q(By — al))|
(@b+c)+ Db +c)a+B)(y+A)’

<1,
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From the assumption ([.Z:4)), we get

l6(6)] < 1= [w(O)|, 6eC:10] =1.

By applying Rouché’s Theorem, all roots of the characteristic polynomial, P(0), lie
within the unit disk. Therefore, according to Theorem [T, the equilibrium point (X, )
is locally asymptotically stable. O

In the next result, we show that every solution of System ([.T.7]) is bounded.
Theorem 1.6. Let {x,, yn}nz_l be a solution of System ([[.1.1), then the solution is bounded
and we have

and .
r+s
al’+S InlIl (E’ E) Syn S (a+1) max (E’ E), n = 3’4,...
Yy A c y A

Proof. Let {(xy, Yn)}n>—1 be a solution of System ([.I.]). Then, from the first equation
of System ([.T.T)), we get

p

a<lxy+15a+ ynp—l ,n=0,1,---,
cyn—l
that is .
annSa+E,n:1,2,---. (1.2.5)

We have forn =0,1,---,

aXZ +ﬁxZ—1 _a_ (aA —ﬁV)xZ—l
S S A R e

n-1

yx) + Ax

and . .
axy +px, ., P _ (ad = By)x,

yxZ + /\xZ_l A /\(yxz + /\xz_l)'

Hence, we obtain

if ad =By >0, and

g < axy, +ﬁx2—l < E
V4 yxZ +/\XZ_1 A
if eA — By < 0. That s,
a p axZ +ﬁxq 1 a P
min (—, —) < q—IZ;_ < max (—, —) ,n=0,1,---. (1.2.6)
y A VXy +/\xn_1 y A
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Now, from ([.Z.5), ([.Z.§), we get
ax; + pxl_

) a r+s a
a'* min (;,;) < Yns1 = —Mx;xz_l < (a + E) max (;,;) ,n=2,3,---,

which implies that

O
Remark 1.7. From the previous theorem, it follows directly that if we choose the initial values
such that
1
x_1,x9€l:= [a, (a + E)]
and

— r+s . g E 1r+s g E
y_l,yoej._[a mm(y,/\),(a+c) max(y,/\ ,

then I X | will be an invariant set for the solutions of System ([.1.7]).
In the following theorem, we establish the global attractivity of the equilibrium point.
Theorem 1.8. Assume that

(r+q)ad+(r—q)py =0, (1.2.7)
(s—q)ad+(s+q)By =0, (1.2.8)
2p(r +s)(a + B)(ac + 1)1 < (ac)*(y + 1) min(%, g). (1.2.9)

Then, the unique equilibrium point

o 1 a+‘3 1 r+s
(x'y)_(a+b+c'(y+)\)(a+b+c) )'

of System ([[.1.7]) is global attractor.

Proof. Let (x4, Y )n>-1 be a solution for system ([.T.1)). Let

my := liminf x,,, My := limsup x,,, my := liminf y,,, M; := limsup y,,
n—+oo n—+o00 n—+oo n—+oo

and we have
(m11M11m2IM2) € IXIX]X]'

Using the definition of lim inf and lim sup, we get

Ve € (0, min(my, my)),3Iny, ny € Ng,Vn > ng: my —e€ <x, < Mj +¢, (1.2.10)

mo—€ <y, <Ms+e. (1.2.11)
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Let ny = max(n;, n2). For this choice, statements ([.Z.10) and ([.Z.T1) are true.
From the monotony of f and g, (under assumptions([.Z.7) and ([.Z.§), Lemma [.4
holds), for n > ny + 1, we obtain

f(M2+e,m2—€) < Xn+1 Sf(mQ—G,MQ-i-G),

g(mi—e,my —€) <ypp1 < gMi+€, M +6€),

S0,
f(Ma+e,myg—€)<my <M; < f(my—€,Ma+e), (1.2.12)

g(my —e,my —e€) <my < My < g(M; +€,M; +e). (1.2.13)

Letting € — 0 and applying the continuity of f and g, we obtain from ([.Z.T2) and
(L.2.13)

f(MQ, THQ) <m; <M; < f(m2,M2), (1.2.14)

g(my, my) < my < My < g(My, My). (1.2.15)
From ([.2.14) and ([.2.15), we get

M1 — my < f(TnQ,MQ) - f(MQ, mg), (1216)

MQ —mo < g(Ml,Ml) - g(ml,ml). (1.2.17)

From ([.Z.1§), we get

b(MS —m)
(bmg + cMg)(ng + cm ’
b(Ms + mg)(Mg - mzp)
= (b + cME)(OME + cmb)
3 b(ME + mD)(ME ™+ ME Py + o+ Mamb ™2+ mE ) (M — my)
B (bmb + cMBE)(bMS + cmb)
_ bEME)(pMG)(Ms — mo)
(cMb)(bM?)
_ 2p(M; —ms)
<L

M —m <

7

Since, we have My > a’*s min(%, g), we get

M1 —my < (M2 - mg). (1.2.18)

2p
B

artsc min(%, X)
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From ([.Z.17), we get

a+pf
y+A

< a+pf
“\y+A

]\42_17123 ( (M{+S_m§+5),

(M{+s_1 + MI+S_2m1 + ...+ M1m1+s_2 + m{“’_l) (M1 - ml) ,

< (z :i ((r + )M (My —my) .

Since, we have M| <a + %, we get

My — 1z < (r + ) (;‘%ﬁ) (a + %)HH (M, = my). (1.2.19)

Now, from ([.Z.18) and ([[.2.T9), we obtain

My —mgy < (r +5) (;ﬁ) (a_‘_l)HSI( = )(M2—m2),

+A c (&
artsc mln(;, I

it follows that

(MQ — 7’]’12) (1 _ 217(7’ + 5)(04 + ﬁ)(gc + 1)i‘+sl) <o

(ac)*s(y +A) min(%, I

So by condition ([.2Z.9), we get My < mg, so My = ma. Replacing in ([.2Z.1§), we obtain
M; < my and so, M1 = my, that is

lim (x,,y,) = (M1, Ma).
n—+00

By the continuity of f and g, we get

. _ = 1
nl_lglooxn—f(Ml,Ml)—x—ﬂ'*‘b_'_c

4

and

. 3 o a_;,_ﬁ 1 r+s
nl—lg—looyn_g(MZIMz)_y_()/-i-A) (a+b+c) )

In summary, we have proved the following result.
Theorem 1.9. Assume that

pb [[r(a+B)(y + 1) + g(ad — By)| +[29(By — ad) + (s = r)(a + B)(y + )| + [s(a + B)(y + A) + q(By — )]
(ab+c)+ DO +c)a+p)(y+A)

<1,

(r+q)ar+(r—q)py 20, (s —qlad + (s +q)By 20,
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2p(r +s)(a + B)(ac + 1)1 < (ac) ™ (y + 1) min(%, g).

Then, the unique equilibrium point

o 1 a+‘3 1 r+s
(x'y)_(a+b+c'(y+)\)(a+b+c) )'

of System ([[.1.7]) is globally stable.

1.2.2 Existence of periodic solutions

In this section, we establish necessary and sufficient conditions for which a solution
{(xn)nz-1, (Yn)n=-1} will be prime periodic of period two. Let d, e be real numbers
withd # land e # 1.

Theorem 1.10. System ([.1.1)) has a prime period two solution

{xn,yn}nz_1 = { ..,(dp,e0),(p,0),(dp,eb),(p,0),... } ,

if and only if

e 1 adl+B\  [a+pdT\
a+b+ceP_d(a+bep+c)'e(yd‘7+A)d_(7/+)\d‘7)d'

3 1 B ad@_i_ﬁ 1 r+s .
p_a+bef’+c'6_(yd‘i+A)(a+beP+c) a.

Proof. 1.) Suppose that

where

{(dp, e0),(p,0),(dp,e0),(p,0),...},

is a prime period two solution of System ([.1.T), then from ([.T.T]), we get

P b(ee;ﬁ' dp=a+ %, (12.20)
" aldp)” + fp” ap + p(dp)!
o= (W) @p)'p", €0 = (W) p'(dp)’. (1.2.21)
From ([.2.20) and ([LZZT)), we obtain
p=a+bel71+ C,dp:a+ bfpcep/ (1.2.22)

and

— adq +‘B v r+S —_ a +ﬁdq S r+s
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Now from ([.Z.27) and ([.Z.73), we get
(o~ ),e(“d“ﬁ)d":(“ﬁdq)d%

b+ ce? T her v yd7+ A y + Ad1

2). Suppose that

ef 1
e _d(bei’+c)’ (1.2.24)
adl+B\ = [a+pdl\
(B (b 1229
Let x_y =dp, xo = p, y-1 = €0, yo = 0. Then from ([.T.1), (L.2Z.24) and ([.Z.2Z5), we get
3 (eO) 3 eV o
1 _a+b9P+c(eG)P Tt cer _d(a+ beF’+c) =dp =31,

apﬂ+ﬁ(dp)[] r s _ a+ﬁdq S r+s _ Oldq-l-ﬁ rr+s _ _
yl_()/p”/+/\(dp)‘7 p(dp) = y + Ad1 ap = ydl+ A a'p' = e0 =y,
or 1

2T oy ey T T hervc P

_ [a(dp?) + Bp1 pos_(adTHBY o
yQ_(V(cW)Mp‘7 e =\yarz) P =0

= X0,

Repeating the procedure, we get by indiction that

Xon-1 =dp, Xon =P, You-1 =€0, y2, =0, n=0,1,---.

1.2.3 Numerical examples

In this part, we provide numerical examples that confirm our obtained results.
Example 1.11. We now present the first numerical example where all the conditions of Theo-

rem [[.9 are satisfied. To this end, consider the parameter values

p=2,9=1r=2,s=1,a=18,b=4,c =1,
a=1,p=1,y=5 A="T.

For these choices, the equilibrium point is given by x = 18.2, y =~ 1004.761333 and System
(LI0) takes the form

2
y._ Xy + Xy
Xpep = 18+ —2=L _n T =l )2

, = XoXpn_1. 1.2.26
42 +y? | Il =\ By + Tagg ) ( )
To verify the convergence of solutions to the equilibrium point, we consider three sets of initial
values
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o For the first set,

X0 = 18.5, x_1 = 18.8, yo = 890, y_; = 1300.

(1.2.27)

In Figure 1 and Figure 2, we see that (X, Yn)n>—1 converge to the equilibrium point.

o For the second set,

xo = 18.85, x_; = 18.95, yo = 840, y_; = 835.

(1.2.28)

In Figure 3 and Figure 4, we see that (x,,, Yn)n=—1 converge to the equilibrium point.

18.5

18.4

x(n) 18.31

18.2

18.1+ T T T T T
0 10 20 30 40 50
n

x(n)

Figure 1.1: Plot of x,, as given in ([.Z.26) and
(L.2Z7).

18.9 ]
18.8
18.7
1861

X g5 ]
1841

18.31

18.2

18.1+ T T T T T
0 10 20 30 40 50
n

x(n)

Figure 1.3: Plot of x, as given in ([Z.2§) and
(L.228).

10601

1040

1020+

10004

y(n) 980

960

940

9204

900

0 10 20 30 40 50
n

y(n)

Figure 1.2: Plot of y, as given in ([LZ.26) and
(E2Z27).

1100

1050

1000
y(n)

9504

9004

8504

0 10 20 30 40 50
n

y(n)

Figure 1.4: Plot of y, as given in ([.Z.2§) and
(L2.28).

Example 1.12. We now consider a second numerical example that satisfies all the assumptions
of Theorem ([9). Set the parameters as follows: p =3, =2,r=1,s =1,a =25b =3,
c=067a=2 =175y =4, A= 6. With these choices, the corresponding equilibrium
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point is approximately x =~ 25.27247956, y ~ 239.5118337 and System ([[.I.1]) becomes

2x2 4+ 1.75x2_,
5 .3 XnXn-1. (1229)
dxy +6x;,_,

3
yn—l

Xpog =254 — =L
e 3y3 +0.67y°_,

s yVH-l = (
Here also, to illustrate the global behavior of the solutions, we analyze the system using two
different initial conditions
o Let
X0 = 26.39, x_1 = 26.45, yo = 347, y_1 = 345. (1.2.30)

The solution (X, Yn)n=—1 approaches the equilibrium point, as shown in Figures 5 and
6. (xn, yn) converge to the equilibrium point.
o Let
Xo = 25.1, x_1 = 26.25, yo = 185.75, y_1 = 340.25. (1.2.31)

convergence of (X, Yn)nz—1 to the same equilibrium is also observed, as illustrated in
Figures 7 and 8.

340

26.29
3204

26.0q
300+
x| ¥

280

25.61
260
25.41
T T T T T T 2407\ T T T T T
0 10 20 30 40 50 0 10 20 30 40 50

n n

x(n)

y(n)

Figure 1.5: Plot of x,, as given in ([.LZ29) and Figure 1.6: Plot of y, as given in ([LZ.29) and
(L:2.30). (LZ30).

1.3 Analysis of a Three-dimensional Rational System of Dif-
ference Equations: An extension of System ([[.1.7])

In this section, we consider System ([.T.Z) which is an extention of System ([.T.T]). We
will adopt a similar approach to the previous Section, utilizing the boundedness of
the solutions and the monotonicity of the functions to analyse the local stability of the
unique equilibrium point, however, we will investigate the global attractivity by the

application of a convergence theorem.



1. Global Behavior of Three Classes of Rational Systems of Difference Equations with
18 Arbitrary Powers

25.99
240+

25.64
220+

x(n) 25.5q y(n)

210+
2541

253 200

25.2

190

25.17 T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
n n

x(n)

y(n)

Figure 1.7: Plot of x,, as given in ([.Z29) and Figure 1.8: Plot of y, as given in ([LZ.29) and
(E2.3T). (L2.3T).
1.3.1 Local stability of the unique equilibrium point

To start, one can see easily that System ([.LT.2) has a unique equilibrium point which is
given by

o 1 1 a+p 1 \sH
(1,0, @) = |a+ ,d+ , (a+ ) .
b+c e+ f \y+A b+c
In the following, we will provide conditions for the local stability of this unique equi-

librium point. First, we will write System([.1.2) in the vectorial form.
We consider the C! function @ : (0, +00)® — (0, +0)° defined by

D(X) = (p1(X), P2(X), P1(X), Pa(X), £1(X), E2(X)),

where the vector X = (x1, x2, Y1, Y2, 21, 22) and

p q r r
vy Zy axy +ﬁx2) ;
X)=a+——, X)=d+—""—"=, &(X)=|——7=]x]x;,
¢P2(X) = x1, Pa(X) = y1, E2(X) = z1.

Then, System ([.T.2) can be written as
Xpa1 = D(Xy), (1.3.1)
whith X, = (u, -1, 0n, Vp-1, Wy, Wn-1).

To study the behavior of the unique equilibrium point of System ([[.1.2), it’s sufficient

to consider the unique equilibrium point of System ([.3.7]) that is, X =(i1,i1,9,9, 0, ).
Now, we associate System ([[.3.1]) with the corresponding linear system

Xn+1 = ]@(X)Xn/

such that X, = (u,, Upy_1,0n,Vn-1, Wy, Wy_1), Wwhere Jo is the Jacobian matrix of the
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—bp(e+f) bp(e+f)
0 0 (b+c)?[d(e+£)+1]  (b+c)2[d(e+f)+1] 0 0
1 0 0 0 0 0
3, 0 0 0 0 —eq(y+A)(b+c)**t eq(y+A)(b+c)s+t
Jo(X) = (a+B)(e+f2[a(b+e)+ 1T+ (a+p)(e+f)2[alb+o)+1]H
0 O 1 0 0 0
0 0 0 0 1 0
such that

_fa®+ o) + 1P s(a + B)(y + A) + r(ad = By)]
- (7/ + /\)Z(b + C)s+t—1 Y
_a+ o)+ 1P Ha + B)(y +A) +r(By — ad)]
- (7/ + /\)2(b + C)s+t—1

A

And its characteristic polynomial is P(0) = det(Jo — 615), we obtain

gpeb [=s(a +p)(y + A) + r(By — ad)] .
(a+B)y+A)b+c)e+ flab +c)+1][d(e + f) + 1]
gpeb [—25(0( +B)(y+A)+ta+p)y+A)+3r(By — 0(/\)] o2
 (a+ By +NB+o)e+ flal +c)+ 1][d(e + f) + 1]
qpeb [-s(a +B)(y + A) + 2t(a + B)(y + A) + 3r(—ad + By)]
(a+B)y+A)b+c)e+ fla(b+c)+1][d(e+ f)+1]
gpeb [t(a +B)y +A)+r(By — a/\)]
(a+B)y+A)b+c)e+ flab +c)+1[d(e + f)+1]°

P(6) = 6° +

(1.3.2)

Now, we will apply Rouché’s theorem, to prove the following stability result.
Theorem 1.13. Consider System ([.1.7) and let (uy,, vy, Wn)ns>—1 be a solution of this system.
Assume that

|C1| + |C2| + |2€1 + C2| + |C1 + 2C2| <1, (133)

where

B gpeb [—s(a +B)(y +A)+r(By - a/\)]

C(a+ By + A)b+c)e+ flal +c)+1][d(e + f)+ 1]
B gpeb [t(a +B)y +A)+r(By - a/\)]

2= (@+B)y+A)b+c)e+ flab +c)+1][d(e+ f)+1]

1 (1.3.4)

(1.3.5)
Then, the unique equilibrium point

(35, = a 1 p 1 (OH_'B)(Q 1 )S+t)/

Ty +e+f’ y+A Thre

of System ([[.1.2)) is locally asymptotically stable.
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Proof. From ([.3.7), (I.3:4) and ([[.3.5), the polynomial charecteristic P(0) can be writ-
ten as follows
P(@) =0%+ C193 - (2C1 + C2)92 + (C1 + QCQ)Q —C2.

Let
W(0) = 0°% Q(0) = —c10% + (2c1 + ¢2)0% — (c1 + 2¢2)60 + co.

From assumption ([.3.3) and for all 0 € C : |0| = 1, we have
|Q(O)] < [e1] +[2¢1 + ca +[e1 + 2c2| +[ea| < 1 =[W(O)].

So, by Rouché’s theorem, all roots of the characteristic polynomial P lie in the unit open
disk, which implies that the equilibrium point of System ([.1.7) is locally asymptoti-
cally stable.

O

1.3.2 Global behavior of the solutions of System ([.T.2)

In the following, we establish sufficient conditions for which the unique equilibrium
point of System ([.T.7) is a global attractor and we deduce its global stability. To do
this, we will first examine the boundedness of solutions for System ([.T.2).

Lemma 1.14. Every solution {uy,, vy, Wy }n>—1 of System ([.1.2) is bounded and we have

a<un§a+z, n=1,2, ,
1
d<’0n<d+z, n:1/2/ 4
1
e min(®, L) <w, <@+ i max@, L), 023,
y A A

Proof. From the first equation of System ([.T.2) we have

vn—l 1
aSun+1:a+ﬁSa+—, n=0,1,
by +cv,_, c
Thus, )
aSunSa+E, n=1,2,---, (1.3.6)
and then .
aSun_1Su+E, n=2,3,---. (1.3.7)

Similarly, from the second equation of System ([[.T.7), we obtain

q
w,_ 1
l__<d+=, n=0,1,---,

d<vyp1=d+ ——————— <
" ewz+fwz_1 f
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which implies that,

1
d<v,<d+-=, n=1,2,---.

Foralln =0,1,---, we have

aup +pu; | a B (yBp—alu; _,

AUl oy oyl +Aul )

aup +pul B _ —(yB-aM)x;,
A

yxn +Aul_, C AMyxh +Aul )

It’s clear that, depending on the sign of (y — @A), we obtain

) auf1+‘6u;_1 a B
min(= 5y < — 2" "7 < max(=, = =0,1,---. 1.3.
! (7/’ ) yxf1+Au;_1 = ma (7/’/\)' n=01 (13.8)

Hence, from ([.3.6), ([.3.7) and ([.3.8) we get

s+t : QE < < +15+t gé =9
a mln(y,/\)_w,ﬁl_(a C) maX(‘)/,A), n /3/ ’
which implies that
st @ P <. < Lsw ap =
a mln(y,/\)_wn_(a+c) max(y,/\), n=3,4,---.
Therefore, the solution {(u,, vn, wy)}n=-1 of System ([LI.7) is bounded. O

Remark 1.15. Let us consider the intervals

@+ min(®, By, () max(®, By,

1
d,d
T y' A a+c y' A

f
and let ug, u—y € 1,v9,v-1 € | and woy, w—y € K then, from Lemma ([.14) we have that the set
I X ] x K is an invariant set for the solutions of System ([L1.2).

Lemma 1.16. Consider the functions ¢, y, & : (0, +00)? — (0, +c0) defined by

+ By’
yx' + Ay"

1
I::[, +—], = , K :=
a,a c i

yq

yp
,¢(X,y)=d+m, E(x y)_(

o(x,y)=a
Then, we have
(a) The functions ¢ and { are decreasing in x for all y and increasing in y for all x, for all
(x,y) € (0, +00)?.
(b) Assume that

(s+rar+(s—r)py =0, (t+r)By+({t—r)ar =0,

then the function & is increasing in x for all y and increasing in y for all x, forall (x,y) €
(0, +00)?.
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Proof. The result follows from the following formulas of the partial derivatives

o) _ —bpxPTly? 99 _ bpaPyr

g(x,y) = P + P’ @(x,y) = P + Py’ (1.3.10)

9y _ —quq_lyq 8_17[} B eqxq_lyq

ox V) = oy e FE 3y YY) = Ty 2 Fie (1.3.11)

8_£(x, y) = Tyt (sayx® + (s + r)ad + (s ; rBy)x"y" + sp’Aygy), (1312)

dx (yx" +Ay")

& B Sy tayx® + ((t—r)ad + (t+1)By)x"y" + tAYy?)

oy (x,y) = G T Ay : (1.3.13)
OJ

Next, we prove a general convergence theorem that will help us establish the global
attractivity of the equilibrium point (i, 7, @) and so the global stability.
Theorem 1.17. Consider the system ([.1.2) and assume the following statements are true.

o Hi: There exist a1, f1, a2, B2, ag, p3 € (0, +00) such that

a1 < ¢(x,y) <Py, az < P(x,y) < P, a3 < &(x,y) < Bs,

for all (x,y) € (0, +o0)2.

o Hy: Assume that ¢, are increasing in x for all y and decreasing in y for all x and & is
increasing in both arquments (x, y).

o Hs: If (my, My, ma, Ma, m3, M3) € [ay, B1]? X [@2, B2]? X [, B3]? is a solution of the

system
my = ¢(mz, Ma), M; = dp(Ma,ma),
my = l1D(7n3/ M3)/ M2 = ¢(M3/ m3)/
mg = &(my, my), Mgz = &M, M),
then

my = My, mg = M, mg = Ms.
Then every solution of system ([.T.2) converges to the unique equilibrium point (ii, v, ).
Proof. Let
m? =y, M? = B, mg = do, Mg = ﬁg,mg = as, Mg = B3,
we define for each i =0, 1, ...

mi*! = (my, M)), M{™ = p(M}, m),
mitt = (mi, M), MY = p(ML, mi),
mytt = &(my, my), M = &My, My).
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We have from the hypothesis H; and H»

= m? < Pp(md, M) < p(M2, ml) < MY = By,
ay = m) < P(m§, MS) < p(MS, mg) < M3 = By,

az =my < EmY,m?) < &MY, MY) < MY = Bs.

al

Thus we have

0 1 1 0
my; <m; <My < My,
0 1 1 0
my <my < My < M,
0 1 1 0
ms < my < Mgy < M.

Now, we have

my = p(my, M9) < p(my, M3) < (M3, m}) < (M3, m3) = My,
my = p(mg, M3) < (m3, M3) < (M3, m3) < p(M3, m3) = Mj,
my = &(m), mY) < E(mi, m]) < EM], M]) < EM], MY) = M3.

This implies that we have

2
1

2
2

2
3

<M

<M
<M

IA
IA

17

IA
S
IA
=T 2=

27

IA
IA

By induction we obtain
mi < M}

i
< Mj}
i
< M

i—1
<M
< Mi—l
= 2

i—1
< Mi

.M
YE
.M

3
IA
S 3§ 3
IA
IA

3
WO NO HO
IA
IA
IA

W N

IA
IA

<

3

0
<MY,
0
<MY,
0
< M.

Then the sequences (1});»o, (m5)iz0, (m%)izo, (resp. (M!)iso, (M})izo and (M});»0) are
increasing (resp. decreasing) and bounded thus they are convergent and we have:

lim m! =my, lim M = Mj,
i—o0 i—o0
lim mi =my, lim M} = My,
i—o0 i—o00
lim mi = ms, lim M} = Ms.
i—00 i—o00



1. Global Behavior of Three Classes of Rational Systems of Difference Equations with
24 Arbitrary Powers

By taking limits in the following equalities

mi*t = p(my, M}), M = p(M), m)),
my™ = (m}, M3), M = (ML, m)),
mitt = E(mi, my), M = &My, MY),
we get
my = ¢(mz, Ma), M; = (Mg, ma),
mg = 1p(ms, M3), My = 1p(Ms, m3),
mg = &(my, my), Ms = (M, My),

From the hypothesis H3 we have
my =My, m9=My, m3=Ms.
Now, let (uy, vy, Wy )n=-1 be a solution for System ([.1.2). From H;, we get for n > -1,
ar=ml <u, <p1=M), ar=my<v,<Pa=M), az=m)<w,<ps=Ms.
Then, forn =0,2,...

m} = ¢(m3, M) < ¢(vn, 1) < P(MY, m3) = M},
m% = lp(mg/Mg) < lp(wn/ wn—l) < lp(Mg/ mg = M%/

m3 = E(mY, m) < E(up, un—1) < EM?, M) = M3,

we obtain
I < < M1 < < M1 1< <Mlun=01
my; < Uyt < 1, Mg S Upy1 S s M3 =Wny1 = 3, n=4U,1,...
then
Ly <M Leon < ML 1< <Mlun=12
my sup s My, MmMysvy s My, M3swWpsMgn=1,2...
Now, forn =2,3,...

m} = ¢(my, M3) < ¢(0n, 001) < G(My, m}) = M3,
my = p(mi, M3) < p(wy, wa_1) < (M3, m3}) = M3,
my = E(m}, m}) < Eup,un1) < EM], MY) = M3,
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we get

2 2 2 2 2 2
my <upyr S M7, my < v < M3, m3 < Wpt1 < M3/

then
mi<uy, <MP, mi<v,<M;, misw,<M3n=34...

Forn =4,5,...

m} = ¢(m3, M3) < ¢(vn, 05-1) < G(M3, m3) = MY,

mjy = (m3, M3) < P(wy, wy—1) < Y(M3, m3) = M3,

m} = &(m?, m?) < &y, un) < EMF, M?) = M3,
we get

my <y M3, m) <o SM3, md <wye < M3,

then

mi<u, <M., mb<v, <M, mi<w, <M, nx>2i-1,...
Using the fact that i — +oc0 implies n — +co0 and m; = My, my = May, ms = M3, we get

lim u, =my, lim v, =my, lim w, = ms.
n—00 n—-000 n—0o

Thus
my = ¢p(m m)—a+L—ﬁ my = (ms, ms) =d + ! =7
1= ¢(ma, ma) = Al 9 = Y(ms3, m3) = v f
a+ﬁ 1 S+t _
ot (228 ) o

Now, we will apply this convergence theorem on System ([.1.2).
Theorem 1.18. Consider System ([.1.2) and assume the following

1. (s+r)ad+(s—r)By 2 0and (t +r)By + (t —r)adl >0

a+p\ dpq(s+t)p5ti—t
2 y+A cfasas <l

Then the equilibrium point of System ([.1.2), (i1, 0, @) is a global attractor.
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Proof. From Lemmas [[.T4 and [[.1§, it’s easily seen that H; and Hs of Theorem [[.17 are
satisfied. It suffices to check Hs.

First, assume there exist (m1, M1, m2, My, m3, M3) € [a1,B1]* X [az, B2]? X [as, B3] a
solution for the system

p 14

B(ma, M) M, M, = ¢(Msy, my) e (1.3.14)
= op(mo, =g+ ——, = ,Mmy)=a+ ———, 3.
2 bmg + cMg ! 27 ng + cmg
M ml
my = (ms, Ms) =d + —————, My =1p(Ms,m3)=d + —————, (1.3.15
2 = §(ms, M) emg+fM§ 2 = §(Ms, ms) eMg+fmg ( )

+ +
ms = &(my, my) = (; = ﬁ) mit, Ms = &(My, M) = (70; " fg\) M. (1.3.16)

From ([.3.174)-([.3.14),we have

b(m - M)

M —my = 1.3.17
! (bmg + cMg)(bMp + cm2) ( )
2q 2’1
e\m —
My —my = — ( - 3q) : (1.3.18)
(emg + fMg)(eMg + fms)
a+p
Ms — ms3 = (V m A) (M5* —mSHh. (1.3.19)

We get, from (I317)-(I319)

b(m} + Mg)(m +my My + -+ Mg_l)(ﬂh - My)

My —my = ,
' ' (bm2 + cMg)(ng + Cmg)
e(md + MD(mI ™ + -+ MITHY(ms — My)
M —my = NYBYL 7 ’
(em3 +fM3)(eM3 + fmyg)
a+pf _
M3 —ms3 = (7/ n /\) (Mi” 1 + -+ m1+t 1)(M1 ml).
It follows that

(M1 —my)(Ma—ma)(Mz—mg) = V(my, My, ma, Ma, m3, M3)(My—my)(Ma—ma)(Ms—ms),
(1.3.20)
such that

1 p-1-k 1 g-1-k
b(mg + Mg) Zi:o mp k] [e(mg + Mg) ZZ:O mg M§

\Ilm/M/mlM’m’M =
(1, My, 11z, My, 3, Ms) l(bmg+cM§)(bMp+cm2) (engrfMg)(eMngfmg)

s+t—1
0(+ﬁ +ZMs+t1k (1321)
y+/1 o
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Since (m;, M;) € [a;, Bi]?,i = 1,2, 3 then we get

p py Pl p—1-k, ok 2p-1
b(mly + My) ¥F_ my " M5 3 2bpB,’ 2w
(bmb + cMD)OMSE +cmb) bcp’;p T cay’
1 g-1-k 2q-1

e(my + M) Nizymy M5 _2eppy” 2
(emf + M) (eM] + fmi) = efp2t = fas’

s+t—1
(“"‘ﬁ) Z Mi”_l_km’f < (0‘+ﬁ) (s + DS,

y+A e y+A
This implies that
dpg  [a+p -
\I](TH1, M11m2/ M21m3/ MS) < CfOéng ()/ + A) (S + t)ﬁi-'—t 1‘

Since we have

4pg(s + Dp;! [228) <

cfasas Y+ A
then
W(my, My, mg, Mo, m3, Ms3) < 1.
From ([.3720), we get
(M1 — ﬂ’ll)(Mg — m2)(M3 — m3) =0
thus

M1 = ml,M2 = WLQ,Mg = ms.

The conditions H;-H3 of Theorem [[.T7 are verified for System ([.T.2), which implies
that every solution of System ([.T.2) converges to the unique equilibrium point (iz, 7, @)
thus it is a global attractor. O

In the next theorem, we summarize the global behavior of the solutions for System

(L.1.2)
Theorem 1.19. Consider System ([.1.2). Then, the unique equilibrium point

o 1 1 a+p 1 \s*
(u'v'w)_(a+b+c'd+e+f'(7/+/\)(a+b+c) )

of System ([[.1.2)) is a globally asymptotically stable if

1. s+r)ad+(s—r)By =0and (t +r)By + (t —r)adl >0

2 atp dpg(s+t)p3i—t
: j/+/\ Cfazag

3. |c1] + |ca| +12¢1 + ca| + |c1 + 2¢2| < 1, where ¢y and ¢y are given by ([.3.4)) and ([.3.5).

<1,

1.3.3 Existence of periodic solutions

In this section, we will provide necessary and sufficient conditions for the existence of
prime period-two solutions of System ([.1.2).
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Theorem 1.20. Consider System ([.1.2) and let I, m, n be real numbers such that (I — 1)(m —
1)(n — 1) # 0. System ([[.T.2) has a prime period-two solution

{...(p,0,0),(lp,mo,n0),(p,0,0),(lp,mo,n0), ...}

if and only if
mP nt
o omr =i+ me+c)’d+e+fn‘7 =md+ en’1+f)'
(X+ﬁlr t s+t _ r+ﬁ I8 s+t
(y+/\lr)l _n(ylr+/\)
where . ) g
— — al” + s+t
p_a+bml’+c'0_d+enq+f' ()/l’+)\p) (p)
Proof. First, we suppose that the sequence
{....(p,0,0),(lp,mo,n0),(p,c,0),(p,mao,nb),...}, (1.3.22)

is a prime period-two solution of System ([.T.2). Then, we have

p= b(mo)? + coP’ P=aT hor+ c(mo)p’
B 01 B (n6)1
o=dt oy ot M=t Cgis fmon
a(lp) +Bp’ ‘ ap” +plp)
=(—————— °ot, nb=(——— )X s,
= Sy 1070P) ooy o'
It follows that
1 mP
p—ﬂ+m, lp—ﬂ+m, (1323)
nt
G—d+enq+f, mG—d'f'm, (1324)
— Oélr+ﬁ s S+t _ a+:Blr t s+t
= (ylr +A)l p’, n0 = ()/+)\lr)l P’ (1.3.25)
From ([3:23)-(I328) and (I3:23) we get
mP
b omr _l(a+bml’+c)’
q
= m(d+ ),

e+ fni en?+ f
atpl’ ,al"+p
y +/\l’l B ()/lr +)\)l
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Now, we suppose that we have
mP 1 nl 1 a+pl’ , al"+B
S =la+ me+c)'d+ e+ fni =mid+ en”l+f)')/+Al’ _n()/lr+/\)Z ’
where e
e smar L oo (AP s
p_a+bml’+c'g_d+en‘7+f'6_()/lr+Apr)l ()
Let
u_y=1p, up=p,v_1 =mo, vop=0,w-1 =n6, wy = 0.
Then, we obtain
u —a+v—ﬁl— +ﬂ—a+ m? =1(a+ )=lp=u
L bvg+c(p_1)r? B bo? + c(mo)P b+cmP bmp +c) P THY
v —d+—wzl PP L) S
! ewg +fwil eB1 +f(n9)‘7 e+fn”7
1
:m(d+enq+f):ma:v_1,
;= aug+puly o, :(apr+,8(lp)r)lsps+t:(a+ﬁlr)lsps+t
yul+Au” 0T Yy pr 4 A(lp)” Y+ Al
— (Xlr-l—ﬁ s S+t _ —
—”((mﬂ (py™)=nb=w_,
_ W _ o
O v bmoy veor T amrae PTM
q
w 01 1
=d+—9 4+ —— —d+—— =G =n0,,
T T fal T emoy v fo e 0T
wy = —aui +ﬁu§ ujuf = APV HBP 45 ot 4P +ﬁlsps+t =0 = wy.
yuy + Aug y(lp) + Ap’ yir+A

Hence, by induction we get

Ugn—1 = lp, Ugy = p, Vap—1 = M0, Vay = 0, Woy—1 =160, wy, =60, n=0,1,---
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1.3.4 Numerical examples

In this part, we will illustrate our results by some numerical examples.
Example 1.21. Consider System ([[.1.7) with the following parameters

3 1 21 1 7 3 3 1
=—,b:—’ = —, :—’d:3’ = -, :1’ :—’Az—, = -,
T Ty T T frga=lb=gA=57=y
p=2q9=1r=1,s=2,t=1
Then, System ([.LI.2) becomes
2
3 V- Wy 2uy + 3uy,-
Unel = =+ 5 O = 34— — w1 = [ | uduan,  n €N,
4 vp+ 505, W0 + SW,_q iy + 3Un-1

(1.3.26)

The unique equilibrium point of this system is the point

85 49 330429
92" 15" 27008

ii,7,W) = ( ) ~ (0.924, 3.266, 1.126).

It’s easy to verify that the conditions of Theorem are satisfied for System ([.3.28), and
then its unique equilibrium point (ii, 0, W) is globally asymptotically stable. We take the initial
values

u_1 =0.75,u9 =0.9,0_1 = 3,09 = 3.25, w_; = 0.5, wg = 1.5. (1.3.27)

Then, the plots of the sequences (tn)ns—-1, (Vn)nz—1 and (Wy)n=—1 of the solution of the System

([3:29) are shown in Figure [.Y, [.10 and [[.T1.
Example 1.22. Consider System ([[.1.2) with the following parameters

a=0.250b=25,c=525d=495e=2, f =25 a=0.5, =135,
A=1,y=06,1=03,p=2,g=1,r=1,5s=2,t=3.

Then, System ([[.1.2) becomes

2

u = -+ n-1 ,
T LT 9502 +5.2502

Wn-1
2w, + 2.5W,1
0.5uy, + 1.35un_1) 2y
Uy +0.614—1 mn=l

0

Un+1 = 4.95 + , ne No. (1328)

Wn+1 = (

The equilibrium point of this system is the point

47 931 1159

(#,9,®) = (31 T30’ T28130

) ~(0.379,5.172,0.009).

It's easy to verify that the conditions of Theorem [.19 are satisfied for System ([.3.28), and then
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Figure 1.9: Plot of u,, as given in ([.3.28) and Figure 1.10: Plot of v, as given in ([.3.26)

(L:3.27). and ([L.3.27).

0 H 10 15 20

n
— wn)

Figure 1.11: The sequence w, as give in ([.3.28) and ([.3:27).

its unique equilibrium point (i1, 0, W) is globally asymptotically stable. We choose the initial
conditions as follows

u-1=0.25,u9 =04,v_1 =4.95,v9 = 5.3, w-_1 = 0.0008, wg = 0.019. (1.3.29)

Then, the plots of the sequences (1 )n>-1, (Vn)nz>—1, and (Wy)n>—1 of the solution of the System

(L3:28) are shown in Figure [.12, [.13 and [[.14.
Example 1.23. Consider System ([[.1.7) with the following parameters

7 1061 36
a b=5,c ,d 292905,6 5 f 5, 23,ﬁ 7,

367
A=5,y=11,p=1,q=3,r=1,s=1,t=1

Then, System ([[.T.2) becomes

Ups1 = T 4Ot
1736 T Buy + 2041
3
1061 ws_
Vps1 = n-l n e No. (1.3.30)

+ ,
292905 25w + 45w?_,

36y + 16101 |
2531, + 1151, ) " "

Wn+1 = (
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Figure 1.12: Plot of u, as given in ([.L3.28) Figure 1.13: Plot of v, as given in ([.3.28)

and (T329). and (T329).

0018

0016

0014

00124

0010

0008

0006

0004

0 5 10 15 20

n
— wn)

Figure 1.14: The sequence w, as give in ([.3.28) and ([.3:29).

By choosing | = 3,m = %, n = % and the initial conditions

) 5 665 1330 125 125

M= g 0= 101 7 351 0 T Rsss1 Y T 24847 Y0 T 16567

1.3.31
18 12 (1.3.31)

one can easily check that the following conditions of Theorem [[.2()

a+ ! :2a+L

2b+c 3 3(b+2c)
d+L:l +2—7
27e +8f 2 2(8e+27f)

3a+28  4da+6B
3y +24 6y + 917

are verified. Consequetly, System ([[.3.30) has a prime period-two solution which is given by

5 ) 665 1330 125 125

Uop-1 = Eluzn = E/UQH—l = —58581'02" = —58581'w2"_1 = _2484/w2n = _1656'

The plots of the sequences (Un)n>—1, (Vn)n>—1, and (wy)n=—1 of the above periodic solution are
shown in Figure [[.15.

n=0,1,
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0.4

0.3

u(n), v(n), w(n)

0.2

0.1+

u(n) v(n) w(n)|

665

Figure 1.15: The prime period-two solution of System ([3330) (u-1 = &, 4o = 15,01 = gouss, Vo =

1330 _ 125 _ 125
858517 W-1 = 9484, W0 = 756

1.4 Analysis of a Three-Dimensional Rational System of dif-
ference equations: A Further Extension of System ([.1.1))

Motivated by the findings in the previous sections, we extend System ([.1.T) to the
three dimensional system ([.I.3). While the previously studied systems provided
foundational insights, the current system represents a more general case. By exam-
ining this broader framework, we extend the earlier results and confirm their validity
in a wider context. We adopt a similar approach, focusing on the global behavior of
solutions through boundedness analysis and the use of monotonicity properties of the
defining functions of System ([.1.3).

1.4.1 Local and global stability of the unique equilibrium point

In this part, we will focus on the global asymptotic behavior of the unique equilibrium
point of System ([.1.3). We begin by establishing conditions for the local stability then
we will provide conditions on the global attractivity.

Firstly, we define the C! functions o, P, &:(0, +00)2 — (0, +00) by

axP +by?
cx? + dy?

gxt + kyt

&(x,y) = ( )X”y”,

(1.4.1)

yS
9y et —7F
)xy, Y(x,y) e+fx5+hy5’

(P(x/y) = (

Ixt +myY

where p,q,7,5,t,u,v € Ny and the parameters a,b,c,d,e, f,h, g, k,1, m are positive
real numbers. The system ([.T.3) can be written as follows

Xn+1 = Qb(yn/ yn—l)/ Yn+1 = IP(Zn, Zn—l)/ Zp+1 = CE(xn/ xn—l)/ n € No.
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The vectorial form of system ([.1.3) is given below
Xpi1 = F(X,), 1 € No, (1.42)
where F : (0, +0)% — (0, +0) is a C! function defined by
F(x1,x2,y1, Y2, 21, 22) = (@Y1, ¥2), x1, (21, 22), y1, E(x1, X2), 21),

and Xy, = (Xn, Xn-1, Yn, Yn-1,Zn, Zn-1)-
System ([.T.3) has a unique equilibrium point of system ([.1.3) is given by

o a4+b 1 q+r 1 g+k a4b u+v 1 (g+r)(u+v)
)= (md)(”fﬂ) ’e+f+h’(l+m) (c+d) (€+f+h) ‘

Thus, the equilibrum point of system ([42) is given by X = (%, %,7,7,2,Z) and the

(x,

<

corresponding linearized system is expressed as
Xu+1 = Jr Xy, n € Ny, (1.4.3)

such that Jr is the Jacobian matrix of the funtion F about the equlibrium point X.
We now present the first main result on the stability of the equilibrium point.
Theorem 1.24. Consider system ([LI.3) and its equilibrium point (X, ij, Z). Assume we have

lcol + le1] + [ea| +|c3| < 1,

where

[t(gm —kl)+u(g+k)(I+ m)] [p(ad —bc)+q(a+b)(c+ d)]

0= @+ b)c+d)(f + (I +m)g +Ole(f + )+ 1] /
—[(g + k)1 +m) ((a+b)(c+d)(u(l-r)—qv)+(ad — bc)(2u — pv)) + t(gm — kl)(ac + 4ad — 2bc + bd)]
‘= @+ b)(c+d)(f + (I +m)g+Ole(f +h)+1]
—[(g + k)1 +m) ((a+b)(c+d)(v(g—r)+u)+ (bc —ad)(u - 2pv)) + t(gm — kl)(ac + 2bc + bd)]
2= @+ b)c+d)(f + (I +m)g+ole(f +h)+1]
[—t(—gm +kI)+v(g+ k) + m)] [p( ad +bc)+r(a+Db)(c+ d)]
€8 = @D+ f+ U +m) g+ Re(f 1)+ 1]

Then the equilibrium point (¥, 7, Z) is locally asymptotically stable.

Proof. Consider the linearized system associated with ([.I.3), as defined in ([:4.3). We
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calculate the Jacobian matrix Jr about X, we obtain

Jr =

o O~ O O
o O o o oW
—_ o o N o o
o o o g o o

om o o~ O
o Mo o o o

where

_le(f+h)+ 1]7*"[(ad — be)p + (a + b)(c + d)q]

(f + h)T=1(c + d)? ’
_fe(f +h)+ 1177 [(~ad + be)p + (a + b)(c + d)r]
- (f + h)T=1(c + d)?2 ’

— —fs(l +m)(c+d)"*(f + h)(q+r)(u+v)

= (g + k)(f + h)2(a + b)”“’[e(f + h) + 1](q+r)(u+v)’

_ Fs(l+m)(c+d)*O(f + h)@+no)

= (g +k)(f + h)2(a + by[e(f +h) + @)

_(a+ by e(f + h) + 1](q+r)(u+v—1)[(gm kD)t + (g + k) + mu]

) (I +m)2(c + d)yw+o=1(f + hyuto-1 ,
_ (@ by e(f + )+ 1] (g + kDE+ (g + k) + o]

(I + m)2(c + d)u+o=1(f + h)u+o-1

The characteristic polynomial ®(A) is given by ®(A) = Det(Jr — Alg). We find

D(A) = A8 + A3 + 1A% + oA + ¢35,

such that
[t(gm —kl)+u(g+k)(I+ m)] [p(ad —bc)+q(a+b)(c+ d)]
o= (@a+b)c+d)(f +h)(+m)g+Fkle(f+h)+1] ’ (1.44)
—[(g + k)1 +m)((a+D)(c+d)(u(l—7r)—qv)+(ad —bc)(2u — pv)) + t(gm — kl)(ac + 4ad — 2bc + bd)]
= (@a+b)c+ad)(f+h)(I+m)g+k)e(f+h)+1] ’
(1.4.5)
—[(g + k)1 +m) ((a+Db)(c+d)(v(g—7r)+u)+ (bc — ad)(u — 2pv)) + t(gm — kI)(ac + 2bc + bd)]
2= (@a+b)c+d)(f+M)I+m)(g+Kk)e(f+h)+1]
(1.4.6)
[—t(—gm +kl)+v(g+k)(I+ m)] [p(—ad +bc)+r(a+b)(c+ d)]
€ = @1 D)+ d(f + U+ m)(g + Ble(f + ) + 1] (147)

Let @;(A) = A% and ®5(A) = —coA3 — c1A? — c2A — c3. Assume we have
|col + [e1] + lea| +fe3] < 1,

By applying Rouché’s theorem, we find that the roots of ®(A) lie in the unit disk.
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Thus, from the linearized stability Theorem [T, the equlibrium point (%, 7, Z) is locally
asymptotically stable. O

Now, to examine the global attractivity of the equilibrium point for System ([.1.3), we
first verify the boundedness of the solutions, we have the following lemma.

Lemma 1.25. Consider System ([L1.3) and let (X,, Yn, Zn)n=-1 be a well defined solution for
(LI3). then the sequences {(xn), (Yn), (zn)}nz_1 are bounded and we have

b 1\9%" b
e’1+’min(%,—)3xns(e+—) max(E —), n=3,4,...,

d h c’'d
1
ey, <e+—, n=12,...,
q k a b u+v q k 1 1 b u+v
(g+r)(u+v) - s . “w v s - “w v —
e mm(l'm)mm(c'd) SanmaX(l,m) (e+h)max(c,d)] ,n=25,6,....

Proof. Let {(xu, yn, Z”)}nz—1 be a solution of System ([.1.3). It’s easily seen from the
second equation in ([.I.3) that

eSyn+1Se+E, n=0,1,...,
which implies that
1
egyn§e+z, n=1,2,..., (1.4.8)
and
e<iy,_1<e+ n=23,.... (1.4.9)

Et

Now, we calculate

ayﬁ + byZ_l a (bc - ad)yz_l

cy,’i + dyfi_l c c(cy,’z + dyZ—l)/

and
P by’ _ p
ayy, + 0y, 4 _ E _ (ad = be)y,
cyy + dyZ—l 4 d(cyp + dy5—1)’
Then, it follows that ) )
2wty b
c cyﬁ + dyZ—1 d
if bc —ad > 0, and
P P
b Yn ¥V _a
d = cyp+dyh_ ¢
if bc — ad < 0, thus we have
P p
ay, +b
min (E,é) < 2Yn T 01 < max (E,é),n =0,1,... (1.4.10)
)" ey +dy, ¢ d
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From the first equation in ([.1.3) and the inequalities in ([.4.§),([:49) and ([.4.10), we

obtain
b 1\7*" b
e”’”min(%,E)SJcnﬂs (e+ﬁ) max(%,a),n=2,3,...,

it follows that

ab 1\7*" ab
T min |-, =] < <( —) -, = = 4.
e mln(c,d)_xn_ e+h max(c,d),n 3,4,..., (1.4.11)
and also
q+r
™" min (% Z) < Xpop < (e + %) max (% Z) =45, .. (1.4.12)

Similarly, we calculate

gxt +kx! | g _ (k- gm)x!
It +mxt 1 I(lxh +mxt )
and
gxp+kx,_,  k  (gm—kDx,
I +mxt_ | om om(lx +mxl )
it follows that,
xt + kx!
min g,ﬁ < 87T Tl 5,5),;4:0,1,..., (1.4.13)
I"m) ™ Ixh +mx! | " m

From the third equation in ([.1.3) and the inequalitites ([.4.11)),(L.4.12) and ([.4.13),

we obtain

u+v
e(q+r)(u+li) min g/ E min E, E < zZy41 < max g, k
I"m c' d I"m

it follows that,

u+o
ea+NW+0) iy (g,k) min (E,é) <z, < max (g E)
I"m c m

u+v

(1.4.14)
O

In the following, we define the constants

a b 1 q+r ]_
= =7, =—let _) ’ =e, =e+ -,
aq Ce B1 7 (e N as:=e, fPo:i=e 7

e+l max E,E u+v,n=4,5,..
( h) c'd

(e+1) 4 n="56
—)max |-, = ,n=25,6,...,
h c' d

*7
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u+v
— et i (8K (E)”” = max[$ K)|2 ( l)
ag:=e mm(l,m) - , Pz :=max T de+h
Remark 1.26. From Lemma [[.25, we have
a1 <x, <P, n=3,4,..., a2y, <P2, n=12,...,
az <z, <P3, n=5,6,.... (1.4.15)

Let I = [al,ﬁl] , ] = [0(2,[32] , K = [ag,ﬁg] . If we have x_1,x0 € I,y-1,Yy0 € ] and
z_1,z0 € K, then the set I X | x K is an invariant set of solutions for System ([.1.3).
In the next Lemma, we will provide conditions to ensure the monotonocity of all func-
tions ¢, 1 and &.
Lemma 1.27. Consider the functions ¢,y and & defined in ([L4.1]). Then we have

o The function 1 is decreasing in x for all y and increasing in y for all x.

o Assume we have the following

bc—ad >0, p(ad-bec)+(q+r)(ad+bc) >0, gm(t+u)+kl(u—t) >0, gm(v—t)+kl(v+t) >0,

Then the functions ¢ and & are increasing in x for all y and increasing in y for all x.

Proof. The result follows directly from the computation of the partial derivatives of ¢,
Y and & as shown below

8q§( - xTY(x%ac(q +r) + xPy?(p(ad — be) + (g + r)(ad + be)) + y*Pbd(q + 7)) -
ax YT (cxP + dyP)? =
o) _yPxTT P p(be — ad)

E(x,y) B (cxP + dyP)? 20,

aq) ~ _fsxs—lys 81,0 ~ fsxsys—l

g(x,y)—mgo, W(x,y)—mzo,

a—é(x,y) _ x" Tyt (x2glu + xtyt(gm(t + u) + kl(u — t)) + y* kmu) >0,

ox (Ixt + myt)?

é(x, y) = x"y? Y (xH glo + xtyt(gm(v — t) + kI(t + v)) + y* kmo) >0,

dy (Ixt + myt)?

O]

Building on the previous Lemmas, we establish the global attractivity of the equilib-
rium point of System ([.1.3).
Theorem 1.28. Consider System ([LI.3) with (Xy, Yn, Zn)n=—1 a well defined solution for it.
Assume the following conditions hold

(1) bc—ad >0, p(ad —bc) + (g +r)(ad + bc) >0,

(2) gmt+u)+kl(u—-t)>0,gmv—t)+kl(v+t)>0,

(3) 1-L>0,



1.4. Analysis of a Three-Dimensional Rational System of difference equations: A Further

Extension of System ([[.1.1) 39
where
BT @ bep g ) [ 253" [ﬁ?“"l (u+0)(g+k)
agp(c+d) a?,’s(f+h) l+m '

Then the equilibrium point (X, i, Z) is a global attractor.

Proof. From Lemma [[.75, it follows that the supremum and infimum of (x,)n>—-1, (Yn)n>-1

and (z,)n>_1 exist. Let

my = liminf x,,, M; = limsup xy,, (1.4.16)
n—oo n—00

mg = lim inf y,,, Mj = limsup y,, (1.4.17)
n—oo n—o0

ms = liminf z,, M3 = limsup z;,. (1.4.18)
n—o00 n—oo

We have for € € (0, min(my, ms, m3)):

In, €N, Tm;,M; €eRY :my—€e; <x, <M + €1,
dny € N, dms, My €R+:TI’Z2—€2 < VYn < Ms + €9,

dng EN,HMg,M3€R+:71’I3—€3 <z, < Ms+es.

Let ng = max {ny, no, n3}. So, it follows that, for all n > n,
m—-—e€<x, <Mi+e, my—-€e<y,<Mso+e, m3—€<z,<Mz+e€, n2=ny.

From the assumption (1) and Lemma [[.77, the function ¢ is increasing in both argu-
ments for all (x, y) € (0, +o0)2. Then, we have

¢(my —€,mg —€) < O(Yn, Yn—1) < P(Mz +€, Mo +€),Vn > np+1,
using the continiuty of ¢, we obtain
P(ma, ma) < Xp41 < G(Ma, M), Vi > ng + 1.
From ([.4.16), we get
P(ma, ma) < my < My < ¢(Ma, Ma). (1.4.19)
This implies that

My —my < ¢(Ma, Ma) — ¢p(mz, ma),

P p p p
< (aM2 +bM2)Mq+r B (am2 +bm2) g7

p p 2 P p 2 7
cM;, +dM, cm,, + dm.,
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< (11 + b) (M;ﬁr _ mg+r)’

c+d

S(tz+b)(q+r)
c+d

+b - - _
< (Ll )(Mgﬂ’ 1 +Mg+r 21’112 +”'+mg+r 1) (M2 _m2),

Mgw_l(MQ - 77’12).

From ([.4.15), we deduce
(XQSmQSMQS‘BQ.
Thus, we obtain
g+r_1(a +b)(g+71)
c+d

M1 —my < (M2 - mg) . (1420)

Now, since the function ¢ is decreasing in x for all ¥ and increasing in y for all x, then
we have for all n > ng

U(Ms +€,m3—€) < Uz, zn-1) < P(mg—e, Mz +€), n > ng+ 1.

By using the continuity of ¢, we have
Y(Ms, m3) < Ype1 < P(ms, M3), n > ng+ 1.
From ([.Z.1§), we get
Y(Ms, m3) < my < My < ¢(m3z, M3). (1.4.21)

It follows that

My —my < ¢(m3z, M3) — p(Ms, m3),

M s

< —
= FmS+ hMS  FMS + s
)

<
T f+h )\ Mim;

- 1 (M5 +m3) (M5 — ms3)
“(f+h) m3e '

1

<— (M '+ M5 Zmg + -+ mST) (M3 — ms) .
(f+h)m§s( 3 3 3 3 )( 3 3)

Then

2s M 251

Ms — mg < —5’
m S
3

(M3 —m3),
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From ([.Z4.15) and ([.4.1€), we obtain the following inequality
az <mz < M3z < B3,
then 2s—1 2s—-1
M; <P3
m3* T aZ
Thus, we have
2s—1
My —my < ——2— (M3 — m3) . (1.4.22)
a

3

From the assumption (2) and Lemma [.Z7, the function £ is increasing in both argu-

ments for all (x, y) € (0, +o0)2. Then, we have

E(my—e€,my —€) < &E(xp, xn-1) S EM1 +€,My+€), n2ng+1,

since the function & is continous, we get

E(my, my) < zpy1 < E(My, My), n>np+ 1.

From ([.Z5), we have forn = 2,3, ..., ag < z, < f3 and by using ([.4.16), we obtain

&(my, my) <mg < Mg < E(My, My).
Consequently,

M3 —m3 < E(My, My) — &(my, my),

gM! + kM AT gmb +km! ko
IM} +mM! ! Im} +mm! L
g+k
[+m

<

IA

(MiH—v _ miH—v) ,

IA

IA

(u +0) Mf”"l (M1 —my).

Since we have
a1 <m <M; < ,31

we get

u+v-1
M1 < ,Bu+v—1/

uto-lo L k) u +v
My =y < P @+ R+ 0)
I +m

(M4 M2, 00) (M = ),

(My —my).

(1.4.23)
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Now, from ([[4.20) , ([.4.22) and ([.4.23), we obtain

M| —mq <

u+v-1
[ ! (u+v)(g+k) (M, — ).

[+m

(a+b)g+rplT 2sp3 !
c+d [a?(f +h)

We have
(M1 - ml)(l - L) <0.

From the assumption, we have 1 — L > 0, which implies M; — m; < 0 thus M; = m;,
and it follows My = m9 and M3 = ms3.
Then we obtain

lim 2, = d(My, My) = % = | 52 (14 -2 "
A = WML, Mo) == 105 f+n)
. _ 1
nh_r)roloyn=1/1(M3,M3)=y=e+f+

g+k
I +m

n—oo

S~—

h/
a+b u+v 1 (g+r)(u+v)
1+ .
(c+d) ( f+h)

In summary, we proved the following result,
Theorem 1.29. Consider System ([.1.3) and let (x,, Yn, Zn)n>—1 a well defined solution for
it. Assume the following conditions hold

1. bc —ad >0, p(ad —bc) + (g + r)(ad + bec) =2 0,

2. gm(t+u)+kl(u—-t)>0,gmw—t)+kl(v+t)>0,

3.1-L>0,

4. le1| + |ca| + |e3| + |ca] < 1, where ¢y, c2, c3, c4 are given in ([L4.4)-(L.47).
and
- PTG b)2p g )| [ 2sp2 [ B (1 +v) (g + k)
a2 (c +d) aZ(f +h) [+m '

Then, the equilibrium point (X, i/, z) is globally asymptotically stable.

1.4.2 Existence of periodic solutions

In this part, we establish necessary and sufficient conditions for the existence of prime
period-two solutions of System ([.T.3).

Theorem 1.30. Consider System ([.1.3) and let o, etac € R such that (a—1)(B—1)(c—1) #
0, then there exists a prime period two solution

{....(p,,0),(ap,Bu,00),(p,u,0), (ap,pu,d0),...},

if and only if
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apf +b a+bp? o
q =g —e——
ap (cﬁp+d) ﬁc+dﬁp'5(e+fos+h) e+f+hc75'
t t
o ga' +k _ 08t ka ’
lat +m [ +mat
where
apf +b 1 o 1
= B9 = -
p=F (cﬁp+d)(e+fos+h) ’ H €+f05+h’
o auﬁq(uw) gat +k\ (ap? +b U+ - 1 (q+r)(u+v).
lat +m ) \cp? +d fos+h
Proof. Suppose that
{....(p, 1, 0),(ap,Bu,a6),(p, 1, 6), (ap, Bu,c6)},
is a periodic prime two solution for System ([.1.3)), then from ([.1.3), we get
_(aBwP +buPy _ (e +b(Bu)
- (Grvaw) o o= (i) e
- 0° B (00)°
U= T F G0y + hos PU= e Fo rhoo) (1425)
_(slap) +kp') L _ (gpt +kap)y o
= (l(ap)t Tl p"(ap)?, 0= 17+ m(ap) p"(ap)”. (1.4.26)
It follows that,
apf +b a+bp?
— T q+r —
(cﬁp+d)ﬁ‘u , ap (c+dﬁp)’ (1.4.27)
1 s
M_e+fos+h' ﬁy—e+f+has, (1.4.28)
— gat + k U U+D — g + kat U U+D
6_(laf+m)ap , 00 = Tt @ . (1.4.29)

Then, we obtain

e apf +b N 1 o . 1
p=F cpP +d ¢ fos+h ’ H=e fos+h’

t p
_ upg(uto) gat+k\ (ap
0=a’p (lat +m ) \cpP

From we get,

+b u+v 1 (g+r)(u+v)
+d) (e+fas+h)

apt +b\  (a+bp?
a‘Bq(c,BP+d)_ﬁ (c+dﬁp)’
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Ble+ ! :e+0—,
fos+h f + ho®
'+ k + ka!
aa“(ga ):a”g c

lat +m I +mat’

Now, suppose that we have the following

apP +b r a+bpr\
p= (Cﬁp +d)ﬁ”’w+ , ap = (c +dﬁp)ﬁ ‘uq+ ) (1'4.30)
1 S
y_e+f05+h' ﬁy_e+f+hgs’
P4k ok
0= (iﬁm) Ol‘Upu+U, 08 = (lg+ mZt) a'Upu+‘U. (1432>
such that
ﬂﬁp-i-b 1 q+r 1
— g1 _ 1
p=F (cﬁp+d)(e+fgs+h) ’ % e+fas+h’
0= at q(u+v) gat + k aﬁp +bh\4t? N 1 (g+7)(u+0)
= ﬁ lat+m Cﬁp+d e fas+h ,
and let

X_1=ap,xo=p,Y-1=PpU,Yo=p,z-1=00,z0=0,

then, we have

Xy = llyg + byfl q. r
cyy + v, e
ap? + b(Bu)? r
=\ g | B
cu? + (Bu)
a+bp?
— T q+r
c+ pP )5 H
ap? +b

— q,,9+r

¢ (cﬁp + d) P

=ap=x_,

Zs_l (06)5 o® 1

(1.4.31)

%:“m:“m:“fmas=ﬁ(€+fas+h)=5”=y—lf

t t
_ gx0+kx—1 U .o
Z1 = —l ; : XgX_1,
X, +mx_,

gp' +k(ap)!
lpt +m(ap)t

) pu(ap)v’
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— (f:nﬁzi) a"U ll+"U,
(lgzt:nli) at ptt?,
=00=2z_4,

p p
_ |ty qr_(w) q,_(aﬁpgb) e
" (Cyf+dy§) 0 =\ cpop v aw | PO = \Gprra ) BT =P =X
z; _ 0° e 1

V2=t i hz T o0y + hoF Frhos OTH

~ gxt +Ixf v g(ap)t +1pt ‘o galt +1 o owio
Z2_(lx§+mX6 X1Xp = I(ap)t + mpt (ap)'p” = lat + m a-p =0 = zp.

By inductiononn =0,1,..., we find

Xon—1=Qap, Xon =0, You-1=PU, Yon =W, 2Zou-1=00, z9,=0, n=0,1,2,...

O
1.4.3 Numerical Examples
In the following, we will illustrate our results by some numerical examples.
Example 1.31. Consider System ([.1.3) where the parameters are given by:
a=>55b=3264,c=432,d=245,e=221,f=0.1,g=2.7h=33,k=243,
1=352,m=2310,p=1,g=3,r=2,s=2,t=1,u=3,0v=3.
We obtain forn = 0,1, ..., the following system
5.9Yn +3.264yn-1| 3 zo_ 2.7xy +2.43x4-1 | 3 3
= , =221+ , = _1-
Tt =\ 132y, + 245y, | Y1 Y 0122 +3322_ " T 352k, + 23108, ) 7
(1.4.33)
Let the initial values be
x-1=1.913,x9 =0.75,y_1 = 0.45,y9 = 0.41,z_1 = 0.595.z9 = 2.01, (1.4.34)

The equilibrium point of System ([.4.33)) is given by
(x,7,%) = (129,2.51,4.08 x 10'2).

It’s not hard to verify that the conditions of Theorem [[.2Y are satisfied, thus the equilibrium
point of System ([A:33) is globally asymptotically stable. The plots of solutions for System
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([:233) are shown in Figure [.16, [.17 and [[.1§

2.59

100

80

1.5q
o o)

404

201

0 10 20 30 40 50 0 10 20 30 40 50
n n
x(n) y(n)
Figure 1.16: Plot of x,, as given in ([[233) Figure 1.17: Plot of vy, as given in ([[233)
and (L39). and (LE39).
4.x 10
3.x10'%4
z(n) 2. x 10'2
1.x 102
0 10 20 30 40 50

n

7(n)

Figure 1.18: The sequence z,, as give in ([.4:33) and ([Z34).

Now, we give example for periodic solutions of System ([.1.3).
Example 1.32. Consider the system defined in ([.1.3) with the choice of parameters

a=25,b=2¢=55d=1,e=2,f=2,¢=1,h=0.01,
k=1,1=35 m=45,p=1,9=2,r=3,5=2,t=2,u=2,0=4,
Then, (I.1.3) becomes
25Yn +2Yn-1
xn+1=(#)y%y2_l,

55]h1+'%?_1

Zn—l

+
222 4+0.01z2

§ Yn+1=2 , n €Ny, (1.4.35)
n-1

2 2

B X, + X, 5 4

Zp4l = 5 5 | XX,
3.5x; +4.5x;,
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Moreover let a = 87032 g = 51, 5 = 142189732, one can verify easily that the conditions for

Theorem [[.30 are satisfied, and consequently, ([.2:35) has a prime period-two solution which
is given by

Xon—1 = 5.086 X 10°, x9, = 37878.569, yo,—1 = 102, Yo, = 2, Zoy—1 = 1.817 x 10?2,

Zoy = 1.278 x 10,

The plots of the sequences (Xn)n>—1, (Yn)nz—1 and (z,)n>—1 of the above periodic solution for
the initial values

x_1 = 5.086 x 10°, xo = 37878.569, y_1 = 102, yo = 2, z_; = 1.817 x 10%,
zo = 1.278 x 104,

are shown in Figures [.19, [.20 and [[.Z1].

5.x 10 1001
901

4.x 10 804
701

3.% 10% 607
x(m) Y 5o
2.% 10 404
301

1. x 10%] 204
101

0 10 20 30 40 50 0 10 20 30 40 50
n n

x(n) y(n)

Figure 1.19: Plot of the sequence (x,)n>—1 as de- Figure 1.20: Plot of the sequence (Y )n>-1 as de-

fined in ([.4.35). fined in ([.4.39).
2. % 1033
1.5 x 1033
w) o)
5.x 1034
% 10 20 30 40 50

n

z(n)
Figure 1.21: Plot of the sequence (z)u>-1 as defined in ([233).




Dynamics of positive solutions
in a three-dimensional difference
equations system with rational terms

2.1 Introduction

The previous chapter examined several classes of rational difference equation systems,
focusing on their global behavior, stability, and periodicity. In this chapter, we explore a
different class of difference equation systems with rational terms. Although the overall
goal remains consistent namely, the investigation of long-term behavior of the positive
solutions, the system studied here differ in structure and present new results.

Before presenting the main system, we introduce several studied equations and sys-
tems that inspired this investigation.

For example, in [/]] Amleh et al. investigated the qualitative behavior of the positive
solutions of the second-order rational difference equation

Xn-1

x?’l+1:a+ /nENO/

Xn
where a is anonnegative real number and the initial values x_;, xo are arbitrary positive
real numbers. In [#5], Kulenovi¢ et al. studied the qualitative behavior of the positive
solutions of the equation

ax, +bxy—q
Xn+l = n—ﬁn,n € N0/
VXy + 0Xp-1
where the parameters «a, §, 7, 0 and the initial values x_, xo are arbitrary positive real
numbers. More recently, Tollu et al. [56] analyzed the system
a1Up-1 a0u-1 a3wWy-1

Up+1 = ; On+l = ; Wn+l =

———,n € Ny.
r 7
p1+ V1UZ_2 B2 + yng_Q Bs + ysu;_,

48
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where all parameters «;, i, 7i,i =1,---3 and p, q, r are positive real numbers and the
initial values u_;, v_j and w_; are non negative real numbers. In [#2], Kara et al. studied
the following cyclic system

YnlYn-2 ZnZn-2 XnXn-2

T e — n+l = Zpn+l = 77—
bxp_1 +ayu—s’ Y AYp-1 + czp—2’ fzn-1+exy—o’

where the parameters a,b,c,d, e, f and the initial values x_;, y_;,z_;,i = 1,--- ,3 are

real numbers. In this chapter, we consider the following system of rational difference

equations
X z

Xp+1 = 3a1 + as LR as Yn +ay z ,

Xn-1 Yn + Yn-1 Zn-1

Xp— -1 Zy—
Yn+1 = 3b, + bQ ol + bgyn + by i 1, n € Ny, (211)

n Yn Zn
Yn-1 Zp-1

Zp+l = 3C1 + Co +C

+C3 4 ’
Xp + Xp-1 Yn + Yn-1 Zp + Zp-1

where all parameters a;, b;, c;,i € {1,2, 3,4} are non-negative real numbers and initial
values x_;, y-j,z-j, j € {0, 1} are positive real numbers.

We begin our analysis by establishing sufficient conditions for the boundedness of so-
lutions. We then examine the local asymptotic behavior and global attractivity of the
unique equilibrium point and investigate the existence of periodic solutions. Theo-
retical results are supported by numerical simulations that illustrate key dynamical
behaviors.

This class of systems is of interest due to its mathematical structure and its relevance to
various models in applied mathematics. Understanding the behavior of their solutions
can enrich the general theory of nonlinear discrete systems and provide new insights
into the dynamics of rational difference equations.

2.2 Boundedness of the solutions

In this section, we establish sufficient conditions for the boundedness of the positive
solutions of System (EZ-I.1]). We present the following theorem as the first result in this
chapter.
Theorem 2.1. Consider System (E.I.0)) such that a;,by,c1 > 0. Let (Xn, Yn, Zn)n=—1 be a
solution of this system. We assume, in addition, that the following statements hold.

® gy < ayand xg,x_1 € (ag, +0).

o b3 < byand yo, y-1 € (bg, +00).
Then, every solution (x,, Yn, Zn)n>—1 of System (B.1.7]) is bounded.

Proof. First, it is easy to see that
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for all (u,v) € (0,+0)?. Since the initial values X-j,Y-j,z-j,j = 0,1 are positive real
numbers, therefore, for all n > 0, we have

4
Xn—1 n—1 Zn-1
€1 <cp +cg—2 +c3 4 +cqg—2 < Z ci. (2.2.1)
Xn + Xn-1 Yn + Yn- Zp + Zy-1 -1
That is
4
C1 < Zp+1 SZCi, n > 0.
i=1
Thus,

4
ClﬁanZCi, n>1.
i=1

Let a3 := min{zo, z_1, ¢1 } and B3 := max{zg, z—1, Z?zl ¢;}. Then, we have
a3 <z, <B3, n=>-1 (2.2.2)

That is, the sequence (z;,),-_; is bounded. Furthermore, we have

1

1 1
—<—<—, nx>-L (2.2.3)
Bs  zn a3
Also, we have
a3 <zy_1<Pf3, n=0, (2.2.4)
then
1 1 1

IA
|
3
\%
o

— < . 2.2.5
B3 zZu-1 Qs ( )

Hence, from (P-2.3) and (E.2.5), we obtain

as o B (2.2.6)

B3 zZu-1 as

and
as _zn1 _ B3
7

B3 Zn as

n 0. (2.2.7)
Now, from the first equation of System (Z.I.1]), we have

Xpe1 = a1, n=0.
Let @y := min{ay, xo, x_1}. This implies that

X, =>ay, n=>-1.

It follows that
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Then

<—, nx=0. (2.2.8)

Now, from (2.2.§), (£-2.8) and the first equation of System (E.1.1]), we obtain

as 3
Xn+1 a7+ a_x” +as +a4i—, n=0.
1 3

We define the sequence

Uns1 = A+ Z—Qun, neNy, (2.2.9)
1

such that ug = xo , u—1 = x_;y and A = a; + a3 + Mﬁ—i. By applying the Comparison
Theorem (see [27]), we have
Xp <u,, n>-1. (2.2.10)

To prove that (x,),>-1 is bounded from above, it suffices to prove that (u,),>—1 is
bounded. The equation (£.2.9) is a nonhomogeneous linear difference equation of first
order and its general solution is given by

()

n
as . as
- (_al) ug+A o if —alqtl,
n =

aq

ug + An, if 2—2121.

Since we have z—i < 1. Then, we obtain

A
Uy <o+ A—— =g + —— | 1 >0. (2.2.11)
1- a_21 a1 — ag
From (E.2Z.10) and (P-2.17]), we obtain
A
Xy < X+ al , > 0.

a1 —az

Let B1 := max {x_l,xo + a‘ff;Q } Then, we have
a1 <x, <P, nx=-1 (2.2.12)

which indicates that the sequence (x;),>-1 is bounded.
Now, from the second equation of System (2.1.1]), we have

]/n+1 Zbll n ZO/

Then,
yn Z bl/ n 2 1/

Let &g := min {yo, Y-1, bl}, this implies that

Yn 2 az, nz-1,
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then, we get

1 1
—<—, nx>-1 (2.2.13)
Yn az
From (E.Z.12), we have
i < i < i, n>-1,
1 xn a1
and also
a1 < Xp-1 Sﬁh n = 0.
It follows that 8
4 It By s (2.2.14)
B1 Xn ai

Using the inequalities (£.2.7), (Z2Z.13) and (£-Z.T4) in the second equation of System
(L), we get

Yns1 < by + 52& + bsyn_l +by,—, n>0.
a1 a9 as

Consider the following nonhomogeneous linear difference equation of second order

b
Ups1 = B+ a—?’vn_l, n € Ny, (2.2.15)
2

such that B = b; + bza—i + b4a—2 and the initial conditions vy = yp and v_; = y_; . Using

the comparison theorem, we have
Yn <0y, n>=-L (2.2.16)

To prove that (y,)n>-1 is bounded, it suffices to prove that the sequence (v,),>-1 is
bounded. The general solution of Equation (ZZ.15) is given by

n n
Z)n=k1( E) +k2(— E) + asB nz-1,

4
a9 ao as — bz

where ki and kj are arbitrary constants which can be found easily using the initial
conditions. We solve the two equalities

a a aoB
U1 = klwfb_g - k2w/b_§ + a22—b3’

vo = k1 + ko + aﬁiﬁg,
We find
k1=% yO"‘\/Z:zy—l_ 1+ Z—z (XQ“Q_BbS ,
and
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From the hypothesis, we have ,/ Z_?; < 1. Then, we obtain for all n > 0

1 b3 bg OCQB
vnsz(yo+1/a2y_1 (IJ”,ag)ag—bg)
a1 bs bs aoB a9B
+) 2(]/0 V012y_1 (1 0(2)0(2—173)4_012—53'

Then, for n = 2k + 1, we have

O(QB bg
<y_ 1-— —_ >
v”_y1+a2—b3( ), n=>0,

and for n = 2k,
Uy <YYo, n=0,

Let B2 := max {yo,y_l + aiﬁg (1 - 1[2—2)}, we get

Uy < P2, n2=-1, (2.2.17)

Thus, from (BZ.13), (B.2.16) and (£-2.17), we have

as <Yy <Pz, n=-1 (2.2.18)

which indicates that the sequence (y,),,._, is bounded. O

2.3 Global behavior of the positive solutions

In this section, we discuss the global behavior of the positive solutions of System (Z.1.7)),
which include the local asymptotic stability and global attractivity of the unique equi-
librium point of System (Z.1.7).

2.3.1 Local stability of the unique equilibrium point

To analyze the local stability of the equilibrium point of System (E.1.1)), we apply the
linearized stability theorem. To obtain the linearized form of System (Z.1.7]), we con-
sider the C! functions fi, g1, h1 : (0,+00)% — (0, +o0), such that

r

—— (2.3.1)

u
fiu,v,w,t,r,s)=a;+ 025 +as

v t S
s Yy /t/ 7 :b b - b - b =y 2~3-2
Qi(u,v,w,t,r,s)=by + 2u+ 3w+ 17 ( )

5
+ C3 + Cy ,
u+o w+t r+s
fo(u,v,w,t,r,s)=u, gu,v,w,t,r,s)=w, ha(u,o,w,trs)=r. (2.34)

hi(u,v,w,t,r,s) =c1+co (2.3.3)
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Now, we define the function F : (0, +c0)® — (0, +00)8

W > F(W) = (A(W), (W), g1(W), g2(W), h1(W), ha(W)) ,
such that for W = (u,v,w, t,r,s) € (0, +00)5. Then, the vector form of System (E.1.0)) is

given by
W1 = F(Wy), (2.3.5)

such that W, = (xnr Xn-1,Yn, Yn-1,2Zn, Zn—1)~
It’s easy to see that System (Z.1.1]) has a unique equilibrium point given by

1 1
(f,y,Z) = (a1+a2+§a3+a4,b1+b2+b3+b4,c1+§(c2+c3+c4)).

Let W denote the equilibrium point of System (Z:3:5) which satisfies the equation W =

1 1
f:ﬂ1+€l2+§ﬂ3+ﬂ4, y:b1+b2+b3+b4, Z:C1+§(C2+C3+C4).
The linearized system corresponding to System (£.3.5) is
Xn+1 = Jr Xy,

where Jr is the Jacobian matrix of F evaluated about the equilibrium point W.
Now we present the following theorem which establishes the local stability of the equi-

librium point of System (Z.1.1)).
Theorem 2.2. Consider System (Z.1.1]). Assume the following condition holds

5
Z IP;| < 1.
i=0

where the coefficients P;,i € {0, ..., 5} are defined as follows

1
Py = — (4H2b3C4 —4asbsc3 — asbocy + asbaco + 4asbocs — 4a4b3C2) ,
16xyz
1
P1 = 16)?]?2 (—12ﬂ2b3C4 + 12!12b4C3 + 3(13b2C4 - 3(13b4C2 - 12ﬂ4b2C3 + 12a4b3C2) ,
1
P2 = 16)?]72 (4sz3C4 - 4fb4C3 - 4];512C4 + 4?(14C2 - 1626121)3 + 42&31)2 + 12612173C4 - 12a2b4C3
— 3azbacs + 3azbscy + 12a4bac3 — 12a4b3c7),
1
P3 = 1632?2 (_832b3C4 + 8fb4C3 + 8];(12C4 - 8]?6!4C2 + 322ﬂ2b3 - 82[131?2 - 4L12b3C4 + 4a2b4C3

+ asboca — asbaco — 4asbocs + 4ﬂ4b3C2),

1
Py=———
16xyz

(—432?C4 — 16f2b3 + 4.’fb3C4 — 43?1’)4C3 + 16?2112 - 4}7(12C4 + 49!14C2 - 1621121’)3 + 42113b2)
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1
P5 = 16372 (43??C4 + 16xzb3 — 16?2&2).

Then, the unique positive equilibrium point

a 1
(f,y,Z) = (3(11+112+33+a4,3b1+b2+b3+b4,3C1+5(C2+C3+C4)),

of System (Z.1.0)) is locally asymptotically stable.

Proof. We begin by evaluating the Jacobian matrix Jr about the equilibrium point W.
We get

a3 @y a3 43 A4 =0
X X 4y 4y z
1 0 0 0 0 0
zba by by b3 Zha b
Jr = X X i i z z
0 0 10 0 0
—¢2 & € 3 —ta G«
X 4x Ay 4y 4z 1z
0 0 0 0 1 0

The characteristic polynomial of the Jacobian matrix Jr is found to be

P(A) = AS + PsAS + PyA* + P3A% + PoA? + PiA + Py,

such that
1
Po = — (4a2b3C4 - 4a2b403 - a3b2C4 + LZ3b4C2 + 4€l4b2C3 - 4a4b3c2) ,
16xyz

1= 163?]?2 (—12a2b3C4 + 12asb4c3 + 3agbacy — 3agbsco — 12a4boc3 + 12H4b3C2) ,

1

Pz = 16X7z (4Xb3cy — 4Xbacs — 4yazcy + 4jascy — 16Zazbs + 4Zasby + 12abzcq — 12a5b4c3

- 3[13b2C4 + 3a3b4c2 + 12a4boc3 — 12ﬂ4b3C2),
1
= 163?92 (—832b3C4 + 8fb4C3 + 8?&2C4 - 8?6!4C2 + 32Za2b3 - 82[13172 - 4L12b3C4 + 4a2b403

P3

+ a3b2C4 - a3b402 - 4ﬂ4b2C3 + 4a4b3c2),
1
= 163??2 (—432?C4 — 163?2[73 + 4fb3C4 — 43?b4€3 + 16?2112 - 4?(12C4 + 49!14C2 - 162_,'02b3 + 42113b2)

Py

1
P5 = 16572 (4fgC4 + 16xzb3 — 1692112).

We define (1) = A% and (1) = — 35 P;A’. Assume that

5
Dlpil<1.
0

Then, by Rouché’s theorem, we have all the roots of the polynomial P(A) lie in the unit
disk. From Theorem [[1], the equilibrium point W of System (£:3.3) is locally asymp-
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totically stable. Therefore, the unique equilibrium point of system (P.1.]) is locally
asymptotically stable. O
2.3.2 Global attractivity of the unique equilibrium point

In this part, we discuss the global attractivity of the unique equilibrium point of System
(E-I1). We begin by defining the following constants.

_azfipe _ 2a4P1Ps3 _ 2bafaf2
p1 2(a; —as)as’ P2 (a1 — az)a?’ ps (b1 — b3)a?’
2b4PB2P3 c2f3 c3f3
pa=—"7""—, Ps=7——, P6= ,
(b1 —b3)aj 2c101 2c1a9
. p1(p3 + paps) + paps(1 — paps) + pe(p3 + paps)

1—paps

such that a;,b;,¢c;,i € {1,...,4} are the parameters of System (Z.I.1) and cfj,ﬁj, j €
{1,2, 3} are the bounds of the sequences (x,)n>-1, (Yn)n>-1, (21 )n=—1 Which were defined
previously in (2.2.2),(22.17) and (Z.2.1§). The lemma bellow will be useful in the
analysis that follows.
Lemma 2.3. Consider the functions fi, g1, hi, as defined in (Z.3.1))-(E.3.3). Then we have
o The function f; is increasing in u,w,r and decreasing in v,t,s for all values of other
variables.
o The functions g, and hy are decreasing in u,w, r and increasing in v, t, s for all values
of other variables.

Proof. The proof follows directly from calculation of the parital derivatives of the func-
tions, f1, g1, h1. We have

J d _
8_{;1(1/[”0’ w’t’r’S) = a;g 2 0/ a_’(;l(ulvl w/ t/ r/ S) = Z;u S OI
afl a3t 8f1 —asw
- br,s)= —o > eal br,s) = <
aw(ulvlw/ Irls) (w+t)2 _O, at (u,v,w, ,T’,S) (w+t)2 _O,
fi a dfi —asr
W(u,v,w,t,r,s) = ?2 >0, x(u,v,w,t,r,s) = 522 <0,
and
0 -b 0 b
%(ulvlwrt/rrs):u_;go, %(u,v):fzo,
J -b d b
%(”,U,w,t,r,.‘;):w—;go, %(”,U)Z%ZO,
0 - J
%(M,U,W,t,r,s):%ﬁo, %(u,v):%z(),
lastly,
dhy —C0 oy Cotl
- 1Yy /t/ 7 = =Y, . s Yy /t/ 7 = Z 7
aM(uvw r,s) Wt o) av(uvw r,s) e 0
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8h1 —C3t (9}11 c3w
N\, v,y t/ ’ = < O/ ., W, U, W, t/ s = = O/
g 0T S) = o (0w TS) =

ohy —C48 dhy Cqll
.\, v, t/ ’ = < 0/ . v, 0w, t/ s = —5 2 0
> (u,v,w,t,1,s) T2 ER (u,v,w,t,r,s) r+3)

O

The following theorem establishes the global attractivity of the equilibrium point of
System (Z.1.7)).
Theorem 2.4. Consider System (ZI.1)) such that ay,by,c1 > 0. Let (Xn, Yn, Zn)n=-1 be a
solution for this system. We suppose, in addition, that the following statements hold.

® 15,43 < aj and xg, x-1 € (A, +0),

® b3 < byand yo,y-1 € (max{as, b3}, +00),

® 1 —pyps>0and1—-S>0.
Then, the unique equilibrium point of System (Z.1.0) is a global attractor and we have

i o =%l =l =

Proof. From the above assumptions, the conditions for Theorem [T are satisfied. There-
fore, the sequences (x,)n>-1, (Yn)n=-1, (zn)n=-1 are bounded and their supremum and

infimum exist. Let

my = liminf x,,, My = limsupx,, (2.3.6)
n—+oo n—+00

my =liminfy,, My =limsupy,, (2.3.7)
n—+oo n—+oo

m3 = liminfz,, Ms = limsupz,. (2.3.8)
n—+00 H—s+00

It is clear that we have fori =1,2,3
a; <m; < M; <B;. (2.3.9)
From the definition of the supremum and infimum, we have

Ve € (0, min(my, my, m3)) :3ny € No,Vn e Ng:n>ny : my —e <x, < Mj +¢,
El?’lQEN(),Vi’lENQZTZZTlQ:Tl’ZQ—ESyn < Ms +e¢€,

dns eNg,VneNyg:n>n3:mg—e€ <z, < Ms+e.
If we choose ng = max(ny, ns, n3), then for all n > ngy, we have
m —e<x,<Mi+e, my—-€<y;,<Mzy+e, mz—€e<z,<Mzg+e. (23.10)
It is clear that we have fori =1,2,3

a; <m; < M; <B;. (2.3.11)
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From Lemma .3, for i = 1, 2, 3, the functions f; are increasing in u, w, r and decreasing
inv,t,s forall (u,v,w,t,r,s) € (0,+00)% we have for all n > 0,

Xn+1 = fi(my —e, My +€,my—€,Ma+€,mz—¢€, M3 +e),

Xne1 < filM1 +€,my —€, My +€,my—€, M3 +€,m3 —€).
Using the continuity of the functions f;, we obtain
fi(my, My, ma, Mo, m3, M3) < xp41 < f1(My, my, Ma, ma, M3, m3),

It follows from (£.3.6)
my > fi(my, My, ma, Mo, ms3, Ms)

and
M < fi(My, my, My, ma, M3, m3).

More precisely, we have

my nig ms
>a1+a9— +ad3—————— + A4 — 2.3.12
my 2 ay + as ) a3m2+“2 514?‘[3/ ( 3 )
M, M, M3
M; < +a9g— 43— + a4—, 2.3.13
Lsai m 43 ms + Moy a4 ms ( )

Now similarly, by using the fact that the functions g and h,, are continuous, decreasing
inu, w, r and increasing in v, t, s, we obtain for all n > ng + 1,

g1(My, my, My, ma, M3, m3) < yps1 < g1(m1, My, ma, Mo, ms3, M3).

and
hi1(My, my, Ma, mg, M3, m3) < zy41 < hi(my, My, ma, Mo, ms3, M3).

Then, It follows from (£-3:7) and (E-3-8) that

my > g1(My, my, Ma, my, M3, m3),

MQ < gl(mll Ml/ ms, M2/ M3/ m3)1

msz > hy(My, my, Ma, ma, M3, m3),

and
M3z < hy(my, My, ma, Ma, M3, m3).
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More precisely, we have

>b +b—+b +b 2.3.14
ma 1 2M1 3M2 4M3 ( )
My < by + bgﬁ + bgﬁ + b4% (2315)
nmy ms ms
ny U nis
> , 2.3.16
m3_61+C2ml+M1+C3M2+m2+C4M3+m3 ( )

Ms3

1 Mo
Mg <ci+co +c3 +cy .
my + My Ms + my Ms + mg

(2.3.17)

Now, we multiply the two inequalities (£.3.17) and (£.3.13) by M; and (—m) respec-
tively, then we sum, we obtain

Momy — maM; N M?%ml - mng

M — - < ,
(My —my)(ay —az) < as —y a4 —ve

This implies that

(M1 —my)(ar —az) < a32ﬁ1ﬁ2 (Mg —mg) + 20161 (M3 —m3).
ag oz3

Since a1 — as > 0, it follows

asfi1Pf2 2a4p1P3
M —m) L ————(My —mg) + ————— (M3 — m3).
(My — m;) Sy - Hz)( 2 — My) (- 612)( 3 — m3)
Then
M —m < pl(MQ - 77’12) + pQ(Mg - M3). (2318)

Now, we multiply the inequalities (2.3.15) and (£.3.15) by M5 and (—m3) respectively,
and we sum, we find

MQM% —Mgm% +b m2M2 M2m3

— bi—b3)<b
(Mg — mg2)(by — b3) < by Y 4 —vH

This implies

(My = mo)(by — bs) < 2282 (6p, oy 2 2B ),
0‘1 0‘3

Since by — b3 > 0,

2b2f1P2 (My — my) + 2b4B2f3

My —mg < —— P E——
(bl - bS)a% (bl - b3)0{§

(M3 —m3),

then
My —my < pg(Ml — ml) + p4(M3 - mg). (2.3.19)
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Similarly, we multiply the inequalities (£.3.16) and (2:3.17) by M3 and (—m3), then we

sum, we obtain

Mimgz — miMs N Mamg — moMs
C3

c1(M3 —m3) < c

7

my + M, my + Mo
this implies
(M =) < 22— ) + S8ty =,
then
(M3 — ms3) < ps(My —my) + pe(Ma — m3). (2.3.20)

We substitue (2:3:20) in (£:3:19), we find

(M2 — mg3) < p3(My — my) + pa(ps(My — my) + pe(Ma — my)),

it follows that,
(Ma — m2)(1 = pape) < (p3 + paps)(My — my),

since 1 — paps > 0, then

< p3 + p4ps

My —my < = pape (My — my).

We substitue in (£.3.20), we obtain

p3 + paps

Mg —m3 < ps(My —mq) + M1 —my),
3 —m3 < ps(My —m1) + pe 1—P4P6( 1 —my)
which implies
+
M3 —m3 < (ps5 + PGM)(Ml —my).
— P4Ps
Now, we substitue in (£-3.18), we find
My —m; < P1w(M1 —my) + pa2(ps + PGW)(Ml —my)
0 1= paps 1= paps ’
it implies
(My —my) < S(My —my),
then

(M1 - ml)(l - S) <0.

From the hypothesis we have 1 — S > 0, it follows that My —m; <0, thus M; = m;.
Using the previous inequalities, we obtain My = mg and M3 = ms3. Finally, by taking
the limits in the following equalities

lim x,41 = lim fl(xn/-xn—lz yn/yn—lzznzzn—l);
n—o00 n—-00

lim Yn+1 = lim 81(Xn, Xn-1,Yn,Yn-1,Zn, Zn—l)/
n—00 n—00



2.4. Existence of positive periodic solutions 61

lim z,41 = lim hl(xn/ Xn—1,Yn,Yn-1,Zn, Zn—l)r
n—0o0 n—00

we get

my = fi(my, my, mg, mo, mg, ms) = X,
my = g1(ma, ma, ma, ma, ms, ms) = i,

msz = hy(my, my, mg, mg, ms, ms) = z.

O

In summary, we have proven the following result on the global asymptotic behavior of
the positive solutions of System (Z.1.1)).
Theorem 2.5. Consider System (Z-1.1)) such that a1, by, c1 > 0. Assume, in addition, that the
following conditions hold.

« S0 1Pl <1,

® a5,a3 < ajand xg,x-1 € (A, +0),

o b3 < byand yo, y-1 € (max{as, bz}, +0),

o 1—pyps>0and1-S >0.
Then, the unige equilibrium point of System (Z.1.0]) is globally asymptotically stable.

2.4 Existence of positive periodic solutions

This section provides a characterization of positive prime period two solutions for Sys-
tem (Z.I.7)). In the following theorem, we establish necessary and sufficient condition
for which System (Z.I71]) has positive periodic period prime two solutions.

Theorem 2.6. Let o, B, 0, p, q and r be positive real numbers and assume that (o — 1)(p —
1)(c = 1) # 0. Then, System (Z.1.1]) has a periodic solution with prime period 2 of the form

..,(ap,Bq,o1),(p,q,7),(ap,Bq,07),(p,q,7), ...

if and only if
a1 +aa+a P +a tz+a1+a +a1
a 04 ol = — -,
1 1 3ﬁ+1 4 1 27 3ﬁ+1 a7
1 1 1
‘B(b1+b2—+b3—+b4—)=b1+b2a+b3‘3+b4(7,
a B o
and
1 1 1
o(c1 + ¢ + )=c1+Co a + P g

C +C C +cC .
l+a 1+ M40 1+a 1+ M+0
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Proof. Assume that

. (ap,Bq,or),(p,q,7),(ap,Bq,01),(p,q,7), ...

is a solution for System (Z.I.1)). Then, we have

ap = filp,ap,q,pq,r,0r) =ay +a2£—p +a3ﬁq 7 +a4ar,

ap Bq or
= filap,p,Bqg,q,0r,r) =a; +as— + as +a4—,
p=filap,p.pa.q T gy T
ﬁq = gl(p, ap,q,ﬁq, r, (71’) bl +b27 +b3ﬁqq +b47
q=gi(ap,p,pq,q,0r,7r)=by + bzﬁ + bgi +by—,
ap Bq or
or=hi(p,ap,q,Bq9,r,0r) =c1+ CQP i;;p + ng ﬁqﬁq + C4r -(Zrar'
q r
= =c + + +
r=hi(ap,p,Bq,q,0r,1r)=ci C20¢p+p C?’ﬁqﬂi Cam s
and so
ap=a +al+a L +a4— =a;+ma+a P +a40
p=a 20é 3ﬁ+1 4=, p=a 1 31+ﬁ 40,
1 1 1
ﬁq:b1+b2a+b3ﬁ+b4o, q:b1+b2—+b3—+b4—,
a B o
or=cy+c a +c P +c g r=ci+c L +c 1 +c L
IR I ST T P e S B
These equalities imply that
ala+a1a+a P +a40]|=a +al+a +al
1+ a4 3ﬁ+1 40| = a1 +as— 3ﬁ+1 4
bi+b l+b l+bl =by +boa + b3 + byo
B b1 25 35 az | =bitby 3B+ byo,
ac+c1+c1+c1 —c+ca+cﬁ+c0
SR T S I S I Bt TR T A R
Now, we assume that
ala; +aa+a P +a =q +al+a ! +al
1 1 3B+1 40 | = a1 2a 5ﬁ+1 4
by + byt + b + byt | = by + boat + bf + byo
B b1 2, 35 a7 | =b1+0b2 3p + byo,
c+c1+c1+c1 —c+c0(+cﬁ+c(7
clerTery 31+ﬁ Trol T 31+[3 i
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Y-1 = b1+ by + bgﬁ + byo,

1 1 1
=by+by— +by=+by—
Yo 1+ 2a+ 3ﬁ+ 40,

and let

X_1=a a a a

1 1 2 35 1 14—,

Xo=4d1+a1a+a ‘ +a40

0 1 1 3:3 1 40,
Z_1=c1+cC + 53— +c
-1 1 21 31 8 41 ’
Zo=¢C c c c .
LR 31+ﬁ T+o

It is clear that, x_1 = axg, y-1 = fyo and z_; = 0z¢.Then, from System (Z.1.1)), we have

X1

ai +

X-1,

X0
a1 +a,— +a

X-1

3 4
Y-1+Yo Z_

fl(x0/ X-1,Y0,Y-1,20, Z—1)

20
+a4—

1
Z0

X0
as + as

axp

1
a1 +ao— + as
o

p

+ dy
BYo + Yo 0Zp

1 ta 1
+1 40

gl(x(), X-1,Y0,Y-1,20, z_1)

Y-

= bl -|-l92E +b3—+b4z;1

X

Yo 20
= b+ 500 p PP 9%
X0 Yo 20
= bl + bQ(X + bg‘B + b4(7 = ‘Byo
= ]/—1/

h1(x0, X-1, Yo, Y-1, 20, Z-1)

= (C1+Cy

- -1 Z_1
C3 4 + 4
Xo+ X1 Yo+ Y-1 zZo+ 2z
axo BYo 020

= (C1+Cy

+ C3 +C4
Xo + aXxg Yo + ﬁyo zZo+ 02zp

B o

= (C1+Cy

1+«

= Z_-1.

+

C +C
148 M+0

By induction, one can prove that forall n > 0,

Xon-1 = X-1, Xon = X0, Y2n-1 = Y-1, Y2n = Y0, Z2n-1 = 2-1, Z2n = Z0-
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2.5 Numerical examples

In this part, we present numerical examples to illustrate our results on the global be-
havior of positive solutions for System (Z.I71)), including aspects of stability and peri-
odicity.

We start with the first example, which demonstrates the stability of the solutions.
Example 2.7. Consider System (Z.1.1]), with the following initial conditions

X1 =125.24, x0=130.5, y_1 =359, yo=3575 2z =256, zo=253,
and the parameters
ap =15.24, a3=20, a4=10.2, by =525 b3=5 by=5 <c¢c1=1, c1=5,,

ﬂ3=b2=C2=C3:0.
We obtain the following system

Xn Zn

X1 = 15.24 + 20— + 1022,
Xn-1 Zn-1
- Zp—
Va1 = 5.25 + 522 4 52l (2.5.1)
Yn Zn
Zn-1
Zng1=1+45—21
n+l Zn + Zn1

The unique equilibrium point of System (2.5.1) is given by
(%,7,2) = (45.44,15.25,6).

Also, after calculating, we find

6
Z IP;| = 0.862 < 1,
i=1

a1 =15.24,B1 = 125, a9 = 5.25, B = 103.337, a3 = 1, B3 = 25.6,

and
p1=p3=ps=pe=0,p2=-2557p3=0,ps=105x10°,,5 = 1.

It’s easy to verify that the conditions of Theorem .5 are satisfied. Then the unique equilibrium
point of System ([.5.1)) is globally asymptotically stable. We visualize the solutions of the above
system in Figure P.1].
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80

2
<

=N
<

x(n), y(n), z(n)
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w
<

)
<
—

_
?

Figure 2.1: The plots of the sequences (xy), (yx) and (z,,) of the solution of system (£.5.1)).

x(n) y(n) 2(n) |

Now, we present an example with parameters and initial values that satisfy the condi-
tions for the existence of periodic solutions.

Example 2.8. Consider System (EI.1). If we choose a = %, B = 1, 0 = 2 and the initial
conditions

X1 =24,x0 =48,y-1 =9.5,y0 = 38,z_1 = 0.667,z¢9 = 0.333,

then, the conditions of Theorem [2.6 become

1((1 +1a +1a +2a4) = ay + 2as + 4a +1a
plar+ 5z + —ay 4) = a1 2 3+ 504

}l(b1 + 2y + 4bs + b4%) — b+ %bQ ; ibg +2by,

2 4 1 1 1 2
2(C1 + =Co + =C3 + —C4) =C1+Ca=-+C3=- +Cyq—.

3 ) 3 3 ) 3
Or simply
3a; + gag + %ﬂg —a4s = 0,
9b; — 3b3 + 1—25174 = 0,
3c1 +co+ gCg = 0.

These conditions are satisfied for the choice of parameters:

a, = 1, as =1, as =2, a, =22,
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by = 1, by =1, bz =8, by =2,

1 = 0, C2=0, C3=O, cq = 2.

We have then the following system

x z Xp— - Zp— 2z
Xpi1 = 3+ —— + In_ 499 L Yy =34+ oty gty nel = ——
Xn-1 Yn-1 Zn-1 Xn Yn Zn Zp + Zp-1
(2.5.2)
Then, the corresponding prime period two solution becomes
Xop-1 = X-1 =24, Xon = Xo = 48,
19
Y1 = Y1 =2 Yon = Yo = 38,
2 1
Zon-1 = Z-1= 3 Zon = Z0 = 3

that is,

19 2 1 19 2 1
{.., (24, 79, g) ) (48, 38, 5) ) (24, 79, 5) ) (48, 38, g) L

The illustration of the above periodic solution is in Figure .2, .3 and 2.4,

454 359

301
40

25

x(n) y(n)
35

201

30

251

0 10 ‘ 20 30 0 10 20 30
n n

y()
Figure 2.2: Plot of x,, as given in (£.§). Figure 2.3: Plot of y, as given in (£.§).
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0.657

0.607

0.554

z(n) 0.50q

0.457

0.407

0.354

n

z(n)

Figure 2.4: Plot of z,, as given in (£8).



On the solvability in
closed-form of some systems of
difference equations

3.1 Introduction

This chapter is devoted to the closed-form solvability analysis of several classes of ratio-
nal difference equations and systems. Studying the qualitative behavior of difference
equations systems is a central topic in research, but finding explicit solutions is just as
important. Closed-form solutions help us understand the systems more deeply and
allow us to predict their behavior. This has attracted the interest of many researchers
since the early 1990s.

Solving these systems in closed form can be difficult due to their complex structure.
One effective method is to simplify the equations through a change of variables, which
can lead to simpler forms that are easier to solve.

In this chapter, we focus on non linear systems, we provide explicit formulaes of the
solutions for different classes of systems of rational difference equations.

The first section begins with an analysis of the following general form of a higher-order
non-autonomous difference equation

B

Xn+l = ApXp—k + X ok , n €Ny (311)
nAn—1---An—k+1

where k € N, the sequences (an)ngNO, (ﬁn) nen, are real and the initial values x_g,
X_k+1,---Xo are non-zero real numbers. We first present explicit formulas for well-defined
solutions, followed by a result concerning the periodicity of these solutions. In the sec-
ond part of this section,we focus on solving two three-dimensional systems of differ-

68
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ence equations. The first system is of second order and is given by

A1Yn-1Zn-1 A2Xn—-1Zn-1 a3Xn-1Yn-1
Xn+1 = ’ yn+1 = 7 Zn+1 = , n € NO/
axp—1 +byu—1 +czy—1 axp—1 +byu—1 +czy—1 axy—1+byy—1 +czy

(3.1.2)

the second system is of first order and is defined by

A1YnZn A2XnZy azxXnYn
Xpn+1 = 1= Zp+l = ne No
T axy, + by, + oz Yn+ ax, +by, +cz,” " T ax, + by, +cz,’

(3.1.3)

where the parameters a, b, ¢, a3, as, as are real numbers, and the initial values x_;, xo,
Y1, Yo, Z-1, Zo are non-zero real numbers.

In the second section, we solve in closed form the following third dimensional system
of non linear difference equations, considering the special cases k = 0, 1.

A1 Xn—kYn—k a2Yn—kZn—k aA3Xp—kZn—k
s yn+1 = s Zn+l = s
AXy—k + bYpu_k + czZp—k AXy—k + bYn—k + CzZp—k AXy—k + bYn—k + cZp—k
(3.1.4)

where 1,k € Ny, the parameters a;,a2,a3,4a,b, c are real numbers and initial values

Xp+1 = n € N,

Xk, X0, Y=k, -+, Y0,Z-k, - - -, Z0 are non negative real numbers.
The final section investigates another class of rational difference equation systems with
arbitrary powers and derives a closed-form solution for the system

T
N xnyZ—1ZZzz e ynZZ—le—2
n+l — 7 Yn+l — ’
p_prq p pPq q..97 q qr
Ynz, (@ +bxyy, 1z, zpX, (@ +Byuz, x, )

r pr
Z”xn—lyn—Q
pr

, n €N, (3.15)
x;’%yﬁil(ﬁ +AzZnX) Y,

Zn+l =

The analysis then focuses on the qualitative behavior of the solutions to gain a pre-
cise understanding of how the initial conditions and parameters influence the system’s
dynamics.

3.2 Closed-Form Solutions for the Non-Autonomous Differ-
ence Equation (B.1.1))

Non autonomous difference equations are essential for modeling real-world phenom-
ena influenced by external or time-dependent factors. Such models are widely applied
in fields like physics, biology, economics, and engineering, where systems are often
subject to varying environmental or external conditions (see [2]-[I2]).
In [B0], the authors examined the following system of difference equations

a b a

Upp1 = — + —, Uyp1 = —, 1 € No. (3.2.1)
Up  Un Un
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By substituting the second equation of System (B.Z.)) into the first one, we obtain

a b a b a b
Upt2 = + = +— = + —u,, n € Ny.
Un+1 Un+1 Un+1 Uy Up+1 a

This leads to the following second-order difference equation

Xna1 = % + Bxn_1, 1 € Ny, (3.2.2)
where x_; and xg are the initial values and a and f are some parameters.

Motivated by this equation, we now consider the more general class of higher-order
difference equations introduced in (B.I.1)). In what follows, we focus on deriving ex-
plicit formulas for well-defined solutions of this equation, with particular emphasis
on the autonomous case. To begin, we first introduce the definition of a well-defined
solution.

Definition 3.1. A well defined solution (x,), > of Equation (B-I.1), is a solution such that

Xy #0,n=-k ~k+1,-

The next result provides the closed form of the solutions of Equation (B.1.1)).
Theorem 3.2. Let (x,),> , be a well defined solution of Equation (BI.1]). Then, we have for
n=0,1,..,

(T e sk S (T )

X(k+Dn+l+1 =
1_[ (H(k+1)r+1 1 )xox—l X +Z(k+1)r+l 1 (H(k+1)1+l 1 Z_) Bi

i=j+1

and in the autonomous case, that is when a, = a, Bn = f, we have
o Ifa#1, weget

n a(k+1)r+l+1x0x

_1) 8
X(k+1)n+l+1 = 1_[

(k+1)r+l _q
r=0 a(k+l)r+IXOX_1...X_k + (OCT) ﬁ

(k+1)r+1+1
24
—1e X+ (

X1, 1=0,..., k.

o Ifa =1, we get

n

xox—1..x—k +((k+Lr+1+1)B
xXoxX—1..x_k +((k+L)r +1)p

X(k+1)n+l+1 =

)x_k+l, I = (),...,k.
r=0

Proof. For any well-defined solution (x,); >, satisfying Equation (B-I.1)), we have

XnXn-1---Xn—k+1Xn+1 = AnXpXp-1-.. Xn—k+1Xn-k + ﬁn/ (323>

Setting
Yn = XnXp-1...Xp—k+1Xn-k, 1 =0,1, ..., (3.24)

X_r1, 1=0,...
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then from (B.Z.3), we obtain the following well known non autonomous first order
linear difference equation

Yne1 = AnlYn +Ppn, n=0,1,..., (3.2.5)

the solutions of Equation (B.Z.5), see for example [Z21], are given by

n-1 n-1( n-1
= (l_[ 0(1') ]/0 + Z l—[ o ﬁ] (326)

i=0 j=0 \i=j+1
where
Yo = XoX-1...X k. (3.2.7)
From (B.24), we get
o1 = 2 n=0,1, ., (3.2.8)

n

it follows that,

n
Yk+1)r+1+1

X(k+D)ntl+1 = ( )x—k+z, [=0,..k (3.2.9)
r=0

Y(k+1)r+1

From (B.Z.6) and (B-Z77), Equation (B.2Z.9) becomes

(I ror e 5 (1 )

X(k+D)n+l+1 =
1_[ (H(k+1)r+1 1 )xox Xk +Z(k+1)r+l 1 (H(k+1)r+l 1 Z_) ﬁj

i=j+1

(3.2.10)
Now, if a, = a, B, = 8, then by replacing in (B.Z.10), we get

(k+1)r+1+1_
n a(k+1)r+l+1x0x_1mx_k+(a—l ﬁ

a—1
X(k+1)n+l+1 = l_[

(k+1)r+l _q
r=0 ak+tDr+lyox | x_p + ("‘T) B

X_k+1, 1 =0,...,k, (3.2.11)

ifa#1,and
n
xoX—1..Xk +((k+Dr+1+1)p
= _ I=0,..k 2.12
x(k+1)7’l+l+1 [l xox_l...x_k +((k+ 1)7’+l)ﬁ X k+1, O/ s vy (3 )
ifa=1. O

The next result establishes the periodicity of well defined solutions of the autonomous

equation.

B

Corollory 3.3. Assume that ay, = a, By = B, @ # 1, XoX—1..X—f = 7=

defined solution of Equation (B.1.1)) is periodic with period k + 1.

. Then every well

Proof. Substituting xgx_j...x_ = % into (B.2.11)), we obtain that forn =0,1,---,

x(k+1)1’l+l+1 = X—k+1, I = O/ Y k/

X_k+1, l = O/ ceey

k.
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Hence, the solution is periodic of period k + 1 and takes the form:

X_krX—k+ls-os X0, X—ky X—k+1s-+--

O]

3.3 Closed-form Solutions of Two Systems of Rational Differ-
ence Equations

In this section, we are interested in solving in closed form the systems of rational dif-

ference equations given by (B.I.2) and (B.1.3).

A1Yn-1Zn-1 _ A2Xp-1Zp-1 z
axy—1+byn_1+cznu_1’ Yny1 = axy-1+byn—1+czn_1’ n+l

3.3.1 The system x,; =
aA3Xn-1Yn-1
axy—1+byy_1+cz41

We now turn our attention to System (B.I.7), which represents a generalization of the
model investigated by Elsayed in [2§], where the parameters satisfy a = b = c = 1. We
begin by introducing the following definition.
Definition 3.4. A well defined-solution (xn, Yn, zn)n>_1 of System (B.1.2), is a solution such
that: .

axy—1 +byy—1 +czy—1 #0, n € Npy.

Based on the definition above, we now establish the following result.
Lemma 3.5. Let (Xy, Yu, Zn),»_, be a well defined solution of System (B.1.2). Then,

XnYn-2n #0, n =-1,0,---.

Proof. We can easily prove this by contradiction. Suppose that there exists ny > -1
such that x,,, = 0. Then from the equations of System (B.1.7), we obtain

]/n0+2 = O/ Zl’l0+2 = 0
Consequently,
xn0+4 = 0/ yn0+4 = O/ Zl’l0+4 = 0

Substituting these values into the system, we obtain

0 0
xn0+6 = 61 ]/n0+6 = 6/ Zn0+6 = 6
which implies that the terms X,,,+6, Yno+6, Zn,+6 are undefined. O

Now, in order to solve in closed form System (B.I.2), we apply a suitable change of
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variables that transforms it into a system with simpler equations. From (B.1.7), we get

Xn+1 _ Yn-1 Yn+l _ Zu-1 Zp+l _ Xn-1

- , = , = , (3.3.1)
Yn+1 Xn-1 Znp+l Yn-1 Xn+1 Zn-1
Using the following change of variables
Uy = x—", Uy = ]/_n/ wy, = Z—",n € Ny. (3.3.2)
Yn n Xn

We obtain, from (B.3.1)) and (B.3.7), the following three independent equations

ai as
Up+1 = y On+l = y Wn+l =
AoUp—1 a30p-1 a3wn—1

, n € Ng.

Itis not difficult to verify that the sequences (14, )n>—1, (Vn)n=-1 and (wy, )n>—1 are periodic
of period four and that for n € Ny, we have

ai ai
Ugp—1 = U1, Usn = U, Udps1 = , Ugpso = ——, (3.3.3)
agU_1 asgUg
as as
Ugn-1 = 0_1, V4n = Vo, Vans1 = , Ugpso = ——, (3.3.4)
a30_1 as0g
as as
Wap—1 = W-1, W4y = Wo, Wans1 = , Wint2 = . (3.3.5)
a1w-_1 aiwo

Now, using equations in (B.I.7) and the change of variable in (B.3.7), we get for n =

0/ 1/ cee,
a1wWy-1

Xn+l = Xn-1 3.3.6

T Gy + b+ cupqwn ( )
AoUp—1

1= 1, 3.3.7

Yn+ Aly_10y—1 + by + cUn ( )
a30n-1

Zn+1 = Zn_l. (3.3.8)

a+bwy_10,-1 +cw,y_1

By applying the formulas of the sequences (u,)n>-1, (Vn)n>-1 and (wy),>-1 given in

(B33)-(B:39), it follows from (B.3.6)-(B.3.§), that for n € Ny, we have

aLw_1
X4n+1 = X0X4n-1 ag = 3.3.9
" e au_q+cu_qw_1 +b’ ( )
a1wo
Xan+2 = A1X4n, ap = p (3.3.10)
aug + cugwgy + b
agadsu_q
Xan+3 = A2X4n+1 Qg = 3.3.11
" el aa1w_q + basw_iu_q + cas’ ( )
azasug
Xdn+4 = A3X4n+2, az = . (3.3.12)
aaiwo + baswou_1 + cas
By substituting (B.3.9) into (B.3.11]), we get
agdslu_1
Xan+3 = QoQA2X4n-1, X2 = (3.3.13)

aaiw_ + basw_qu_1 + cag’
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and by substituting (B.3.10) into (B.3.17), we obtain

asasig

= , Qg = . 3.3.14
Xnd = G1A3 %40, O3 aa,wo + baswol_y + cas ( )
We also have,
asU_1
= 1, = , 3.3.15
Yant1 = PoYan—1 Bo IR —— ( )
asuo
= , = , 3.3.16
Yans2 = Pryan hr augvg + bvg + ¢ ( )
a1a30_1
= , = , 3.3.17
Yan+s = P2y P2 casv_1u_q + basu_1 + aaq ( )
114309
= , = . 3.3.18
Yan+a = PsYans+ Ps casvollp + basug + aa; ( )
We substitue (B.3.15) into (B.3.17) we get
a10a30_1
= _1, Bay = 3.3.19
Yan+s = PoP2yan-1, B2 casv_1u_1 + basu_; + aa; ( )
from (B.3.16) and (B.3.1§), we obtain
a1a39g
= , Bs = 3.3.20
Yanes = B1BsYan, B3 casvoily + basigy + aa; ( )
Similarly, we have
_ _ as30_q1
Z4n+1 = Y0Z4n-1, Yo = 1T bw oty (3.3.21)
_ _ 309
Z4n+2 = Y1Z4n, Y= Doy + g’ (3.3.22)
agd1wW_1
= = 3.2
Zan+3 = V2Z4n+1, V2 P (3.3.23)
a201wWo
= = .3.24
Z4n+4 = Y3Z4n+2, V3 2100w + Casve + by’ (3.3.24)
from (B3.21)), we get
_ _ aAod1W_1
Zan+3 = YoY2Xdn-1, V2 = 2101w (3.3.25)
and by (B.3.22), we obtain
Aoa1w
Zon+4 = Y1Y3Z4n, V3 = 2710 (3.3.26)

aavowo + casvg + bas”

The sequences (X,),s_1, (V)

Equations (B39)-(B328).

Let

us_1 and (zn),>_; can be determined by solving the set of

1 _
Xn = X4u, N ENU,



3.3. Closed-form Solutions of Two Systems of Rational Difference Equations 75

then we have X} = xo and Equation (B3:14) becomes
X1 = 103X,

which is a first order linear (homogeneous) difference equation, its solution is given
by
Xr% = (ala3)nX(%/ ne NO/
this implies that
n
_ a1a2azuowo X
((a + cwo)ug + b) ((aay + basug)wo + caz) |

Xdn

Finally, using the fact that

uo=22, o= 22wy =22, (3.3.27)
Yo 20 X0
we get
n
a1a203X0Y0Z
Xan = 17285T0Y0%0 Xo. (3.3.28)
(axo + byo + czo) ((aaryo + basx)zo + casxozo)
Now, let

2
X, = Xan-1,n € Np,

then we have X? = x_; and Equation (B-3:13) becomes
X2 _ X2
ne1 = aoa X)), n € N,
which is first order linear (homogenous) difference equation, its solution is given by
X2 = (apa2)" X5, n € Ny,

this implies that

n
ayjagAdsu_1wW—_1

((a + cw_1)u_q +b) ((aay + basu_1)w_1 + caz) -t

Xdan-1 =

Finally, using the fact that

u_1 = E, 01 = E, w_1 = Z;l, (3329)
Y- Z X-1
we get
n
a102a3X_1Y_1Z—
Xano1 = 102037 1Y-12-1 X1 (3.330)

(ax_1 +by—1 +cz—1) ((aar1y—1 + basx_1)z_1 + cazx_1z_1)
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From (B39), (B329) and (B330), we get

n
ary-1z-1 a102a3xX-1Y-12-1 ]

ax_1+by_1 + CZ-1] [(ax_l +by-1 +cz_q) ((aary—1 + basx_1)z_1 + cazx_1z_
(3.3.31)

Xdn+1 = [

Finally, from (B-3.10), (B-3:27) and (B-3.28), we get

ai1Yyozo
axo+byo + czo

Xdn+2 =

n
a1a2a3xo0Yoz20 ]

[(axo +byo + czo) ((aa1yo + basxo)zo + casxozo
(3.3.32)

Using the same approach as for the sequences (x,),>-1, we obtain

a1a2a3x-1Yy-1z-1

Yan—1 = [(ax_1 n by—l + CZ_1) ((galy_l + ba2X_1)2_1 +casx-1Yy-1

) ] y_1, (3.3.33)

n
Yin = [ A102R3T0Y0R0 ] Yo, (3.3.34)
(axo + byo + czo) ((aa1yo + basxg)zo + casxoyo)
_ AX_1Z-1 A1a203X_1Y_1Z_1 !
Yan+1 = [ax—l +by_1+cz [(ax_l +by_1 +cz_1) ((aary-1 + basx_1)z_1 + cagx_ly_l)] ’
(3.3.35)
_ a9X0Z0 a1a2a3xXoYozo !
San+2 = [ﬂxo +byo + czo [ (axo + byo + czo) ((aaryo + basxg)zo + casxoyo) ]
(3.3.36)

n
a1a2a3x-1Yy-1z2-1
1= 1, .3.37
Zan-1 [(ax_l +by_1 +cz1)((aa1y—1 +basx_1)z_; + cagx_ly_l)] - (3.3.37)

n
a1a2a3X0Y020
Zan = [(axo + byo + czo)((aa1yo + basxo)zo + cg3x0y0)] ’ (3.3.38)
s = [ a3xX-1Y-1 ] A102a3X_1Y-1Z-1 ]n ,
ax—1+by-r+cz1| [(ax—1 +by-1 +cz)((aar1y-1 + bagx_1)z_1 + ca3x(_31g_319))
Zansg = [ asxolYo [ a1a2a3X0Y0Z0 ]n |
axo +byo + czo | | (axo + byo + czo)((aa1yo + baaxo)zo + cazxolyo) 40

In summary, after some rearrangement, the explicit formulas for the solutions of Sys-
tem (B.1.2) are presented in the following result.

Theorem 3.6. Let (xy, Yn, Zn) be a solution for System (B1.3), then forn =0,1,--- , we

n>-1
have

X = ¥l 11a2a3Y-1z-1 "
n-1 1 (ax_q + by_1+ cz—1)((aary—1 + basx_1)z_1 + cagx_1z—1)| '

n
X 1 a1a2as3xoYozo

4 =
" 0 (axo + byo + czo)((aaryo + basxg)zo + casxozo) |

n n+1
A203X_1 ] [ a1y-12-1 }

Xqn+1 =
" [(aaly_l +basx_1)z_1 + casx_1z_1 ax_1 +by_1+cz_y
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n n+1
N 203X a1Yozo
4n+2 =
" (lllllyo + bIZQX(])ZO + casXxpzo axg + byo + CzZg
n
Yiano1 = yn+1 a1a2a3X-1Y-12-1
n—1 — —
Y (axoy + by + cz_1) ((aa1y—1 + bagx_1)z_1 + cazx_1y_1) |
n
Yan = y"“ a1az2asxoYozo
n =
0 (axo + byo + czo) ((aa1yo + bazxo)zo + cazxoyo) |
n n+1
apasy-i asX_1Z_1
an+1 =
Yan (aa1y—1 + basx_1)z_1 + casx_1y—; ax_y +by_1+cz !
n n+l1
a1a3Yo A2X0Z0
4n+2 =
Yan (aa1y0 + bEIQXO)Z(] + casxolo axg + byo + Czg
n
Zani = ! a1a2a3xX-1Y-12-1
" 1 (ax_y +by—1 + cz_1)((aa1y—1 + basx_1)z_1 + cazx_1y_1)| ’
n
Zan = g1+l a1a2a3xoYozo
"0 | (axo + byo + czo)((aaryo + basxo)zo + casxoyo) |
n n+1
aipasz—1 azx-1Yy-1
Z4n+1 = ’
(aa1y—1 +basx_1)z_1 + cagx_1y-1 ax_1 +by_1+cz_y

n+l

n
ai1a2zg asxoYo
(aa1yo + basxo)zo + casxoYo axo+byo + czo

Zan+2 = [
Remark 3.7. The formulas of the solutions of the following particular system

o = A1Yn-1Zn-1 Vsl = A2Xpn-1Zn-1 o a3Xn-1Yn-1
n+l — 7 n+l — 7 An+l — 7
Xp—1+ Yn-1+Zp-1 Xn-1+Yn-1+Zp-1 Xp—1+Yn-1+Zp-1

can be obtained from Theorem B.g by taking a = b = ¢ = 1, and the obtained formulas in this
case are the same as those given by Elsayed and al. in Theorem 3 of [2G].

aA1YnZn _ A2XpZy z _ as3XnYn
axy+byn+cz,”’ Yne1 = ax,+by,+cz,” M+l T ax, ¥ by, ez,

3.3.2 The system x,,,1 =

Following the closed-form analysis of System (B.1.7) in the previous part, we now shift
our focus to the three-dimensional first-order system of difference equations defined
by (B.1.3) and derive its explicit solutions.

Definition 3.8. A solution (xu,Yn,2zn),5_, of System (BT3), is said to be well defined if

axy, + by, +cz, #0, n € Ny.
Remark 3.9. For every well-defined solution (X, Y, zn) 5, of System (B-L3), we have
XnYnzn #0,n=0,1,---.

Now, to find the explicit formulas of the solutions for System (B.1.3), we apply the same
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method used previously for System (B.1.7). From the equations in (B.1.3), we have

Xn+1l _ y_ﬂ Yn+1 Zn Zn+l _ Xn (3341>

Yn+1 Xn ’ Zn+1 Yn ’ Xn+1 Zn ’
and by using of the following change of variables,

Uy, = x_n’ Uy = y—n/ Wy = Z—n,n c No, (3342)

Yn n Xn
we obtain the following three independent equations

ay az
Up+1 = y On+l = y Wntl =
agUy 3Un 3Wn

, n € Ng.

It is straightforward to verify that the sequences (1,)n>0, (Vn)n=0 and (v,)n>0 are peri-
odic of period two and that their terms are given for n € Ny by

ay

Ugp = U, Uzp+1 = ——, (3.3.43)
aoUg
a

Von =00, Vonil = —0, (3.3.44)
asvo

a

Won = Wy,  Wops1 = —. (3.3.45)

a1wo

By applying the equations in (B.1.3) and the change of variable in (B.3.42), we get for

n=0,1,-,
alwn

= 3.4
An+l Ay + b + cuywy, s (3.3.46)
ﬂzun
= 347
Yn+1 aunvn+bvn+cyn' (3.3.47)
Zpe1 = 450n Zn. (3.3.48)

a+bw,v, +cw,

From the formulas of the sequences (u,),>0, (Vn)nz0 and (wy,)n>0 given in (B.3.43)-

(B3:45), together with Equations (B.3.46)-(B.3.48), we obtain for n € N,

a1wWo
= = . 3.4
Xon+1 = QoX2p, Q0 Al + Cllowe + D (3.3.49)
_ _ asadslp
Xont2 = Q1Q0X2n, X1 = a0+ Daatotiy + cas’ (3.3.50)
asgUug
= , Bo = ) 3.3.51
Yan+1 ﬁonn ‘BO aupgog + bUO +C ( )
— _ 114309
Yon+2 = B1PfoYan, P1 = Canoio + Dagun T am” (3.3.52)
as0g
z = Y0Z2n, Y0 = . 3.3.53
it YoZans Yo a+ bZU()ZJO + cwy ( )
Ao W
Zon+2 = Y1Y0Z2n, Y1 = 10 (3.3.54)

aavowo + casvg + bas’
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To derive the explicit formulas of the sequences (x,),, (y”)nzo and (z,),>9 we solve

the equations (B.3.49)-(B.3.54).
Let

Xy = Xon, 1 € N,
we obtain X = x¢ and Equation (B.3.50) can be rewritten as
Xpy1 = ao1 Xy
This is a first order linear (homogeneous) difference equation. Its solution is given by
Xn = (apa1)" Xo, n € Ny.
Consequently
a1a2a3uoWo !

Xop = X0.
2n (aug + cupwg + b)(aaiwo + basugwg + cas) 0

Finally, since we have

o= 20 =% e = 22, (3.3.55)
Yo 20 X0
we get
a1a2a3YoZo 8
n+1
= . 3.3.56
Yon = %o [(axo + byo + czo)(aa1yozo + basxozo + CﬂgXoyo)] ( )
From (B.3:49), we have x2,+1 = agx2,. Using (B.3.56) and (B.3.55), we get,
X _— a1Y0zo a1a2a3Yyozo "
TR0 o + byo + czo | | (axo + byo + czo)(aa1yozo + basxozo + casxoyo) |
(3.3.57)
Applying the same procedure as for the sequence (x,),>0, we obtain
a1a203X0Z "
n+l 142a3X0Z(
= , 3.3.58
Yan = Yo [(axo + byo + czo)(aa1yozo + bazxozo + CﬂgXoyo)] ( )
_n a2X0Zg a1a2a3X02g !
Yon+1 = Y p
axo+byo +czo | [ (axo + byo + czo)(aa1yozo + basxozo + cazxoyo)
(3.3.59)
n
n+1 11a2a3xoYo
= , 3.3.60
an = %o (axo + byo + czo)(aaiyozo + bazxpzo + CCngoyo)] ( )
. _n asXoYo a1a2a3xoYo !
2+l = 20 axo + byo + czo | | (axo + byo + czo)(aa1yozo + basxozo + casxoyo) |

(3.3.61)
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3.4 On the solvability in closed-form of a three-dimensional
system of rational difference equations

In line with the previous solvability analysis, and motivated by the findings in [56],
we consider in this part, the three-dimensional system of rational difference equations
defined by (B.I.4). First, we transform System (B.1.4) to a 6k + 6-periodic system of
difference equations, and reduce it to three independents linear difference equations
of order k + 1. Then, we derive explicit formuals for the solutions in the cases k = 0
and k = 1. The technique developed here could be applied to deal with the cases
k=2,3,---.

Definition 3.10. A well defined-solution (x,, yu, zx)
fies:

of System (B.1.4)),is one that satis-

n>—k

aAXy—k +byy—r +czy—r #0, n € Ny.

Lemma 3.11. Let (x,, Yn, zZu) be a well defined solution of System (B.1.4). Then,

n>—k
XnYnZn #0,n ==k, =k+1,---.
Proof. Suppose that there exists 19 > —k such that x,, = 0. It follows directly that
Xno+k+1 =0, Zpgtk+1 = 0.
Consequently, we obtain

Xno+2k+2 = 0, Yno+2k+2 = 0, Znog+2k+2 = 0.

From these last equalities, it follows that

0 0 0
Xno+3k+3 = 6/ Yno+3k+3 = 6/ Zno+3k+3 = 6
Hence, the terms x,,,+3k+3, Yno+3k+3, and Z, +3k+3 are undefined. ]

In what follows, by a solution of (B.1.4)), we refer to a well-defined solution.
Lemma 3.12. By applying the following change of variables

un:x—",vn:&,wnzz—",n:—k,—k+l,---, (3.4.1)

Yn n Xn
System (B.1.4)), is transformable to the following system

a1 as as
Up+1l = ———, Upn+1 = ; Wn+l = ’
aA2Wy—k asUp—k a10p—k

n=0,1,---, (3.4.2)

and, we get System (B.1.4) reduced to three independents linear difference equations

ay
AUy_f + CUy_Wy_r + b

Xn_k, N € Ny, (3.4.3)

Xn+1 =
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as
AUy Up—k + boy_ + ¢

Ynel = Yn-k, 1 € Ny, (3.4.4)

as

Zn—k, N € Np. (3.4.5)

Zp+l =
" bv,_rw,—k + cw,_ +a

Proof. From the equations in System (B.1.4), we obtain

Xn+1 _ A1Xp—k  Yn+l  A2Yn—k Znp41 _ A3Zp—k

Ynel  A2Zn-k Znel  A3Xn—k Xpsl  O1Yn-k
Applying the change of variables (B.4.1]), we get

ay as as
Up1 = ———, Opt1 = —/——, Wy+1 = ———-
A2Wpn—k agiy—k a10y—k

Consequently, the formulas (3.4.3), (B-4.4) and (B-4.9), follow directly from (B.1.4) and
GEN)E O

To solve System (B.1.4), it’s sufficient to solve System (B.4.2) and Equations (B.4.3),
(B44) and (B4.35). In the following result, we show that every solution of System
(B:2.2) is periodic with period 6k + 6.

Lemma 3.13. Let (1, vy, Wy),>_i be a solution of System (B-Z.2), then

Up+6k+6 = Un, Unt6k+6 = Un, Wnibks6 = Wy, 1 = —k,~k+1,---,

that is the solution is periodic of period 6k + 6.
Proof. From (B.4.2), we have

ay az as

Upn+6k+6 = —— s On+6k+6 = —— s Wnt6k+6 = —— (3.4.6)
A2Wp+5k+5 aA3Up+5k+5 A10n+5k+5
a as as
Up4sk+5 = —— s On+5k+5 = ——— s Wn4bk+5 = —— (3.4.7)
A2Wn+4k+4 A3Un+4k+4 A10n+4k+4
ay as as
Uptdk+4a = ————, Untdk+4 = ————, Wpdk+4 = —————, (3-4-8>
A2Wn+3k+3 a3Un+3k+3 A10n+3k+3
ai as as
Up43k+3 = ————, On43k+3 = ————, Wp43k+3 = —————, (3~4-9)
A2Wn+2k+2 A3Un+2k+2 A10n42k+2
aiq as as
Up+2k+2 = ———, On+2k+2 = ———, Wn42k+2 = ———, (3-4-10)
A2Wn+k+1 A3Up+1k+1 A10n+k+1
ay as as
Un+k+1 = s Un+k+1 = ;s Wntk+1 = . (3.4.11)
Wn 3Un a10n

From (348)-(BTI), we get

2
ap ay
Un+6k+6 = = Un+4k+4
A2Wn+5k+5 asag
2
ay aias
= 2 = 2 wi’l+2k+2
A3Up+3k+3 as
as
= = un.

a30pn+k+1
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Similarly, we prove that

Un+6k+6 = On, Wn+6k+6 = Wn.
]

Lemma 3.14. Let (x;;, Yn, Zn)n>—k be a solution of System (B.1.4). Assume that the parameters
ai, az, as, a, b, ¢ and the initial values x_g, ..., Xo, Y—k, .-, Yo, Z—k, ..., Zo are positive and
assume that a1 < b, as < ¢, a3 < a, then for every solution of (B.1.4), we have

lim (xn/ Yn, Zn) = (O/ 0, O)-
n—+oo

Proof. Since the parameters and the initial values are positive and we have, then every
solution of System (B.1.4) is positive, it follows that

ay az as
Xpt1 < 7 Xn-ks Yn+1 < ~ Yn-ks Zn+1 < — Znks 1 € Np,

from which, we get that

al n+1 a2 n+1 aS n+1 .
X(k+)n+i < (3) Xi—k=1, Y(k+)n+i < (?) YVi-k-1, Z(k+1)n+i < (7) Zik-1,1=1,2,-- , k+1.

Using the fact that a; < b, as < ¢, a3 < a, the desired result follows. ]

In order to solve the special cases of System (B.I.4) when k = 0 and k = 1, we need
to solve the corresponding System (B.4.3) and the corresponding equations (B.4.3),

(B-Z4) and (B43) in each case.

3.4.1 The case k =0.
In this case, System (B.1.4) takes the form

a;x A2YnZ a3Xpz
Xpi1 = L = 2 = 3 (3.4.12)
axy, + by, +cz, axy, +by, +cz, axy, + by, +cz,
For System (B.4.12), the corresponding System (B.4.7), will be
a1 az as
Uptl = ———, Up41 = ——, Wpy1 = . (3.4.13)
AWy asily a0y

From Lemma (B.I3), we get that the sequences (1) 0, (Vn)n>0 and (wy )n=p are periodic
of period 6 and we have

ai aj aj aias as
Uen = Uo, Uen+1 = s Uen+2 = ——0Uo, Uen+3 = —5—, Uen+4 = — 5 Wo, Uen+s = ——,
aswWo a2as3 azuo as asoo
(3.4.14)
2 2
az 75 ) azas as
U6n = Vo, Ubn+1 = 7 Ubn+2 = ——Wo, U6n+3 = —5—, Ubn+d = — 5 U0, Ubn+s5 =
asug aias a;vo aj a1 wWo

(3.4.15)
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as as a3 aas ay
Wen = Wo, Wen+1 = ———, Wen+2 = — — U0, Wen+3 = 5~ —, Wen+d = — 5 00, Wen+5 = ———-
a10g aias azwo as asUg
(3.4.16)

Also for System (B.4.12), the corresponding Equations (3.4.3), (B.-4.4) and (B.4.5) will

be
ay

= N 4.17
Xntl au, + Cu, Wy, + prr e (3 )
az
= 4.1
Ynat = Y 1€ No, (3.4.18)
Zns1 = a3 Zn, 1 € Ny (3.4.19)

bv,wy, + cw, +a
The formulas of well defined solutions of System (B-I.4) when k = 0 are presented in
the following result.

Theorem 3.15. Consider System (B-A.12) and let (X, Yn, Zn)nz0 be a solution of (BZ.12).
Then, forn =0,1,---, we have

X6n = (0¢56X40é3a20é1060)n X0,
Xen+1 = Q0 (0150440130426110(0)11 X0,
Xen+2 = A100 (0150f40130é20110f0)n Xo,
Xen+3 = 2010 (asaaazasaiag)” xo,

n
Xen+d = Qzaq100 (Asasa3@aaig)” Xo,

Yon = (BsPaBsB2B1Bo)” vo.
Yen+1 = Po (ﬁ5ﬁ4ﬁ3ﬁ25150)n Yo,
Yen+2 = P1Po (55ﬁ4ﬁ3ﬁ251,30)n Yo,
Yen+3 = B2B1Po (ﬁsﬁ4ﬁ3ﬁ2ﬁlﬁo)n Yo,
Yon+a = B3B2P1Bo (BsBaP3p2B1B0)” vo,

Xn+s = Qaazazardg (Asasazasar1 o)’ Xo, Yenrs = BaBaB2Bipo (BsBaBap2B1Bo)” vo,

zen = (YsYaysy2y170)" 2o,
Zen+1 = Yo (7/5)/47/37/2)/17/0)n 20,
Zén+2 = Y1Y0 ()/57/4)/3)/2V17/0)n Zo,
Zen+3 = Y2Y1Y0 (V5)/47/37/2)/1)/0)n 20,
Zen+a = V3Y2V170 (V5YaY3Y2Y10)" Zo,
Zenss = VaYsV2Y1Yo (Ysvaysy2y1vo) zo
where
3 a1Yo _ a1a2Yozo
07 axo+byo+czo' ' aayxoyo + basyozo + casxozo’
1450320 A1a5a3X020
o =

2 2 2, 7
aajasyo + bazazzg + cajazxg

A1a2035X0

g = ’
aalagzo + baQagxg + ca%agyo

8 a22o
0 =
axo + byo + czo’

=92 2 2 2 2 ’
aajasyozo + ba2a3xozo + cajazxoYo

ai1a3xoYo
5 =
aasxozo + basxoyo + caryozo’

a2a3X0Z0

1 =
aayxoyo + basyozo + casxozo’
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2 2 9
ﬁ2 _ H1H2H3X0 ﬁd _ ﬂlﬂgﬂngyo
- 7 - 4
aaiasyo + basaszo + carazxg aata3yozo + bajaixozo + cataixoyo
2
B ayazasyo _ a1a2Yo0zo
14520 + bagazxo + cajasyo aasxozo asXoYo + cai1Yozo
Vo = asxo ”= a1a3xoYo
0= 1=
axo +byo + czo’ aa1xoyo + basyozo + casxozo’
2 2.2
Yo = alﬂgﬂgyo a1a2u3y020
2 -—

2 2 2.7 V3T T35 2 9 2 2 ’
aajazyo + ba2a320 +ca1a3xo aajasyozo + bﬂ2ﬂ3XOZO + cajazxoYo

2
11a5a3zg ao2a3XpZ0

- aalagzo + bagﬂng + Cﬂ%agyol 5= aasXozZg + bﬂgXoyo + Cai1YoZo '
Proof. From the change of variables in (B.4.1), and Equations ($.4.14)-(3.4.16) and
(B.4.17)-(B-419), we get

X6n+1 = X0X6n, (3.4.20)
Xen+2 = X10X0X6n, (3.4.21)
Xen+3 = X21X0X6n, (3.4.22)
Xen+4 = A3A201Q0X6n, (3.4.23)
Xgnis = A430X201X0X6n, (3.4.24)
Xeni6 = Q504030001 X0X6n, (3.4.25)
Yen+1 = PoYen, (3.4.26)
Yen+2 = P1PoYen, (3.4.27)
Yen+3 = P2pf1PoYen, (3.4.28)
Yen+a = B3P2B1PoYen, (3.4.29)
Yen+s = PaP3P2p1BoYen, (3.4.30)
Yen+e = PsPaPaPaPiPoYen, (3.4.31)
Zen+1 = Y0Z6n, (3.4.32)
Zen+2 = Y1Y0Z6n, (3.4.33)
Z6n+3 = Y2V1Y0Z6n, (3.4.34)
Zen+4 = V3V2Y1Y0Z6n, (3.4.35)
Zen+5 = Y4V3Y2V1Y0Z6n, (3.4.36)

Zén+6 = VY5Y4Y3Y2Y1Y0Z6n, (3-4-37)
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where
a1Yo ai1a2Yyozo
0= , a1 = ’
axo+byo + czo aaixoyo + basyozo + casxozo
a1a3a32o A1a3a3X020
O 2ayy + baltasze + canalxg’ 0 aalalyozo + bala2xeze + calalxoto’
142Y0 54320 143X0 193Y0Z0 503X0Z0 143Xo0Yo
a1aLa2x
142435X0 a1a3xoYo
ayq = B B B ;a5 = ’
14520 205X 3Y0 2X0Z0 3X0Yo 1Y0Zo
aaiazzo + bazazxo + cajasy aasxozo + baszxoyo + ca1yoz
ﬁ aszo 5 a203X0Zo
0 = 1 =
axo +byo + czo’ aayxoYo + basyozo + casxozo’
2 2, 92
ﬁ2 _ a1a2a3x0 ﬁg _ ﬂlﬂgﬂngyo
-3 2 2, 7 - 22 2.2 2 2 ’
aa1a2y04—ba2a3204—ca1a3x0 aa1a2y0204—ba2a3xozoi—ca1a3xoyo
2
B ayazasyo _ a1a2Yo0zo
4 — 2 2 2 7 ﬁ5 - b 7
aaiazzo + ba2a3x0 + cajasyo aasXopzo + vasxoYo + €a1Yozo
asxo aiasxoYo
Yo = ;Y1 = ’
axo+byo + czo aaixoyo + basyozo + casxozo
2 2.2
ayazasyo aya5a3Yozo
Y2 =

2 2 2.7 V35 T35 2 2 2 2 ’
aaiasyo + bazazzg + cajazxg aaiazyozo + basazxozo + cajazxoyo

2
a1a50a3zo ao2a3XpZ0

V4 = V5 = .
aalagzo + bagagxo + ca%agyo' aasxozo + basxoyo + caiyozo

Now, we will solve Equations (B.4.20)-(B.4.37). We have (x¢,)n>0 is the solution of the
first-order linear homogenous difference equation given in (B.4.25), from which

— n
Xon = (Asaaazazaiag)” xo.

Hence, from (B.4.3§) and (B.4.20)-(B.4.24) it follows that
Xen+1 = Qg (015a4013a2a1a0)n X0,
Xen+2 = @100 (Asasazaaaiag)” xo,
Xen+s = Qa1 (aAsaa3a2a100)" X0,
X6n+4 = Q3020010 (015014013012011010)n X0,

n
Xents = a3 (Asasq302a100)" Xo.

(3.4.38)

(3.4.39)

(3.4.40)
(3.4.41)
(3.4.42)

(3.4.43)

Similarly, (y6n)n=0 is the solution of the first-order linear homogenous difference equa-

tion (B.4.31)), and we have
Yen = (BoP1B2P3PaPs)" yo-

(3.4.44)
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Thus, from (B.4.44) and (B.4.26)-(B.4.30), we get

Yen+1 = Po (BsPaPsB2p1Bo)"” vo, (3.4.45)
Yen+2 = P1Po (ﬁ5ﬁ4ﬁ3ﬁ2ﬁ1ﬁo)n Yo, (3.4.46)
Yen+3 = P2P1Po (BsBaPaB2B1Po)” yo, (3.4.47)
Yen+a = P3P2P1Po (ﬁ5ﬁ4ﬁ3ﬁ2ﬁ1ﬁo)n Yo, (3.4.48)
Yon+s = BaPaBapiBo (BsBB3B2B1Po)" Yo (3.4.49)

Also, (z6n)n>0 is the solution of the first-order linear homogenous difference equation

(B-4.37), and we have
zen = (Y1Y2)3Y4)5)" 20 (3.4.50)

From (B.4.50) and (B.4.37)-(B.4.36), we obtain

Zen+1 = Yo (V574Y3727170)" 20, (3.4.51)
Zen+2 = Y170 (Y5Vay3v27100)" 20, (3.4.52)
Zen+3 = Y2710 (V5Y4Y3Y2/10)" 2o, (3.4.53)
Zen+a = V3Y2Y1Y0 (V5YaY3v27100)" 2o, (3.4.54)
Zen+s = VaY3Y2Y1Yo (Ysyay3y2y170)” Zo- (3.4.55)
]
3.42 Thecasek=1
For k = 1, System (B.T.4) takes the form
X _ A1Xn-1Yn-1 _ a2Yn-1Zn-1 . _ aA3Xy—1Zn-1
T+ byu—1 + czp-1 P Ynal = axp—1 +byn_1+czy_1’ T byu-_1 + czp-1’
(3.4.56)
and the corresponding System (B.4.7) will be
a a a
Upel = ———, Upy] = ———, Wyyy = ———. (3.4.57)
a2Wn-1 agp—1 a10p-1

From Lemma B.13, it follows that the sequences (u,)n>-1, (Vn)n>-1 and (wy)n>—1 are
periodic of period 12 and we have

aiy ai
Wizn-1 = W-1, Uizn = Uo, Wiznel = —— —, Uiznsz = — =, (3.4.58)
2W_1 2w
2 2 2 2
ay aj aj

a
s Ui2n+6 = —21 p (3.4.59)

Uign+3 = ——U-1, U12n+4 = —— 00, Ul2n+5 = —
azas aszas azw-1 azuo
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aias aias as az
Uignt7 = —5- W-1, Ui2p48 = —5 W0, Ui2n+9 = s Ui2nt10 = ——, (3.4.60)
as as aso— as0g
as ag
V12n-1 = U-1, V120 = 00, V12n+1 = , Vlgns2 = ——, (3.4.61)
asu_q asug
2 2 2 2
4 4 4 4
Vign+3 = ——W-1, V12n+4 = ——— W0, V12045 = —5—— V12046 = —5_—/ (3.4.62)
aas aias ajyv-1 a;vo
4203 azas as as
Vi2n+7 = —5 W-1, V12048 = —5 W0, V12049 = ————, V12p+10 = , (3.4.63)
Ell al aitw—_1 a1wWo
as as
Wign-1 = W-1, Wizn = Wo, Wi2n+1 = , Wigne2 = ——, (3.4.64)
a190_1 a190g
aj aj aj aj
Wi2n+3 = ——W-1, Wizn+a = ——Uo, Wizn+5 = —5——, Wizn+6 = —5—,  (3.4.65)
aiaz aiaz asw-1 a,wo
aias aias ay ay
Wign+7 = —5- U1, Wi2n+8 = —5 00, W12n+9 = ———, W12n+10 = . (3.4.66)
a; as agw-1 a2wo
For System (B.4.5), the corresponding Equations (B.4.3)-(B.4.5) will be
a1
Xp+1 = Xu—1, N € Ny, (3467)
AUp_1 + CUy_1Wy_1 + b
az
n+l = n-1, N € Ny 3.4.68
Y AUy—10p—1 + b0 + cYn-1s ’ ( )
as
Zn+l = Znu-1, N € Ng. (3469)

Next, we have the following result.

bv,_1wy_1 + cw,—

1+a

Theorem 3.16. Let (X, Yu,Zn)n>—1 be a solution of System (B.4.56), then forn =0,1,---,

we have

X12n-1 = (@pa2asasagaig)’x_1,

X120 = (@1a3asa7agarr)’ xo,
X12n+1 = o(@oaeasaeagang)’x-1,
X12n42 = a1(arazasaragay)” xo,
X12n43 = Qoa2(aoa2asasagaig)’x_1,
X12n+4 = araz(arazasaragarn)” xo,
X12n+5 = Qo@aas(Qodeasasagaio)’x_1,
X12n+6 = @razas(aiazasaraga)” xo,
X12n47 = Qo2asas(Qodaasasagag)’x_1,
X12n+8 = Q1azasar(aiazasaraga)” xo,
X12n+9 = QoQaasqeag(Qodasasizin)” X-1,

— n
X12n+10 = 135791 asasaragair)’ xo,

Yi2n-1 = (BoP2PaPePsP10)" y-1,

Yi2n = (B1B3BsP7B9f11)" Yo,
Yi2n+1 = Po(BoP2PaPePsB10)" Y-1,
Yizn+2 = B1(B1B3PsP7PoB11)" Yo,
Y12n+3 = BoP2(BoP2BaPsPsP10)" y-1,
Yi2n+a = B1B3(B1B3BsB7PoB11)" Yo,
Yi2n+5 = PoP2Ba(BoP2BaPePsPi0)"y-1,
Yi2n+6 = P1P3P5(B1B3PsB7Paf11)" Vo,
Yi2n+7 = PoP2PaPe(BoP2BaPePsPfio)" y-1,
Yiz2n+s = B1P3PsB7(B1B3B5P7PoB11)" Yo,
Yi2n+9 = PoP2PaPePs(Bof2BaPePsP10)" y-1,
Yi2n+10 = B1B3PsB7Bo(B1B3P5P7BoB11)" Yo,
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Zign-1 = (V1Y3Y5Y7Y9y11)" 2-1,
z12n = (Yoy2V4Y6Y8Y10)" 20,
Zizn+1 = Yo(Y1V3Ysyryeyin) z-1,
Z1an+2 = Y1(YoY2V4Y6YsV10)" 20,
Zizn+3 = Yoy2(V173YsVrYey11)" z-1,
Zizn+a = Y1Y3(Y0y2Y4V6Ys)10)" 20,
Z12n+5 = Y0Y2Va(Y1y3ysyryoyi)'z-1,
Zian+6 = Y1Y3Y5(VoYeyaYeYsyi0) Zo,
Zion+7 = Y0Y2YaVe(V1Y3YsVTYoy11)" Z-1,
Zizn+s = V1Y3V5Y7(YoY2YaVeys)y10)" Zo,
Z12n+9 = YoY2VaVeYs(Y1V3Vsyryeyi1)"z-1,
Zign+10 = Y1V3Y5Y7V9(Yoy2YaYeYsY10)" 2o,

where
aiy—1 aiYyo
0= , X1 = ’
ax_1+by_1+cz axo + byo + czo
a1a2y-12-1 ai1a2Yozo
= b ;a3 = b ’
aa;x_1Yy-1 +0ay-1z2-1 +€azx-1z—1 aaixoYyo + 0asYozo + CaA3XpZo
2 2
a1a5a3z—1 a1a5as3zo
A4 =5 a2 2. %= ba2 2.
aajazy—1 + 543z + cai1azx— aajazyo + a5a3zo + €a1a3xo
A1a303x_12_ a1a3a2x0zg
Qg = , 7 = ’
aajasy-1z—y +bajaix_1z_y +cajazx_1y_ aajazyozo + bajaixozo + cajazxoyo
2 2
111112113X_1 121112613X0
as = 2 2 2 r a9 = 2 2 2 ’
aaiazz—1 +basazx_y + cajasy-1 aaia;zo + bazazxo + cajasyo
a1a3x-1Yy-1 ai1asxoYo
1o = ; 11 = ’
aasx_1z-1 +basx_1y_1 +cary-1z_1 aasxozo + basxoyo + caiyozo
aszZ_1 a2z
Bo = , B1= ,
ax_i+by_1+cz_ axo+byo + czo
5 ag03X_1Z_1 ﬁ a203X0Zo
2= 3=
anx_1y—1 +basy_1z_1 + cazx_1z_;’ aai1xoYo + basyozo + casxozo’
a 2 2
ﬁ 1a2a3x_1 611612613X0
4 =

2 2 5 Ps=— 2 2.
aajasy-1 +bazasz_1 + cayazx_; aaiasyo + bazazzo + cajazxo
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2 9 2. 2
ﬁG _ a1a2a3x_1y_1 ﬁ7 _ a1a2a3x0y0
=92 2.2 2.2 P PT= 50 2 2 2.2 ’
aalazy_lz_l+—ba2a3x_1z_1+—ca1a3x_1y_1 aa1a2y0204—ba2a3x020-+ca1a3x0y0
a’asa a’asa
Bs = 14243Y-1 Bo = 14243Yo
- 7 - 7
aaia3z_y +basasix_y + calagy_, aaya3zo + bagaixg + cajasyo
8 ajazYy—-12—-1 8 ai1a2Yozo
10 = 1=
aasx_1z_1 +basx_1y_1 + cary_1z—1’ aasxozo + basxoyo + caiyozo’
asx_1 asXxo
0 = 1 =
7 ax_y +by_y; +cz_y’ v axo +byo +czo’
a1azx—-1Yy-1 aiaszxoYo
2 = 3 =
y aaix_1y—1 +basy_1z_1 + cazx_1z—;’ 4 aayxoyo + basyozo + casxozo’
a’asa a’asa
y 142a3Y-1 1a2a3Yo
4

=" 2 2. 7 V5T T3 2 2.
aajasy—1 +bazasz 1 + cayazx_; aajasyo + basazzg + cajazxo

2.2 2.2
alazagy_lz_l ala2a3y020
V6= —"535 2 2 2 2 P VTE TS 2.2 2.2 ’
aajazy_1z-1 +bazazx_1z_| +caja;x_1y_ aajasyozo + basazxozo + cajazxoyo
2 2
a1a2a32_1 a1a2a320
Vs = ;Y9 = s
aaya3z_y +basaix_1 + caiasy_, aaya3zo + basazxg + cajasyo
aA203X_1Z_1 a203ZpXo
Y10 = Y11

aasx_1z-1 +basx_1y_i +cary-1z—1 ! T aasxozo + basxoyo + ca1yozo

Proof. From the change of variables in (B.4.1]), and Equations (B.4.58)-(3.4.66) and
(BE67)-(BA5Y), we obtain
[ ]

X12n+1 = Q0X12n-1, (3.4.70)

o
X12n42 = X1X12n, (3.4.71)

o
X12n+43 = X0A2X12n-1, (3.4.72)

o
X12n+4 = X1A3X12, (3.4.73)

X12n+5 = XoQA204X12p-1, (3.4.74)
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X12n+6 = @103Q5X12n,

X12n+7 = @0A2004X6X12n-1,

X12n4+8 = A1A3A5X7X12n,

X12n49 = XoA2004X6AX8X12n-1,

X12n+10 = X1X3A579X12n,

X12n+11 = XX 20468 10X 1211,

X12n+12 = A1X3A5X7Q9X11X120,

Yi2n+1 = PoYi2n-1,

Yi2n+2 = B1Yi2n,

Yi2n+3 = PoP2yi2n-1,

Yi2n+a = P3PiYizn,

Yi2n+5 = PoP2PaVi2n-1,

Y12n+6 = B1P3PsY12n,

Yi2n+7 = PoP2PaPeYi2n-1,

Yi2n+s = P1P3PsPrY12n,

Yizn+o = PoP2PaPePsY12n-1,

Yi2n+10 = P1B3PsP7PoY12n,

(3.4.75)

(3.4.76)

(3.4.77)

(3.4.78)

(3.4.79)

(3.4.80)

(3.4.81)

(3.4.82)

(3.4.83)

(3.4.84)

(3.4.85)

(3.4.86)

(3.4.87)

(3.4.88)

(3.4.89)

(3.4.90)

(3.4.91)



3.4. On the solvability in closed-form of a three-dimensional system of rational difference

equations 91

°
Yizn+11 = PoP2PaPePsProY12n-1, (3.4.92)

°
YVizn+12 = P1B3BsP7Pof11Y12n, (3.4.93)

°
Z12n+1 = Y0Z12n-1, (3.4.94)

°
Z12n+2 = V1Z12n, (3.4.95)

.
Z12n+3 = Y0V2Z12n-1, (3.4.96)

.
Z12n+4 = Y3YV1Z12n, (3.4.97)

°
Z12n+5 = Y4)Y2Y0Z12n-1, (34-98)

°
Z12n+6 = V5Y3Y1Z12n, (3.4.99)

°
Z12n+7 = Y0)Y2Y4Y6Z12n-1, (3.4.100)

°
Z12n+8 = Y1Y3Y5YV7Z12n, (3.4.101)

°
Z12n+9 = Y0Y2Y4Y6V8212n-1, (3.4.102)

°
Z12n+10 = Y1Y3Y5Y7Y9Z12n, (3.4.103)

°
Z12n+11 = Y0Y2Y4Y6Y8Y10Z12n-1, (3.4.104)

°
Z12n+12 = Y1Y3Y5Y7Y9Y11212n, (3.4.105)

where
aiy-1 aiYyo

0= ap =
ax_1 +by_1 +cz_y’ axo +byo + czp’

a1agy-1z-1 a ai1a2yozo
2 = 3 =
aax_1y—1 +basy_1z_1 + cazx_1z_;’ aa1xoyo + basyozo + casxozo’
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2 2
a1a2a32_1 a1a2a320
A4 =5 ba2 2. 5= 5 ba2 2, 7
aajazy-1 +vayazz_1 + €a1a3x-1 aajazlyo +vasaszo + €a1a3xo
A1a305X_12_1 A1a3a3X020
ag = ar =
2 2 2 2 2 2 4 2 2 2 2 2 2 4
aajazy-1z-1 +bazasx_1z1 +cajazx_1y-1 aaiazyozo + basazxozo + cajazxoyo
2 2
ﬂ1a2a3X_1 a1a2a3x0
as = 2 2 2 P9 = 2 2 2 ,
aapazz-1 +basazx_1 + cajasy-1 aaiazzo + bazazxg + cajasyo
a1a3x-1Yy-1 a1as3xoYo
a0 = b ;11 = b ’
aagX_1zZ-1 +bagx—1Yy-1 +cary-1z-1 aagxXxozo + basxolYo + CA1Yozo
asZ_1 a2z
ﬁo = ’ ﬁl = s
ax_i+by_1+cz_4 axo+byo + czo
‘B ag03X_1Z_1 a203X0Z0
2 = =
aax_1y-1 +basy_1z_1 + casx_1z_1’ aa1xoyo + basyozo + casxozo’
2 2
ﬁ ﬂ1ﬂ2ﬂ3X_1 a1a2a3x0
4 = 4 = 7
aaiasy_1 + bajasz_1 + cajaix_ aaiasyo + bajaszo + carazxg
2. 92 2. 2
ﬁ _ a1a2a3x_1y_1 _ alaga3x0y0
6 — y P7T — ’
aajazy-1z—1 +bajaix_1z_y +cajaix_1y_ aaiasyozo + basaixozo + cajasixoyo
a’asa a’asa
Bs = 14243Y-1 _ 142a3Y0
- 2 2 2 7 P9 = 2 2 2 ’
aaiazz-1 +basazx_1 + cajasy-1 aaiazzo + basazxo + cajasyo
8 ajasy—1z—1 8 ai1a2Yo0zo
10 = 1=
aasx_1z—1 +basx_1y_1 + cary_1z_1’ aasxozo + basxoyo + ca1yozo’
azx_1 asXxo
0 = 1 —_
7 ax_y+by_y +cz_;’ v axo +byo +czo’
a1a3x-1Yy-1 a1a3XxoYo
2 = g =
y aa1x_1y—1 +basy_1z_1 + cazx_1z_;’ 4 aayxoYo + basyozo + casxozo’
2 2
aja2asy-i aija2asyo
Va= a2 2, V5T 3 a2 2.
aajazy—1 + A543z + cai1azx— aajazyo + a5a3zo + ca1aszxo
2.2 2.2
alazagy_lz_l a1a2a3yozo
V6

=953 2 9 2 9 ’
aaiasy-1z_1 +bajazx_1z_1 +cajazx_1y—

=93 22 22 ’
aajasyozo + ha2a3xozo + cayaszxoYyo
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A1a303z-1 130320

8 = ;Y9 = s
aa1a3z—q + basaix_y + calagy_ aaya3zo + basaixg + catasyo

Ag03X_-1Z_1 yi1 = ag0a32pXQ
11 =

Yio0 =

adsx_1z_1 +basx_1y_1 +cary_1z—1’ aasxozo + basxoyo + caryozo

Now, we will solve Equations (B.4.70)-(B.4.8T]). Equation (B.4.87)), satisfies a first order

homogenous difference equation, and its general solution is given by
X12n = (0(10(30(50(70(90(11)”3%, (34106)
Equation (B-4:80), can be written as
X12n+11 = AA2Q4A6AX8A10X12(n—1)+11~

which is also a first-order homogenous linear difference equation, and its general so-
lution is
X12n-1 = (@pa2asa6agag)” x-1. (3.4.107)

It follows from (B.4.106) and (B.4.107) and Equations (B.4.70)-(B.4.80), that we have

for all n € Ny:

X12n-1 = (@pasgagagaig)"x—1, (3.4.108)

X121 = (a1azasaragarr) xo, (3.4.109)

X12n+1 = ao(@pasagagagarg)'x_1, (3.4.110)
X12n+2 = ap(arasasaragary) xo, (3.4.111)
X12n+3 = dpaa(apasgagagaig)’x_1, (3.4.112)
X19n+4 = dpag(aiazasaragarr) xo, (3.4.113)
X19n+5 = dpasas(@oasasagagag)'x_1, (3.4.114)
X12n+6 = arazas(aiasasaragarr)” xo, (3.4.115)
X12n+7 = Qpaaagag(apasaqgagaig)’x_1, (3.4.116)
X1on+8 = d1azasar(aiazasaragar)’ xo, (3.4.117)
X12n+9 = Qpoagdgag(apgroasagagaig)’x_1, (3.4.118)
X12n+10 = A1@3a5a709(a1asasaraga)” xo, (3.4.119)

Now, we move to Equations ($.4.82)-(B.4.93). Similarly, (3.4.93) and (B.4.97) are first-

order linear homogeneous difference equations and their general solutions are as fol-

lows

Yi2n-1 = (BoP2PaPePsP10)" y-1, (3.4.120)
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Yiz2n = (B1B3PsP7Pof11)" Yo, (3.4.121)
From (B-4.120) and (B.4.1271)) and Equations (B.4.82)-(B.4.91)), we get that

Yizn+1 = Po(BoP2PaPePspo)"y-1, (3.4.122)
Yizn+2 = P1(B1B3PsP7PoP11)" Vo, (3.4.123)
Yi2n+3 = PoP2(BoP2PaPePsPio)" y-1, (3.4.124)
Yizn+a = P1P3(B1PsPsPrPoP11)" Yo, (3.4.125)
Yizn+s = PoP2Pa(PoP2PaPePsPio)" v-1, (3.4.126)
YVizn+6 = P1P3Ps(B1P3PsPrPoP11)" Yo, (3.4.127)
Yizn+7 = BoP2PaPe(PoP2BaPePsPio)" y-1, (3.4.128)
Yi2n+s = P1B3PsP7(P1BsPsP7Pop11)" Yo, (3.4.129)
Yi2n+9 = PoP2PaPePs(BoP2PaPePsPio)" v-1, (3.4.130)
Yi2n+10 = P1B3BsP7Po(B1B3PsB7PoB11)" Yo, (3.4.131)

To conclude, we solve Equations (B.4.94) and (B.4.105). We begin with the first-order
linear homogeneous difference equations (B.4.104) and (B.4.105). We have,

Z12n-1 = (Y1Y3Y5V7Vey11) 221, (3.4.132)

z12n = (YoY2V4Y6Y8Y10)" Z0, (3.4.133)
From (B.4.132) and (B.4.133), and Equations ($.4.94)-(B.4.103), we get

Zion+1 = Yo(Y1y3Ysyryeyin)"z-1, (3.4.134)
Zin+2 = Y1(Yoy2Y4Y6YsV10)" 20, (3.4.135)
Zion+s = YoY2(Y1Y3ysyryoyin)'z-1, (3.4.136)
Z1an+4 = V1V3(Yoy2V4Y6Y8Y10)" 20, (3.4.137)
Z12n+s = VoYeVa(Y1y3ysyryeyin)'z-1, (3.4.138)
Zion+6 = Y1V3V5(Y0V2yaYe)YsV10)" Zo, (3.4.139)
Z1on+7 = VoV2VaYe(V1V3ysyryoyn)z-1, (3.4.140)
Zi2n+8 = Y173Y5V7(Yoy2Yayeysy10)" Zo, (3.4.141)
Z12n+9 = YVoV2VaVeVs(Y1Y3YsYrYoyi1) ' z-1, (3.4.142)

Z1gn+10 = Y173Y5Y7V9(Y0V2YaY6Ys)10)" 20, (3.4.143)
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O]

3.5 Solvability analysis of a three dimensional system of dif-
ference equations with arbitrary powers and qualitative be-

havior of some particular cases

Continuing our focus on the solvability of systems of difference equations, we now ex-
amine a new class of such systems, defined by (B.1.5) that involves powers of variables.
In what follows, we will determine explicit solutions for System (B.1.5) and study the
behavior of some special cases.

Definition 3.17. A well defined solution of System (B.1.3), is a solution (x,, Yn, Zn )n>—2 which
verifies the following condition

Yn-1Zn-1Xn-1(a + bxnyg_lzflg)(a + ﬁynzZ_IxZT_Q)(a + /\znxz_lyfl;) #0,n=0,1,---.

Remark 3.18. From the previous definition, and knowing that the initial values are non-zero
real numbers, it follows that for every well defined solution of System (B.1.5), we have

XnYnzn #0, n=-2,-1,0,---. (3.5.1)

In the following, a solution of System (B.1.5), is considered a well defined solution.

3.5.1 Explicit formulas for the solutions of system (B.1.5)

In order to solve System (B.I.5), we first convert it into a simpler linear system of dif-
ference equations. Suppose that (x,, ¥u, zn)u>-2 is a solution of System (B.1.5). Now,
we multiply the first equation in System (B.1.5) by yﬁzﬁq_l, the second one by szZr_l
and the third one by xﬁyﬁil, and we apply the following change of variables

1 1 1

. I N T pr

= =— =————, neN, (3.5.2)
x”yn—lzn—Q y”Zn—lxn—Z Z”xn—lyn—Q

then System (B.1.5) is transformed into the following first order linear difference equa-

tions
Ups1 =auy +b, vy =av, +p, Wpy1 =ow, +A, n €N (3.5.3)

Solving these equations, we obtain

aug + b”:_‘ll, if a#1,
Uy = (3.5.4)
ug + bn, ifa=1,
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n a-1 .
o = a"vo+ L5 if a#l,
n =
vy + fn if a=1,
o"wgy + /\Ugn__ll if o#1,
wy, =
wo + An ifo=1,
where
1 1 1
Upg = ’ = y W0 = ———7-
pPq q .97 pr
xO]/ 129 Yoz_1X o zox" Y7,
Using (B:5.2), we getforn =0,1,---,
p q r
Xp+o = vn+1 qur y 5 = wn+1 ypqr z 9 = un+1 qu
+2 = + + _
" Upso 7 17 (TR 1 Wn+2 Zn-1s
This implies that
n—i
— (e par) 7 [ P pan
X3n —(X[)) Hizl s ’
n—i
e Ug,- (pqr)
X3ng1 = (x1) 0 Py ’
rn—i
vaner = e 1 ()
3n+2 1 i=0 | 7ars ,
n—i
(pary 717 [ “aims v
Y3n = (yO) Hi:1 Vs ’
oy ¢ \(par
r
Yanrr = (y)PT I, (031+1) ,
n—i
_ e ()"
Y3n+2 Y i= 0 V3it2
and
(pqr)”‘i
(pqr)
zon = (z)P L, (e ,
., ur A\ (pan)t
Z3n+1 (Zl)(pqr) Hz 1 (103::-1) /
r o\ (pgn)t
(pgr)"*t Usiyy
Z3np2 = (z-1)P1 Hz‘—o W3ir2 ’
where
q r
N xprlng 3/02—le2
1=

p pq(u + bxoy- 1qu

(3.5.5)

(3.5.6)

(3.5.7)

(3.5.8)

(3.5.9)

(3.5.10)

ro,Pr
20X _1Y 9

7yt
zoqx_l’i’(a + Byoz x’,)

= 7 .
Xo"y-1P" (0 + Azox" y")
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97

By substituing the equations (B.-5.4)-(B.5.6) in (B-5.8)-(B.5.10), we get for n € Ny that

elfatl,a#1,0#1

X3n

X3n+1

yan = o) P T, [

Ysns1 = (yl)(pqr)” Hle [

Yanra = (y—)®1"" [T

Z3n

= (z0)P"" T2, [

12301 = (z)P1" [T, [

eifa=1,a#1,0+#1,then

X3n

X3n+1

Xanso = (x_p)Par)"

Y3n = (yo)(pqr)” H?:l [

Yaner = (y) P [T, [

= (xo)(l’W)” ?:l [

= (xl)(pqr)” H?zl [

+ _ 3i+1 _ _ I
xanvz = (o)1 TE [(1 W)

(1-a)(B+a 1 (1-a)vo-p))"
(1—a)p(b+a3i((1—a)u0—b))

7

] (qu)n_i

(1-a)(p+a®((1-a)vo—p))’
(1-a)? (b+u3i+1 (1=a)ug —b))

4

](W)"'i

(1-a)? (b+a3+2((1-a)ug—b))

(1-a)(A+03 1 ((1~0)wo-7))’

4

(pql’)”f"
(1-0)7(B+a3i((1-a)vo—B) ]

(1—04)(/\+c73i((l—cr)wo—}t))q

1
Zgnez = (z-1) P [T

= (x) 77" e, [(ﬁ+a3i'1(1—a)vo—ﬁ)p

= (xp) 37" s

7

(pgr)"~
(1-0)7(B+a3*1((1-a)vo—p) ]

[(1-a)()\+a3i+1((1-a)wo-)\))q

L[ (=0)1(B+a3+2((1-a)oo—-p)

4

(1=0)b+a% (1=ayug-by | P77
(1-a)" (A+03i((1-0)wo—A))

(1-0)(b+a® (1-a)ug—b))" (pary~!
(l—ﬂ)r()\+03i+1((l—o')wo—)\)) 7

(1-0)(b+a¥* (1-a)ug-byy | PT)"™
1 (1—ﬂ)’(/\+03i+2((1—0)100—/\))

7

(pqr)n—i
(1-a)P (ug+3ib) :|

(B+a®i(1-ayvo—p)”
1| (1-a)P(ug+(3i+1)b)

4

](qu)"‘i

7

. (ﬁ+a3i+1(1—a)vo—ﬁ)p (pgr)"—*
i=0 | (1-a)P(uo+(3i+2)b)

7

(1-a)(A+031((1=0)wo—A))1 ] (pqr)™™
(1-0)1(B+ai((1~a)vo—p))

(=) +o® (1-o)wg-At | P77

Ysns2 = (y_l)(pqr)”“ i

(1-0)1(B+a3*1((1-a)vo—p)) !

(1-a)(A+03 1 ((1-0)wo—A))T (pqr)"~
L[ (1-0)7(B+a3™2((1-a)vo—P))

](PW)"_i

](mr)”"

7

4

7

7

(3.5.11)

(3.5.12)

(3.5.13)

(3.5.14)

(3.5.15)
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e 1At
n 1- 3i—1)b
Z = ()P T, | RS T
by 1A
n - b
Zaner = () [T, [Mf,lsii?((ﬁ“f;; - , (3.5.16)
oy 1A
w1 1- 3i+1)b
Zaurz = (z-) P T [A(mg)fg(o(ial;w;—)m] '
e ifu#t1,a=1,0+#1,then
_ 1y 1P
n 1 3i—1))P
T B R
_ ; (par)*
n 1 3i))P
Xamer = ()9 [T, [%] ) (3.5.17)
N . (pqr)nfi
n 1 3i+1))?
Xgnvz = (x-)PT [T, % ’
A 3i-1 1— —A))1 (P’V)"_i
Yo = ()P T, S Gooe o PR
A 3i((1— 1)) (pqr)n—z‘
Yane1 = (y1)Parn “?a[((f_%)éivoi?;ii 1);;] , (3.5.18)
_ A 3i+1 (1- )1 ] (pqr)n—i
Yansz = (Y1) T, (+10—a)q((v0+((j3),?f2)ﬁ)) | ’
_ i [ (o) brad I (A—aug-b)y ]I
zsn = (20)P [T, [ Ty o™ ((—o)wo ) | ’
n 1=0)(b+a3i((1- b)Y (qu)n_i
Vzaner = (20?1 T, [(1(_a)(325\++;3i+(1((<111—);4;)%1))\))] ' (3:5.19)
_ wn [ (o) b L (1—ayug—b)y ]PI"
Zgns2 = (z-1) P17 [Ti= [(1—a)’(/\+63”2((1—0)w0—/\))] ’
eifa#1,a+1,0=1,then
_ n (1—a)(ﬁ+a3i’1((l—a)v _ﬁ))p (Plﬁ’)n*z’
xa = 0TI | ey |
. 1— 3i((1—a)oa—gne @I
Xaue1 = (x1) P77 H?:l[(Z(l—aa)g’((ﬁb:img’(l((f—)zg)uoﬁ—);?))] ' (3:520)

7

_ wn [Aea)@rat (1-a)e-p)y | PI"
X3n+2 = (x_l)(pqr) [Ti- [(1—a)v(b+a3i+2((1—a)uo—b))]
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, (pgr)y*
_ 1—a)(wo+A(3i—1))7
Yo = )" Iy [(ﬁ+z)3izf(olta)vlo—ﬁ)) ] '
he 1A
1- 30)7
y3l’l+1 = (yl)(pqr)n H?:l |:I§+(a3iiq((z(ulo_+a)vlo)_ﬁ)] 7 (3521)
. (pqr)n—i
1- A(3i+1))7
Vanea = ()00 T, | ooty 07
b 3i—1 1— -b)) (qu)"_i
zan = (20)P"" T, [( o ] '
b 3i _ —b))" (pqr)n—i
Zapar = (z1)PI0" [T, [§1t2)r2(;032g?+1)2)] ’ (35.22)
_ b 3i+1( 1— —b) r (pqr)n—i
Zanrz = (z2) PO [Tie [((;fa)r(ugw(a;?fmﬂ) ] !
e ifu =a=1and ¢ # 1, then
- (pqr)n—i
3i-1))P
X3n = (xo)(PW)ﬂ H?:l (%) ,
. (pqr)n—i
30)P
Xgner = (1) PO [T, (% ) ) (3.5.23)
; (pgr)y"
3i+1))
Xanpz = (xo) P, ((UioJfb((:’:i:;)) ) ’
_ A 31’—1( 1— ) A )q (pqr)n—i
Y3n = (yo)("’"”" H?=1 [( +(z1—g)(ﬂ(v(f+§}/gi) : ] /
_ A 3i 1— _/\) q (pqr)nii
Yan+t1 = (yl)(pqr)n H?:l [((;fa)‘ggvozzgig—l)ﬁ; ] 4 (3524)
Aao3it1((1— 1) (pqr)y™
y3n+2 = (y—l)(pqr)n H:‘lzl ( atia)q((z(10+(g?f2)ﬁ))) ] 7
oy 1P
1- b(3i-1
zzn = (2P [T, [%] ’
N pant
- 3b
I R e e I (3525)
Ly 1P
- b
zawsz = (z2) P T, | {aa el ’

eifa+1l,a=0=1,then
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_ (1=a)wo+p(Ei-y | P17
X3 = ()P T, [m :
_ - (pgr)"
1 3Bi)P
Vo = ()P, [%] / (3:5:26)
_ ; (pgr)"~
1 3i+1))P
X3n+2 = (X—l)(pqr)n H?:l [%] ’
NG
A(3i=1))?
ysn = (yo) P T, (%) )
Azing \ Pan)!
Ysner = (y1) P70 [T (%) ) (3.5.27)
_ +A(3i+1))7 (pgry"™!
Ysn+2 = (y—l)(p‘")” H?zl (%) ’
[ ; r (Pqi’)”_i
_ (b+a3l‘1((1—u)u0—b))
zn = )P L | —rmosn ’
[ ; r (qu)n_i
_ (b+a®((1-a)uo~b))
Zgns1 = (z1)PT" [T~ (T=a) (wo+A(Bi+1)) ’ (3.528)
_ ) p (pqr)n—i
_ (b+a3’+1((1—a)u0—h))
Zanva = (20) P T, (1=a) (wo+A(3i+2)) ’
e ifa=0=1,a #1,then
_ : (Bra¥~* (1-ayop-p)y | P9
X3n = (xo)(pqr) H?:l[ (1—a)”(uo+313i) ] !
_ : (Bra® (1—ayo-p)r | #P17)"
1¥3n+1 = (xl)(pqr) H?zl [ (l—a)ﬂ(uo+(3?+1)b) ’ (3.5.29)
_ : (¥ (1-ayoo-p) | 9"
v = ) T | |
_ o [Oma)wera@i-1y! |PT
Y3an = (yo)(p’m Hi:l [ ﬁ+a3"((1—a)vo—‘8) ’
n 1— A(30)1 (pgry"~
y3n+l = (yl)(pqy) H?:l [ﬁ-(l—ak’i)g%((zoltagvlo)zﬁ)] s (3530)

7

B ’ (—a)wo @i+ | P9
Y3n+2 —(y—1)(W) H:’l:l [ﬁ+aﬁgi£z§(0(1_a)lvo_ﬁ)]
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n 2 1))\ (W)"‘i
zsn = (z0)P7" [T, (%) )
Ay \par)
_ n b(3
Zane = (20)P" 10, (%) , (3.5.31)
; . , (pqr)n—i
zZanse = (2P [T, (%) ’
e ifu=a=0=1,then
. (pgr)"™
3i-1))"
X = (o) I, (#) ,
e\ A"
3i))P 3.5.32
Xgper = ()P T, (%) ' ( :
. (qu)n_i
n+1 (vo+B(3i+1))”
Xgneo = (o) P T, (%) ’
i (pqr)n—i
van = ()P I, (L)
e\ (P
A(30)1
Yaner = (y)) P T, (%) ) (3.5.33)
. . (pqr)n—i
Ysn+2 = (y—l)(pqr)n le'lzl (%) ’
1y \ e
Z3n = (Zo)(pqr)" H?Zl (%) ’
. (pqr)n—i
Zaner = (z) P T, (%) , (3.5.34)

) . (pqr)”_i
b(3i+1
Zgnen = (220) 00" T, (Uesir ) '

From the above equations, we obtain the following result.
Theorem 3.19. Consider System (B.1.5), wherea, b, a, B, 0, A and the initial conditions x_;, y—;, z—;,

fori € {0, 1}, are positive real numbers and p, q, r are non-negative integers. Then the following
statements are hold.

a) Ifa #1,a # 1,0 # 1, then the general solution of system (B.1.5) is given by Formulas

(B5.11)-(B:5.13).
b) Ifa=1,a # 1,0 # 1, then the general solution of system (B.1.5) is given by Formulas

(B:5.14)-(B.5.16).
c) Ifa#1,a =1,0 # 1, then the general solution of system (B.1.5) is given by Formulas

(B5.17)-(B-5.19).
d) Ifa+1,a # 1,0 =1, then the general solution of system (B.1.5) is given by Formulas
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(B:5.20)-(B.5.22).
e) Ifa = a =1, 0 # 1, then the general solution of system (B.1.5) is given by Formulas

(B5.23)-(B:5.25).
f) Ifa # 1,a = 0 = 1, then the general solution of system (B.1.5) is given by Formulas

(B5.26)-(B.5.28).
g) Ifa =0 =1,a # 1, then the general solution of system (B.1.5) is given by Formulas

(B-5.29)-(B-5.3T).
h) If a = o = 0 = 1, then the general solution of system (B.1.5) is given by Formulas

(B532)-(B.5.34).
3.5.2 Asymptotic behavior of the solutions in some particular cases

In this section, and based on the results we obtained in (B.19), we will study the asymp-
totic behavior of the solutions of System (B.1.5) for some special cases.

353 Thecasep=g=r=0

In this case, System (B.I.) is equivalent to the following three independents well

known Riccati difference equations

Xn Yn Zn

a4+ bxn/ Yn+1 = a +ﬁyn’ Zn+1 = . +/\Zn’ ne NO' (3535)

The change of variables (B.5.2), will be

Xn+1 =

1 1 1
Uy = —, Oy = —, wy = —, ne NO, (3536)
Xn Yn Zp

where the sequences (1, )nen,, (Un)nen, and (wy)nen, are given by Formulas (B:54),

(B5.9) and (B.5.6). Then we get

(1-a)xo

—>0 _ifa#1,

X, = bx0+a”(1—a—bx0) n € Ny, (3,5_37)
1+;31X0’ lf a= 1’
— LW ifq g1

Yy = ﬁy(;+a”(1—a—ﬁyo) n € Ny, (3.5.38)

o .
yEv ifa=1,
and

_U=dz  _ fo£1

Zy = Azg+o™ (1—0—/\20) n € Np. (3539)
+AZTCZ)Z()’ lf 0= 1/

Theorem 3.20. Consider the equations given in (B.5.35). Then, the following statements are
true:

a) Ifa =a =0 =1andb = f = A = 0, then the sequences (x,),en, , (yn) and

neNo
(zn)nen, are constant.
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b) Ifa=a =0 =1and bpA # 0, then the sequences (X,),en, , (yn)neNO and (zy),en, are
convergent.

c) If max{lal,|al,|o|} <1land b =p = A =0, then |x,| = oo, |y,| = oo and |z,| — oo, as
n — oo,

d) If max{lal,|al,|o|} < 1 and bBA # 0, then the sequences (xu),en, - (yn)nENO and
(zn)pen, are convergent.

e) If max{lal,|al,|o|} > 1, then the sequences (x,),en, / (yn)neNO and (zn) ey, are conver-
gent to (0,0, 0).

Proof. From (B.5.37)-(B-5.39), the proof is easily seen. O

354 Thecasep=g=r=1

In this part, we present the asymptotic behavior of the solutions to System (B.1.5) when
p = q =r = 1. In this case, System (B.1.5) is equivalent to the following system

x XnYn-1Zn-2
n+l = YnZn- 1(“+bxnyn 1Zp- 2)’
_ YnZn-1Xn-2
yi’l+1 - ann—l(a+,3ynzn—1xn—2), ne NO. (3540)
ZnXp— —
Zpiq = nXn-1Yn-2

xny;z—l(U+Aann—1yn—2) ’

Applying the formulas given in (B.5.17))-(B.5.13) and (B.5.32)-(B.5.34) for the case p =
g = r = 1, the general solution of System (B.5.40) is as follows

elfa#1,a#1lando #1,

n (1-a) (ﬁ+a3i+s‘1((1—a)vo—ﬁ))
(1-a) (b+a3i+s((1—a)u0—b))

X3n+s = Xj(s)

4

n (1—05)(/\+a3i+5_1( (1=0)wo - ))
P (3.5.41)
n (1—0)(b+a31+s 1((1 a)uo—b))
Z3n+s = Zj(s)
i1 (1—a)(?\+031+5((1“7)w0_ ))
elfa=a=0=1,
) Lvg+BBi+s—1)
X3n+s —x](S)L_l[ ug+b(3i+s) ’
" .
o wo+A(3i+s—1)
y3n+s—]/](s)l:_1[ Uo+ﬁ(3i+s) ’ (3.5.42>

n .
3 ug+bBi+s—1)
Zants = Zj(s) l_l wo+A3i+s)
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where n € Ny, s € {0, 1,2} and

0, ifs=0,
jis)=41, ifs=1,
-1, ifs=2.

The following theorem gives us the asymptotic behavior of the solution of System
(B540) for the case a # 1, a # 1 and o # 1. Before this, we define the following

constants

_ (1-a)vo—-p _ (1—a)wo—-A _ (1-0)up-b
Ks = b Ls = A@anop)’ Ms = S=ome-n/
[ (1=~ ((1+a)o0-p)  —~ _ (1)1 ((Ha)wo-1) = _ (1-0)(=1* " ((1+0)uo—b)
s A+a)a((l-aug=b) * =S (1+a)a((1-aywo-g) " (1+0)a ((1-0)wo-1)

where s € {0,1,2}. Form € Nand s € {0, 1,2}, we set

(1—a)(ﬁ+a3m+s 1((1—01)2)0— ))
P = (3.5.43)
(1-a) (b +a3m+5((1 —a)ug - )

(3.5.44)

)
(1-a) (A+a3m+s‘1( 1—a)w0—A))
T = )

(1-o0) (ﬁ+a3m+5((1—a)vo— )

and

(1-o0) (b + a3’”+5‘1((1 —a)ug — b) )

(1-a) ()\+a3m+5((1—0)w0—)\)) ‘

s _
=

. (3.5.45)

Theorem 3.21. Assume thata # 1, o # 1, 0 # 1, and that (xn,yn,zn)nz_2 is well-defined
solution of System (B.5.40). Then the following statements are true.
a) If|a| > max{|al, |o|, 1} and uy # 1 =
b) Ifla| > max{lal, |o], 1} and vy # lﬁa, then |X3uss| — 00, Yanes — 0,05 1 — 00,
c) Iflo| > max{la|, |a|, 1} and wo #

then x3,4+s — 0, |23445| — 00, a8 1 — o0,

then |Ysn+s| — 00, 23445 — 0,48 1 — oo.

-0 a’
d) If max{lal,|al} < 1orvy = %and Uy = 1a,and|(1—a)ﬁ| < | -a)b|, (or
[(1-a)b| <|(1—a)Bl|), then x3,+5s — 0 (0 |x3445| — 00), as n — oo.
e) If max{lal,|o|} < 1orvy = l%and wy = 15 G,and|(1—a))\| < |(1-0)Bl, (or
[(1-0)Bl <|(1—a)Al), then y3n+5 — 0 (0r |Ysn+s| — ), as n — oo.
) If max{a|,|o|} < 1oruy = 1 — and wo = 7= a,andl(l—a)bl < |1 -a)A|, (or

[(1-a)A| <|(1—0)b|), then z, — 0 (or |z,| — o), as n — oo.

Q) If max{|al,|a|,lo]} <1, 1-a)p=1-a)b,1-a)A =(1—-0)Band (1-0)b =
(1-a)A, then (x3n+s, Y3n+s, Z3n+s) s CONvErges to a not necessarily prime 3-periodic
solution of system (B.540).

h) If vg = %, Uy = lf—a, wo = %, l1-a)p=0-a)b,l-a)A = (1—-0)p and
(1-0)b=(1-a)A,then (x3n+s, Y3n+s, 23n+s)n2_2 is a not necessarily prime 3-periodic
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solution of system (B.5.40).
i) If max{la|,|al,|ol} <1, (1-a)p=-(1-a)b,(1-a)A=-(1-0)pand (1 -0)b =

7)

aa)
ab)
ac)
ad)

ae)

—(1—-a)A,then (x3n+s, Y3nts, 23n+s) 1o CONVETges to anot necessarily prime 6-periodic
solution of system (B.5.40).

Ifoo = &, up = &, wo = &, (1-a)p = (1—a)b, 1—a)A = (1-0)p and
(1-0)b=(1-a)A,then (x3n+s, Y3n+s, 23n+s)n2_2 is a not necessarily prime 3-periodic
solution of system (B.5.40).

Ifa =a,la| > 1and |Ks| < 1, for some s € {0, 1,2}, then x3,45 — 0, as n — co.

Ifo =a,la| > 1and |Ls| < 1, for some s € {0, 1, 2}, then y3,4+5s — 0, as n — oo.

Ifa =o0,lo| > 1and |M;| < 1, for some s € {0, 1,2}, then z3,,.s — 0, as n — oo.

Ifa =a,la| > 1and |Ks| > 1, for some s € {0, 1, 2}, then |x3,45| — 00, as n — oo.

Ifo =a,la| > 1and |Ls| > 1, for some s € {0, 1, 2}, then |ysp+s| — 00, as n — co.

Ifa =o0,|o| > 1and |Ms| > 1, for some s € {0, 1,2}, then |z3,45| — 00, as n — oco.
Ifa =a,lal > 1and Ks = 1, for some s € {0, 1, 2}, then the sequences X3y, for some
s €{0, 1,2}, are convergent.

Ifo =a,|a|>1and Ly = 1, for some s € {0, 1,2}, then the sequences Ysy s, for some
s € {0, 1,2}, are convergent.

Ifa =o0,|o|l > 1and M, =1, for some s € {0, 1, 2}, then the sequences z3y s, for some
s €{0, 1,2}, are convergent.

Ifa = a,lal > 1and K; = -1, for some s € {0, 1,2}, then the sequences X¢n+s and
X6n+3+s, for some s € {0, 1,2}, are convergent.

Ifo =a,l|al > 1and Ly = -1, for some s € {0, 1,2}, then the sequences Yen+s and
Yen+3+s, for some s € {0, 1,2}, are convergent.

Ifa = o,|ol > 1and Ms = -1, for some s € {0, 1,2}, then the sequences zgn+s and
Zen+3+s, for some s € {0, 1, 2}, are convergent.

Ifa = —a, |a| > 1, n is even and |I?S| < 1, for some s € {0,1,2}, then x3,4+s — 0, as
n — oo,

Ifo = —a, |a| > 1, n is even and |fs| < 1, for some s € {0,1,2}, then ysp+s — 0, as
n — oo,

Ifa = -0, |o| > 1,n is even and |]\7[S| < 1, for some s € {0, 1,2}, then z3,45 — 0, as
n — oco.

Ifa = —a, |a| > 1, n is even and |KS| > 1, for some s € {0, 1,2}, then |x3,45| — 00, as
n — oo,

Ifo = —a, |a| > 1, n is even and |fs| > 1, for some s € {0,1,2}, then |ysu4s| — 0, as
n — oo,

Ifa = -0, |o| > 1, nis even and |]\7Is| > 1, for some s € {0, 1, 2}, then |z3,+s| — o0, as
n — oo,

Ifa =-a,|a| > 1, nis even and 125 =1, for some s € {0, 1,2}, then the sequences x3,+s,
for some s € {0, 1, 2}, are convergent.
Ifo = —a,|al > 1, nis even and fs =1, for some s € {0, 1,2}, then the sequences Yzys,
for some s € {0, 1, 2}, are convergent.
Ifa = —o,|o| > 1, niseven and ]\715 =1, for some s € {0, 1, 2}, then the sequences z3,+s,
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for some s € {0, 1,2}, are convergent.

af) If a = —a, |a| > 1, n is even and ES = —1, for some s € {0,1,2}, then the sequences
X6n+s ANd Xn+3+s, for some s € {0, 1,2}, are convergent.

ag) If o = —a, |a| > 1, n is even and fs = —1, for some s € {0, 1,2}, then the sequences
Yén+s and Yeu+3+s, for some s € {0, 1, 2}, are convergent.

ah) Ifa = —o, |o| > 1, m is even and M, = -1, for some s € {0,1,2}, then the sequences

Zen+s ANd Zenia+s, for some s € {0, 1, 2}, are convergent.

Proof. (a): Observe that in this case, we have

lim x3;+45
n—oo

n n
tim e | [ 7 =i Ji | | i
m= m=

lim z3;,45
1n—00

n n
. s _ . . s
Jim zje | |7 =zj Jim | [ 7
m=1 m=1

It suffices to verify the limits of p}, and r,, when m tends to co.

Since we have |a| > max{|«a/, |o|, 1}, then

1_a)mn(ﬁ+aM”4(a—anm—ﬁﬂ
1—a’me (b+a3m+s((1—a)ug—b))
- (b+a3m+s‘1((1—a)u0—b)) )

e

i pi = -0

1 _
lim [rS,| = (-—
m—oo 1

7

for each s € {0, 1, 2}, from which the result can be seen abundantly.

(b): Similarly to the previous case, we have
lim |p;,| =00, lim g;, =0,
1mM—00 m—o00

for each s € {0, 1, 2}, from which along with the first and second formulas in (B.5.41)),
the statement appears straightforward in this case.
(c): Observe that in this case

lim |g5,| =00, lim r;, =0,
m—00 m—00

for each s € {0, 1,2}, from which along with the second and third formulas in (B.5.41)),
the statement immediately follows in this case.

(d)-(f): In this case we have

(1= a)A| |(1 = o)bl

l—a
—|( ) lim |yl = 7=————=,  lim [}, = 7m—

lim |pé|= ,
e T i cppy: =

for each s € {0, 1,2}, from which along with the assumptions in (d), (e) and (f) the
results easily follow.
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(g): Applying the Taylor expansion for - on the interval (—¢, €), where € > 0, we
have, for sufficiently large m and for each s € {0, 1, 2},

(1-a) (ﬁ +a3m+s‘1((1 - a) v —ﬁ))
(1-a) (b+u3m+5((1—u)u0—b))

(1-a)p (1 4 g1 ((1—“;vo—ﬁ) )

s (1-a)ug-b
(1—a)b(1+a3 + %)

3m+s—1 ((1 - O‘;UU - ﬁ) _ g3m+s ((1 - a;uﬂ B b) +0 (a3m) ,(3,5.46)

= l1l+a

(1-a) (A 4 03m+5—1((1 — 6)wo - A) )

_, (a-oywo-1)
a —a)A(1+G3m+5 1 {moeert)

(1-0)p (1 4 omes (<1—“;vo—l3)) '

3m+s—1((1_0)w0_/\) _ 3m+s((1_a)vo_ﬁ)
) * 8

= l+4o +0 (a®")(3.5.47)

and

(1-o0) (b + a3m+5‘1((1 —a)uy — b) )

(1-a) (A+03m+5((1—0)w0—/\))

[

s (1-a)ug-b
(1—o)b(1+a3 + 1(+))

s (1-0)wg—A
(1—a)A(1+03 + %)

1—a)ug—Db) _G3m+s((1—o)w0—/\)

3m+s—1 ((
1+a 5 1

+0 (0% .(3.5.48)
(3.5.49)

Using (B-5:46)-(B-5:49) in (B-5.4])) and the assumption max{|a/|, |a], |o|} < 1, we obtain

n
lim X345 = Xj(5) lim npfﬂ
m=1

n—+o0o n—+o00

n
xj(s) nl_l)IEOO (1 + a3m+s—1 (

m=1

(1—a)vg—B) _ amss ((1—a)ug =)
B ! b

+0 (a®™)],

Yj(s)-
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The sequences X3,+s, Ysn+s and zzn4s, for s € {0,1,2}, can be seen easily and conse-
quently (x,, Yn, zn)n>—2 converges to a, not necessarily prime, 3—periodic solution of

system (B.5.40).
(h): From (B.5.41)), we have

s (Q-a)p s _ (I-a)d _ s _(d-0)b _
pm_(l—a)b_' ‘7’”_(1—0)5‘1’ rm_(l—a)/\_'

for every m € N, if s € {0, 1, 2}. That is, X345 = X5, Y3m+s = Ys and z3,,4s = zs, for each
s € {0, 1, 2}, from which the statement immediately follows.

(i): From (B5-43)-(B-5.49), in this case, we apply Taylor expansion for -~ on the inter-
val (—€, €), where € > 0, we get

(1-a) (ﬁ + a3m+s‘1((1 -a)vy — ﬁ) )
(1-a) (b +a3m+s((1 — ) o —b))
(1-a) (1 + a3m+5—1—((1_“)”"_/3) )

P =

p

S R )

3m+s—1 ((1 —a)vg - :B) _ gdmts ((1 —a)ug — b)
p b

for sufficiently large m and each s € {0, 1, 2},

:_(1+a +0 (a®") ],  (3.5.50)

(1-a) (A+a3m+s—1((1 _ o) wo —)\))
(1-o0) (ﬁ+a3m+5((1—a)vo—ﬁ))

_ ((l—a)wo—/\)
1-a)A (1 +gimrsTl i ——

Im =

7

u_@ﬁ@+amﬂah¢wm)'

(I-0wo—A) 4. (A—a)vo—p)
A “ p

for sufficiently large m and each s € {0, 1, 2}, and

= —(1 + gt ( +0 (@®) ], (35.51)

(1-o0) (b + a?’i*s‘l((l —a)uy— b))

B (1-a) (/\+a3i+5((1—0)w0—/\))

S

T
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o q ((1—a)uo-b)
(1-0)b (1 +g¥itsTl o ——

. ((1—0)200—/\)
(1 - Cl)/\ (1 + G3Z+ST

(1=a)ug-b) _G3i+s((1—o)wo—A)

=—(1 3i+s—-1
(L+a 2 )

+0 (¢®)),  (3.5.52)

for sufficiently large n and each s € {0, 1, 2}.

We substitue (B-5.50)-(B-5-57) in (B.5.41]), we obtain

X3n+s = Xj(s) ﬂ (—(1 + gdms—l (a- Q;UO ~F) — g3mts (- a;uo ~b) +0 (a®™) ))
m=1

From the assumption max{|a|, |a|, |o]} < 1, we get

lim x3,45 = Xj(5) lim (=1)",
n—-+oo n—-+oo
Then, for n = 2m we obtain

lim  xgp4s = Xj(s)
m——+o0

and for n = 2m + 1, we get

lim x6m+s = —X](S).
m—+oo

Similarly, for the sequences y3,+s and z3,4+s. As a result, the sequences X +s,, Yom+s,
and zgm+s,, fors; € {0, 1,2, 3,4, 5}, converge, from which it follows that (X, Y, Zm)mz—2

converges to a, not necessarily prime, 6—periodic solution of System (.5.40).

(j):From (B.5.41)), we obtain

C_0-wp o G-wd (-0 _

R T L R ()

for every m € N and each s € {0,1,2}. Thatis, X3m+s = Xs, Ysm+s = Ys and Zgm4s = Zs,
for each s € {0, 1, 2}, from which the statement immediately follows.

(k)-(p): In this case, from (B.5.43)-(B.5.453), we have

((1=a)vo— ) + s

lim p;, = lim =K;, (3.5.53)
e mﬁma((l—a)uo—b)+u3m%
for s € {0,1, 2},
l—a)wyg—A) + %
lim 45, = lim (A-wo ) + qweer L., (3.5.54)

m— o0 mema((l_a)vo_ﬁ)_’_%
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fors € {0,1,2}, and

(1—0)110—1? +%
lim r;, = lim ( ) + i

m—o0 m—00 A
a((l—a)wO—A)+W

= M, (3.5.55)

for s € {0,1,2}. Applying (B-5.53)-(B-5:59) in (B-5.4])) and the assumptions in (k)-(p),

the statements immediately follow.

(q)-(s): In this case, from (B-5.43)-(B-5.45), we get

s ((1—a)vg - B)a®™~1 + B
" ((1_a)uo—b)a3m+s+b

((1=a)vy - p)adms—t (1+ ( b )

(1—ﬂ)vo—ﬁ)ﬂ3”’+5—1

e e
= 1+ ((1—a)vg — B)adm+s=1  ((1—a)ug — b)adm+s +0 (a3m) ,(3.5.56)

(1=a)wy—A)a®mts~1 4 A

Im = ((l—a)vo—ﬁ)a?mﬂ +
((1 —a)wg — A)a3m+s—1 (1 + ((1—0{)w0_/\/\)a3nl+s_l)
m+s S A
((1 —@)vo- ﬁ)aS (1 " ((l—a)vo—ﬂ)a3’”+s)
B A _ B L
- W Dwe - e (- @e - plam O () @557
and
. ((1 _ (7) U — b)03m+s—1 +b

Tm = ((1_0)wO_/\)G3m+s+/\

_ ((1 - O) Uug — b)03m+s—1 (1 + ((1_g)uo—bb)a3m+51)

b A 1
- ((1=0)ug—b)o®m =1 (1= a)wy— A)g®n+s +o (Gm) (3598)

for sufficiently large m and each s € {0, 1,2}, from which the convergence of the se-
quences Xsm+s, Yam+s and zam+s, for s € {0, 1, 2}, can be obtained immediately.

(t)-(v): In these cases, from (B.5.43)-(B.5:45), we have
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((1 _ a) v — ‘B)ﬂ3m+s_1 + ﬁ

" ((l —a)ug _b)a3m+s +b
m+s— B
_ ((1 - ﬂ) 0o — ,B){/'IB 1 (1 + ((l_a)vo—ﬁ){ZSan—l)
__ B i ) N
=—|1+ ((1—a)vo—ﬁ)ﬂ3m+s_1 ((1—61)1/[0—17)113”“'5 +O(El3m))' (3.5.59)
s ((1_a)w0_/\)a3m+s—1 A
m = ((1 —a) vy _ﬁ)a3m+s +p
((1 —a)wp — /\)a37r1+5—1 (1 + ((1_a)wo_A;L)a3m+51)
m+s B
(QA-a)vy - B)a’ (1 + ((1—a)vo—ﬁ)a3m+5)
__ A _ B 1
=—(1+ ((1_a)w0_A)a3m+s—1 ((1—6¥)Uo—ﬁ)a3m+5 +O(a3m)), (3.5.60)
and
s (A=-a)ug-b)e®*"+b
m = ((1 —0) Wy _A)03m+s +A
_ ((1=0)ug —b)g3m+s=1 (1 + ((1_0)140—1717)03”*5‘1)
((1 —0)wy — /\)03m+s (1 + m)
- (1= o0)ug—b)o3m=1  ((1—0)wy — A)ag®n+s +0 (W) ) (3.5.61)

for sufficiently large m and each s € {0, 1,2}, from which the convergence of the se-
qUeNCes Xeu+i, X6m+3+i, Yom+ir Yom+3+i and Zem+i, Zem+3+i, for s € {0,1,2}, can be seen
easily.

(w)-(ab): To get these six results, it is sufficient to mention that the limits of the general
terms (B.5.43)-(B.5.45) in (B.5.41)) are equal to I/<\s, fs and ]\715, respectively, and then us-
ing the assumptions in (w)-(ab), the statements can be obtained immediately.

(ac)-(ae): In these cases, from (B.5.43)-(B.5.45), we have

B
1+ (_u)3m+s—1(v0(1+a)_‘3)

S
m

b
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p b 1
=1+ - +0 (—) , 3.5.62
(—q)3m+s-1 (00(1 +a)- ﬁ) as3m+s (yo(1 —a) — b) q6m ( )
A
s L+ (—a)3m+s=1(wo(1+a)-A)
qm = ﬁ
1+ —FFr
q3m+s (‘Uo(l—a)—ﬁ)
A B 1
=1+ - +0( ) 3.5.63
(—a)3m+s=L(wo(l +a)—A)  @3m+s (00(1 —a)- 5) abm ( )
and
b
N o T e )
Ty, =

A
L T )

b A
M o T (11 0) = b)) o (wo(l—0) = 1)

1
for sufficiently large m and s € {0, 1, 2}, from which the convergence of the sequences
X3m+s, Yam+s and zgms, for s € {0, 1,2}, can be seen easily.

(af)-(ah): In these cases, from (B.5.43)-(B-5.45), we obtain

1+

B
(_a)3m+s—1 (Uo(l-}—a)—ﬁ)

m b
p b 1
=1 - +0(—) (3565
[+ o= @ a5 ' o) | 336
A
It ot
- B
1+ 0(3’”+5(Uo(1—0z)—ﬂ)
A B 1
=—(1+ - +0( ) . (3.5.66
( (—a)3m+s=l(wo(1 + a) —A)  @3m+s (7)0(1 —a)- ﬁ) abm ) ( )
and
b
N o T ETa D)
Vm = 1
1+
o (wo(1-0)—A)
b A 1
=-|1 - ( ) (3567
( + (_O-)3m+s—1 (Llo(l + U) _ b) O3m+s (wo(l _ G) _ A) + O U6m ) ( )

for sufficiently large m and s € {0,1,2}. Employing (B-5.69)-(B-5.67) in (B-5:41)) and

the Taylor expansion for ﬁ on the interval (—¢, €), where € > 0, the convergence of

the sequences Xem+s, X6m+3+s, Yom+s, Yom+3+s and Zemrs, Zem+3+s, for s € {0, 1,2}, can be
seen easily. ]
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Now, we deal with the asymptotic behavior of solution to system (B.5.40) for the case

a=a=0=1.

Theorem 3.22. Assume thata = a = 0 =1, bpA # 0 and (Xu, Yn, Zn)n>—2 is a well-defined

solution of System (B.5.40). Then the next statements are true:

(a) Ifmax{|B|, |Al} < |b|, then x, — 0and |z,,| — o0, as m — oo.

(b) If max{|b|, |A|} < |Bl, then y,, — 0and |x,,| = 00, as m — oo.

(c) Ifmax{[bl,|Bl} < |A| then z,, — 0and |ym,| — oo, as m — oo.

(d) If B =band (vy — up) = b, then the sequence xsm+s, for s € {0, 1, 2}, are convergent.

(d) If B =band (vg — ug) > b, then |x,| — o0, as m — oo.

(e) If p=band (vg—ug) <b, then x,, = 0,as m — oo.

(f) If B = Aand (wo — vo) = B, then the sequence Ysu+s, for s € {0, 1,2}, are convergent.

(8) If B = Aand (wg —vg) > B, then |y,| — oo, as m — co.

(h) If p = A and (wo — vo) < B, then y,, — 0,as m — oo.

(i) Ifb = Aand (up — wp) = A, then the sequence zzm+s, for s € {0, 1,2}, are convergent.

() Ifb = Aand (ug —wo) > A, then |z,,| = o0, as m — oo.

(k) Ifb = Aand (ug —wo) < A, then z,, — 0,as m — oo.

(1) Ifb = =B and b = —(vo + up), then the sequence Xem+s,, for s1 € {0,1,2,3,4,5}, are
convergent.

(m) Ifb :—ﬁandvobﬁ+1 < 0, then |x;;| — o0, as m — oo,

(n) Ifb:—ﬁundvﬂfT”O+1 > 0, then x,, — 0,as m — oo.

(o) If B = —Aand B = —(wo + vg), then the sequence Yem+s,, for s1 € {0,1,2,3,4,5}, are
convergent.

(p) IfB :—/\andonﬂ’O+1 <0, then Y| = o0, as m — oo.

(q) Ifﬁz—/\andonH’O+1 > 0, then y,, — 0,as m — oo.

(r) IfA = =band A = —(ug + wy), then the sequence zgm+s,, for s1 € {0,1,2,3,4,5}, are
convergent.

(s) If/\:—btmd”o;ﬂ+1 <0, then |zy| — o0, as m — oo,

(t) If/\:—banduozﬂ+1 > 0, then z,, — 0, as m — oo.

Proof. (a)-(c): From (B.5.47), we have

oo +BBi+s—1 moB(1+ —-L
X3m+S=X]‘I_I 0 ﬁ( )zle_[ﬁ—( 31 ),
i=1 =1

ug+b(3i+s , +52
HPBIES b T)
ST wo + A (3i+5s - 1) mA(1+ )
= =1 B+ =)
1 S—1+1ﬂbl)

m . m
 Muetb@i+s-1) b+ —
Z3m-+s —z]g ot AGIES) —z]H

for each s € {0, 1, 2}, from which the statements can be obtained immediately.

(d)-(k): By using Taylor expansion for ti— on the interval (=€, €), where € > 0, to
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solutions given in (B.5.6§), respectively, we have for sufficiently large m

—-1+%
N xﬁvo+b(3i+s—1) xﬁ(1+sgjb)
3m+s = Xj . =Xj| | 7w
L ug+b(3i+s) L (1+S+3ib)
Yo— uo_l O 1
= x;C1 (mo) ]_[ (1+ TE (1—2)) (3.5.69)

i=mgo+1

m Vo—Uo _ 1

= x;Cy (mo)exp( Z TT +0 (112) ),

i=mop+1

for each s € {0, 1,2}, if B = b, where C; (mo) = [}, ——5—=

m . m s—1+%
~ wo+B(3i+s—1) (1+—1)
y3m+5_y]n vo + B (3i +) _y]l—[ s+5p
= =11+ =)
wo Yo _ 1 1
= y;Cz (mo) l_[ ( T +0 (1—2) ) (3.5.70)
i=mo+1
m woﬁvo _ 1 1
= y]CQ (mo)exp ( Z T +O (1—2) ),
i=mg+1
s—l-*—wﬁﬁ0
for each s € {0, 1,2}, if B = A, where Cy (mg) = [}, (Hs%) and
1+—F

_1+%0
. Zﬁuo+A(31+s—1) Zlﬂl(l-i-s;;A)
3m+s = Zj . =zj —
i1 wo + A (3i+5s) o (1+s+3iA°)
up— ZU()_l 1
= 2;C3 (mo) ]—[ (1+ - +0(i—2)) (3.5.71)

i=mo+1

m Ug—wo 1

- 1
= Zng(ﬂ’l[))eXp( Z AT +0 (1—2) ),
i=mo+1

(1+° = ‘0)
for each s € {0, 1,2}, if b = A, where C3 (mo) = [ s+"’0 . From (B:5.69)-(B-5.77),

i=1
(1+ 31
thefactthat ¥,72 ., 1 — +00,asm — oo and the convergence of the series )}/ mo+1 O (Z%),
the statements in (d)-(k) can be seen immediately.

(I)-(t): By using Taylor expansion to equations given in (B.5.68) for —-— on the interval

1+x
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(—€, €), where € > 0, and for sufficiently large m, say m > m,, respectively, we have

s— 1—3Q
m _b(3i )
e =3[ | g =" H =E)
- 3i
= 2 (=1)" C1 (my) ]_[ ( %+0( )) (35.72)

i=my+1

m vVo+UQ +1

:x]-(—l)mC1(m1)exp(— Z TT+O(ilz)),

i=my+1

for each s € {0, 1,2}, if B = —b, where C; (m1) = [}

s—1-—==
 Mwo-pBits-1) (L —)
y3m+s—y]ﬂ v+ B (3 +5) =y (=) l_[ s+
= = (14 =)
wo+0o +1 1
= j (=1)" Ca (m) l_l+1( -—t——+0(3)) (3.5.73)
i mi
m wo+0o +1
o ym 3 B 1
=yj(-1) Cz(m1)6Xp( Z+1 = +0(i2)),
1=mq
>71—w70
foreach s € {0, 1,2}, if B = —A, where Ca (m1) =[] (1+—) and

S ug—ABi+s—1 ™oL+ T
B, PV e

ZUO+A(3Z+S) ie1 (1+S+_T)

s [] (-

i=mqi+1

=zj(—=1)" C3 (my) exp ( - '_Z TT +0 (112) )/

—T L0 (112) ) (3.5.74)

s-1-=0
for each s € {0,1,2}, if b = —A, where C3(m;) = [[" (H—:’“) From (B.5.72)-

(B:5.74), the fact that 3.2 ., 1 — 400, as m — oo and the convergence of the series

Yicmes10 (1—2), the statements in (1)-(t) can be seen immediately.
O

The following theorem gives us to the asymptotic behavior of solution to System (B.5.40)
forthecasea =a =0 =-1.

Theorem 3.23. Assume thata = a = 0 = =1, bA # 0and (Xn, Yn, Zn)n>—2 is a well-defined
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solution of system (B.5.40). Then the next statements are true:

2
_1Z— -1 11X .
(a) If] (;gg_ii_z) (_;ggg;_i;_z) | <1, then x9,4j, — 0, for j1 € {0,1},as n — oo,

2
iz -1 1xe .
(b) If] (;gziiiz) (—1:%2;,122) | > 1, then |x2n+]-1| — oo, for j1 €{0,1},as n — oo.

2
(c) If (;22:;2) (jiﬁig;ﬁi;) =1, then the sequence x, is 6—periodic.

2
(d) If (;gz:ii:z) (_ifzg;’ﬁ’z) = —1, then the sequence x, is 12—periodic.
2
YozZ-1X-2
(e) If|(Lt22)
2
YoZ-1%-2
() If|(ez2)
2
YozZ-1X—
(5) If (L2t
YozZ-1X-
(h) If (L2

)
)
(i) If| (2 )
)
)

1+Azgx— 1Y-2 .
T oz 2) | < 1, then yansj, — 0, for j1 €{0,1},as n — oo.

1+Azgx_ 1Y-2
—1+Bfyoz-1x-2

| > 1, then |y2n+]1|—> oo, for j1 € {0,1}, as n — oo.

1+Azox_1y-2
1+ﬁy02 1X-2

(=

(= )
() -
(S )
(= )
(= )
(= )=

1, then the sequence vy, is 6—periodic.

—1, then the sequence y, is 12—periodic.

[\

1+bxoy-1z_2
“T+Azox_1y 2 | < 1, then zon+j, — O, for j1 €{0,1}, as n — oo.

2
Z0X-1Y-2

XoY-1Z-2

1+bey 1Z-92
1+Azox_1y-2

XoY-1zZ-2
G) If]

ZX—1Y-
() If (2

) If (ig;:gj) (_i:ﬁﬁggj;ﬁ) = —1, then the sequence z, is 12—periodic.

| > 1, then |22n+]1|—> oo, for j; € {0,1}, as n — oo.

2 1+bey 1Z2-2

—1+Azgx— 1Y-2

1, then the sequence z, is 6—periodic.

Proof. From (B.5.3) for the casea = @ = 0 = -1, we get

Upsl = —Up +b=Up_1, UVyg1=-0Vp+P=0p_1, Wpsy1=-Wyp+A=w,_1, neN,
(3.5.75)
which imply that the sequences (),e1v, » (Vn)neny, and (W), ey, are two-periodic, and

consequently the sequences X, Y,-12n-2, YnZn-1Xn—2 and z,x,_1Y,—2 are two-periodic,
that is

XonY2n-122n-2 = XoY-12-2, YonZon-1X2n-2 = Y02-1X-2, ZonXon-1Y2n-2 = Z0X-1Y-2,
__ XoYy-12z-2 __ Yoz-1x—2 _ _ ZoX-1Y-2
Yon+1Y2nZ2n-1 = Tqipxgy 1257 Y2n+1Z22nXon-1 = TTigyo oy, Z2n+1X2nY2n-1 = Tz oy,

(3.5.76)

for n € Ny. From (B.5.76) we get

XoYy-12-2  XoY-1Z-2 (

Xou = = -1+ Z_1X-9) Xon-
2 Yon-1Z2n-2  Y0Z-1X-2 Bfpz-a-2) wans
2
_ [ xoy-12—2 -1+ Byoz-1x—2 X (3.5.77)
yoz_lx_2 -1+ bxoy—lz—2 n=or -
) B X0Y-1Z—2 B XoY-1Z-2X2pn-2
2+l = -
n+ (_1 + bey—lz—Q) YonZan—1 (—1 + bxoy—lZ—Q) Yoz-1X-2
2
_ [Xoymz=2) (2Lt Byozaaxz) (3.5.78)
Yoz-1x—p | \—1+bxoy1z—2 )" -
Z_1X_ Z_1X_—
o = NI YOEAXE ) s

Zon-1X2n-2 Z0X-1Y-2
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14
YoZ-1X-2 =1+ AZoX_1Y-2
= _6, .5.79
(zox_ly_g) (—1 +,Byoz_1x_2)y2” 6 (3.5.79)
y _ Yoz-1X-2 _ YozZ-1X-2Y2n-2
2m+1 = =
" (=1 + Byoz—1x—2) zZonXon—1 (=1 + BYoz-1X-2) ZoX_1Y—2
2
YozZ-_1X-2 -1+ /\Zox_ly_g
= _s5, 3.5.80
(Zox_ly_g) (—1 + ﬁyoz_lx_g )an > ( )
Z0X—1Y— ZoX_1Y—
Zop = 0T-1Y-2 = 0¥-1Y-2 (—1 + bey_lz_Q) Zon—-3
Xon-1Yon-2  XoY-1Z-2
2
Z0X-1Y-2 -1+ bxoy_lz_z
= _6, 3.5.81
(X()y_lz_g) (—1 + /\zox_ly_g )Z2n 6 ( )
» _ 20X-1Y-2 _ 20X-1Y-222n-2
2+l = =
" (-1 4 Azox_1y-2) Xanyan-1 (=1 + AzoX_1y—2) Xo¥-1Y-2
2
Z0X-1Y-2 -1+ bxoy-1z—2
= _5. 3.5.82
(xoy_lz_g) (—1 + /\Zox_ly_g )Z2n g ( )

From relations (B.5.77)-(B.5.82), the results in this theorem can be seen easily. O



Conclusion

In this thesis, we investigated several systems of rational difference equations with a
focus on their asymptotic behavior. Utilizing linearization techniques, monotonicity,
and boundedness of solutions, we established conditions for local and global stability
of their equilibrium points. We also obtained results concerning the existence of peri-
odic solutions, which were supported by illustrative numerical examples. In the last
part of our work, we also solved in closed form, a non autonomous equation and new
classes of nonlinear systems by applying suitable changes of variables.

Overall, this study contributes to the broader understanding of nonlinear systems of
difference equations by combining qualitative analysis with explicit resolution.
Building on these results, several avenues for further investigation naturally arise. In
particular, it would be of interest to extend the present techniques to the study of more
general systems, such as the following:

The first system:
P

_ yn—k

xTZ+1 =a+ P P [ 7
AUy + a1y, + ... +aky, .
q q q

[ @oxp tanx, +etakx, | L "

Yn+1 = Xpg Uy 1+ X, 4

ﬁoxz + ﬁlxz_l + ...+ ﬁkxz_k

wheren € Ny, p, g €N, k=2,3,...,and fori =0, 1, ...k, r;, s; € Ny, the parameters a,
a;, a;, Bi and the initial values u_;, v_; are positive real numbers.

The second system:

14 q

r T
—a+ Un—k —d+ wn—k _ (au” +ﬁun—k st eN
un+1 =a P P 7 UVl+1 - q q 7 wn+1 - T + /\ 7 unun_kl n 0-
buy +cv; _, ew, + fw, YUy T AU,

wheren € Ny, p,q,7,s,t € Nand the parameters a,b,c,d, e, f,a,p,y, A and the initial
valuesu_j,v_j,w-;,j=0,1, ...k are positive real numbers.
The third system:

2P
Uptr =ap + TP Pt Y
blun +C1U, g

118
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2

Up+1 = a2 +

k
Unsl =

3P2

3P2
un—l
3p2 ’

bou, +cou, 4

1Pk 1Pk
Au, +Bu,_; 1917
W u,u, 1, n € Np.
Cu, +Du,_,

where p;,i = 1,...,k,q,r € Ng and the parametersa;,j = 1,...,k = 1,A, B, C, D and the

initial conditions u_j,j = 0,1 are positive real numbers. Finally, we propose solving

explicitly the following system

A1 Yn—kZn—k

Xn+1 =
" AXy—k + bYpn_k + cZp—k

7

yn+1

_ A2Xp—kZn—k

T oax,_i + byn—k + czp—k

4

Zn+l =

aAsXn—kYn-k

aXy—k + bYn_k + czp_i’

where n € Ny, k € Ny, the parameters a, b, c, a1, a2, a3 are real numbers, and the initial

values x_k,..., X0, Y-k, -

'/yOI Zfy--

., Zo are non-zero real numbers.

These extensions represent natural directions for further study and have the potential

to enrich the theory of rational and nonlinear difference equations by uncovering new

structural properties, explicit solutions, and insights into their asymptotic behavior.



[10]

[11]

120

Bibliography

R. Abo-Zeid, On the solutions of a higher order difference equation, Georgian
Math. |., vol. 27, no. 2, pp. 165-175, 2020.

R. Abo-Zeid, Behavior of solutions of a second order rational difference equa-
tion, Math. Morav., vol. 23, no. 1, pp. 11-25, 2019.

Y. Akrour, M. B. Mesmouli, D. T. Tollu, and N. Touafek, On the solutions of a
system of max-type difference equations, Adv. Stud.: Euro-Tbil. Math. |., vol. 14,
no. 4, pp. 159-187, 2021.

Y. Akrour, N. Touafek, and Y. Halim, On a system of difference equations of
second order solved in closed form, Miskolc Math. Notes, vol. 20, no. 2, pp. 701-
717, 2019.

Y. Akrour, N. Touafek, and Y. Halim, On a system of difference equations of
third order solved in closed form, Journal of Innovative Applied Mathematics and
Computational Sciences, vol. 1, no. 1, pp. 1-15, 2021.

A.M. Al-Amleh, E. Camouzis, and G. Ladas, On the dynamics of a rational dif-
ference equation. i, Int. . Difference Equ., vol. 3, no. 1, pp. 1-35, 2008.

A. M. Amleh, E. A. Grove, G. Ladas, and D. A. Georgiou, On the recursive se-
quence X,4+1 = a + x";l, J. Math. Anal. Appl., vol. 233, pp. 790-798, 1999.

X

K. N. Alharbi and E. M. Elsayed, The expressions and behavior of solutions for
nonlinear systems of rational difference equations, Journal of Innovative Applied
Mathematics and Computational Sciences, vol. 2, no. 1, pp. 78-91, 2022.

M. B. Almatrafi and M. M. Alzubaidi, The solution and dynamic behaviour of
some difference equations of seventh order, Journal of Applied Nonlinear Dynam-
ics, vol. 10, no. 4, pp. 709-719, 2021.

M. C. Benkara-Mostefa, A. Cete, N. Touafek, and Y. Yazlik, A solvable three di-
mensional system of difference equations of second order with arbitrary powers,
J. Prime Res. Math., vol. 19, no. 2, pp. 37-59, 2023.

E. Beso, S. Kalabusic, N. Mujic, and E. Pilav, Boundedness of solutions and sta-
bility of certain second-order difference equations with quadratic term, Adv. Dif-
ference Equ., vol. 2020, p. 19, 2020.



BIBLIOGRAPHY 121

[12]

[13]

[16]

[17]

[18]

[20]

[21]

[22]

M. Boulouh, N. Touafek, and D. T. Tollu, On the behavior of the solutions of an
abstract system of difference equations, J. Appl. Math. Comput., vol. 68, pp. 2937-
2969, 2022.

M. Boulouh, N. Touafek, and D. T. Tollu, On a system of difference equations de-
fined by the product of separable homogeneous functions, Math. Slovaca, vol. 73,
no. 5, 2023.

J. Brown and R. Churchill, Complex Variables and Applications. McGraw-Hill Higher
Education, 2009.

D. Burgi¢, S. Kalabusi¢, and M. R. S. Kulenovi¢, Global attractivity results for
mixed-monotone mappings in partially ordered complete metric spaces, Fixed
Point Theory Appl., 2009.

E. Camouzis and G. Ladas, Dynamics of Third-Order Rational Difference Equations
with Open Problems and Conjectures (Advances in Discrete Mathematics and Ap-
plications). Boca Raton, FL: Chapman and Hall/CRC, 2008, vol. 5.

S. E. Das and M. Bayram, On a system of rational difference equations, World
Appl. Sci. J., vol. 10, no. 11, pp. 1306-1312, 2010.

I. Dekkar, N. Touafek, and Q. Din, On the global dynamics of a rational difference
equation with periodic coefficients, . Appl. Math. Comput., vol. 60, pp. 567-588,
2019.

I. Dekkar and N. Touafek, Global stability of some nonlinear higher-order sys-
tems of difference equations, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal.,
vol. 27, no. 2, pp. 131-152, 2020.

R. Devault, V. L. Kocic, and D. Stutson, Global behavior of solutions of the non-
linear difference equation x,.1 = p, + x;—;l, J. Difference Equ. Appl., vol. 11, no. 8,
pp- 707-719, 2005.

S. Elaydi, An Introduction to Difference Equations (Undergraduate Texts in Math-
ematics), 3rd. New York: Springer, 2005.

E. Elabbasy, H. El-Metwally, and E. M. Elsayed, On the difference equation x,,+1 =
Lotk Aot Math. Vietnam., vol. 33, no. 1, pp. 85-94, 2008.

Axy_1+Bx, i
H. M. El-Owaidy, A. M. Ahmed, and M. S. Mousa, On asymptotic behaviour
of the difference equation x,+1 = a + x;;k, Appl. Math. Comput., vol. 147, no. 1,
pp. 163-167, 2004.

H. M. ElI-Owaidy, A. M. Youssef, and A. M. Ahmed, On the dynamics of x,+; =
bx2(A + Bx,—2), Rostock. Math. Kollog., vol. 59, pp- 11-18, 2005.

E. M. Elsayed, New method to obtain periodic solutions of period two and three
of a rational difference equation, Nonlinear Dyn., vol. 79, pp. 241-250, 2015.

E. M. Elsayed, A. Alshareef, and F. Alzahrani, Qualitative behavior and solution
of a system of three-dimensional rational difference equations, Math. Methods
Appl. Sci., vol. 45, no. 9, pp. 5456-5470, 2022.



122 BIBLIOGRAPHY

[27] E.A.Grove and G. Ladas, Periodicities in Nonlinear Difference Equations (Advances
in Discrete Mathematics and Applications). Chapman and Hall/CRC, 2005.

[28] M. Gumus, The global asymptotic stability of a system of difference equations,
J. Difference Equ. Appl., vol. 24, pp. 976-991, 2018.

[29] M. Gumus, Analysis of periodicity for a new class of non-linear difference equa-
tions by using a new method, Electron. |. Math. Anal. Appl., vol. 8, pp. 109-116,
2020.

[30] M. Gumus, The periodic character in a higher order difference equation with
delays, Math. Methods Appl. Sci., vol. 43, no. 3, pp. 1112-1123, 2020.

[31] M. Gumus and R. Abo-Zeid, Qualitative study of a third order rational system
of difference equations, Math. Morav., vol. 25, no. 1, pp. 81-97, 2021.

[32] M. Gumus and R. Abo-Zeid, Global behavior of a rational second order differ-
ence equation, J. Appl. Math. Comput., vol. 62, no. 1-2, pp. 119-133, 2020.

[33] N.Haddad, N. Touafek, and J. F. T. Rabago, Well-defined solutions of a system
of difference equations, J. Appl. Math. Comput., vol. 56, no. 1-2, pp. 439458, 2018.

[34] H.Hamioud, N. Touafek, I. Dekkar, and D. T. Tollu, Global behavior of a general
second-order system of difference equations, Rocky Mt. |. Math. in press., 2023.

[35] H. Hamioud, “Form, stability and behavior of the solutions of a variety of sys-
tems of difference equations,” Ph.D. dissertation, University of Jijel, 2023.

[36] H. Hamioud, I. Dekkar, and N. Touafek, Solvability of a third order system
of nonlinear difference equations via a generalized fibonacci sequence, Miskolc
Math. Notes, vol. 25, no. 1, pp. 271-285, 2014.

[37] Y. Halim, N. Touafek, and Y. Yazlik, Dynamic behavior of a second-order non-
linear rational difference equation, Turk. J. Math., vol. 39, pp. 1004-1018, 2015.

[38] Y.Halim, A. Khelifa, and M. Berkal, Representation of solutions of a two-dimensional
system of difference equations, Miskolc Math. Notes, vol. 21, no. 1, pp. 203-218,
2020.

[39] M. K. Hassani, N. Touafek, and Y. Yazlik, On a solvable difference equations sys-
tem of second order its solutions are related to a generalized mersenne sequence,
Math. Slovaca, vol. 74, no. 3, pp. 703-716, 2024.

[40] T. F. Ibrahim, Boundedness and stability of a rational difference equation with
delay, Rev. Roum. Math. Pures Appl., vol. 57, no. 3, pp. 215-224, 2012.

[41] M.Karaand Y. Yazlik, Solvability of a nonlinear three-dimensional system of dif-
ference equations with constant coefficients, Math. Slovaca, vol. 71,no. 5, pp. 1133-
1148, 2021.

[42] M.KaraandY. Yazlik, On the solutions of three-dimensional system of difference
equations via recursive relations of order two and applications, J. Appl. Anal.
Comput., vol. 12, no. 2, pp. 736-753, 2022.



BIBLIOGRAPHY 123

[43] M. Kara and Y. Yazlik, Solvable three-dimensional system of higher-order non-
linear difference equations, Filomat, vol. 36, no. 10, pp. 3449-3469, 2022.

[44] V.L.Kocicand G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher
Order with Applications. Dordrecht: Kluwer Academic Publishers, 1993.

[45] R.S.Kulenovi¢ and G. Ladas, Dynamics of Second Order Rational Difference Equa-
tions with Open Problems and Conjectures. UK: Chapman and Hall/CRC, 2001.

[46] M.R.S.Kulenovi¢ and O. Merino, Discrete Dynamical Systems and Difference Equa-
tions with Mathematica. Boca Raton, London: Chapman and Hall/CRC, 2002.

[47] M. R. S. Kulenovi¢ and O. Merino, A global attractivity result for maps with
invariant boxes, Discrete Cont. Dyn. Syst. Ser. B, vol. 6, pp. 97-110, 2006.

[48] M. R.S. Kulenovi¢ and Z. Nurkanovi¢, Global behavior of a three-dimensional
linear fractional system of difference equations, J. Math. Anal. Appl., vol. 310,
no. 2, pp. 673-689, 2005.

[49] A.S.Kurbanli, C. Cinar, and I. Yalcinkaya, On the behavior of positive solutions
of the system of rational difference equations x,+1 = Xu—1/(YnXn+1 + 1), Yn41 =
Yn-1/(XnYn+1 + 1), Math. Comput. Modelling, vol. 53, pp. 1261-1267, 2011.

[50] E.Magnucka-Blanzdi and J. Popenda, On the asymptotic behavior of a rational
system of difference equations, J. Difference Equ. Appl., vol. 5, pp. 272-286, 1999.

[51] R.Mazrooei-Sebdani and M. Dehghan, The study of a class of rational difference
equations, Appl. Math. Comput., vol. 179, no. 1, pp. 98-107, 2006.

[52] O.Moaaz, D. Chalishajar, and O. Bazighifan, Some qualitative behavior of solu-
tions of general class of difference equations, Mathematics, vol. 7, Article 585, 12
p. 2019.

[53] O.Ozkan and A. S. Kurbanli, On a system of difference equations, Discrete Dyn.
Nat. Soc., Article ID 970316, 7 p. 2013.

[54] E. Tasdemir, On the global asymptotic stability of a system of difference equa-
tions with quadratic terms, J. Appl. Math. Comput., vol. 66, pp. 423-437, 2021.

[55] N.Taskara, D. T. Tollu, N. Touafek, and Y. Yazlik, A solvable system of difference
equations, Commun. Korean Math. Soc., vol. 35, no. 1, pp. 301-319, 2020.

[56] D.T. Tollu and I. Yalcinkaya, Global behavior of a three-dimensional system of
difference equations of order three, Commun. Fac. Sci. Univ. Ank., Ser. A1, Math.
Stat., vol. 68, no. 1, pp. 1-16, 2019.

[57] N. Touafek, On a general system of difference equations defined by homoge-
neous functions, Math. Slovaca, vol. 71, no. 3, pp. 697-720, 2021.

[58] N.Touafek, D.T. Tollu, and Y. Akrour, On a general homogeneous three-dimensional
system of difference equations, Electron. Res. Arch., vol. 29, no. 5, pp. 2841-2876,
2021.



124 BIBLIOGRAPHY

[59] N.Touafek, H. Zabat, and I. Dekkar, “Global stability and periodicity of solutions
of a three-dimensional system of rational difference equations,” in Springer Proc.
Math. Stat., (accepted), 2025.

[60] I.Yalcinkaya, C. Cinar, and D. Simsek, Global asymptotic stability of a system of
difference equations, Appl. Anal., vol. 87, no. 6, pp. 677-687, 2008.

[61] I.Yalcinkaya and D. T. Tollu, Global behavior of a second-order system of differ-
ence equations, Adv. Stud. Contemp. Math. Kyungshang, vol. 26, no. 4, pp. 653-667,
2016.

[62] X.Yang, On the system of the rational difference equations x,+; = A +
fracys = Vnpyng,
yYn+1 = A+
fracxp—1Xn—rYn—s, J. Math. Anal. Appl., vol. 307, pp. 305-311, 2005.

[63] Y. Yazlik, E. M. Elsayed, and N. Taskara, On the behaviour of the solutions of
difference equation systems, J. Comput. Anal. Appl., vol. 16, no. 1, pp. 932-941,
2014.

[64] Y. Yazlik, D. T. Tollu, and N. Taskara, On the solutions of a three-dimensional
system of difference equations, Kuwait J. Sci., vol. 43, no. 1, pp. 95-111, 2016.

[65] H. Zabat, N. Touafek, and I. Dekkar, Global behavior of a rational system of dif-
ference equations with arbitrary powers, J. Appl. Math. Comput., vol. 71, no. 2,
pp- 1673-1691, 2024.

[66] H.Zabat, N. Touafek, and I. Dekkar, On the solvability in closed-form of a ratio-
nal three-dimensional system of difference equations, Miskolc Math. Notes, 2025.

[67] H.Zabat, N. Touafek, and I. Dekkar, Formulas of the solutions of a non-autonomous
difference equation and two systems of difference equations, J. Innov. Appl. Math.
Comput. Sci., vol. 4, no. 2, 2024.

[68] H. Zabat, N. Touafek, I. Dekkar, and M. Gumus, “On a three rational system of
difference equations: Periodicity and global behavior of the solutions,” (submit-
ted), 2025.

[69] H. Zabat, N. Touafek, Y. Yazlik, and I. Dekkar, “On a three dimensional rational
system of difference equations: Periodicity and global behavior of the solutions,”
(submitted), 2025.

[70] D.C. Zhang, B. Shi, and M. J. Gai, A rational recursive sequence, Comput. Math.
Appl., vol. 41, pp. 301-306, 2001.



	title page
	aknowledgment
	abstract
	ملخص
	Zabat Hiba Thesis
	Abstract
	Contents
	General Introduction 
	Global Behavior of Three Classes of Rational Systems of Difference Equations with Arbitrary Powers
	Introduction
	Analysis of a Two-Dimensional Rational System of Difference Equations
	Global behavior of the solutions for System (1.1.1) 
	Existence of periodic solutions
	Numerical examples

	Analysis of a Three-dimensional Rational System of Difference Equations: An extension of System (1.1.1) 
	Local stability of the unique equilibrium point 
	Global behavior of the solutions of System (1.1.2)
	Existence of periodic solutions
	Numerical examples

	Analysis of a Three-Dimensional Rational System of difference equations: A Further Extension of System (1.1.1)
	Local and global stability of the unique equilibrium point
	Existence of periodic solutions
	Numerical Examples


	Dynamics of positive solutions in a three-dimensional difference equations system with rational terms
	Introduction
	Boundedness of the solutions
	Global behavior of the positive solutions
	Local stability of the unique equilibrium point
	Global attractivity of the unique equilibrium point

	Existence of positive periodic solutions
	Numerical examples

	On the solvability in closed-form of some systems of difference equations
	Introduction
	Closed-Form Solutions for the Non-Autonomous Difference Equation (3.1.1)
	Closed-form Solutions of Two Systems of Rational Difference Equations 
	 The system xn+1=a1yn-1zn-1axn-1+byn-1+czn-1, yn+1=a2xn-1zn-1axn-1+byn-1+czn-1, zn+1=a3xn-1yn-1axn-1+byn-1+czn-1 
	The system xn+1=a1ynznaxn+byn+czn, yn+1=a2xnznaxn+byn+czn, zn+1=a3xnynaxn+byn+czn.

	On the solvability in closed-form of a three-dimensional system of rational difference equations 
	The case k=0.
	The case k=1

	Solvability analysis of a three dimensional system of difference equations with arbitrary powers and qualitative behavior of some particular cases
	Explicit formulas for the solutions of system (3.1.5)
	Asymptotic behavior of the solutions in some particular cases
	The case p=q=r=0
	The case p=q=r=1


	Conclusion




