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:ملخص  

معادلات  جملهدفنا في هذه الأطروحة، هو دراسة سلوك وقابلية الحل لبعض عائلات 

لخطية. الفروق غير ا  

عشوائية  ذات قوىخطية غير  فروق بدراسة جملة معادلات نقوم، فصل الأولال في

 دامباس تخلنقاط التوازن  والدورية الاس تقرار المحلي والعامو نحلل ، تعميماتهاواثنين من 

النتائج المتحصل عليها بأأمثلة وتطبيقات. مع دعم الحصر الرتابة و تقنيات مثل الخطية و   

 من هذه الجملدراسة عائلة جديدة  الفصل الثاني يتناول باتباع نفس س ياق الفصل الأول

.توضيحية النتائج بأأمثلةوتعزيز  سلوك نقاط التوازنمع التركيز على تحليل   

من جمل معادلات مختارة والأخير، نقوم بدراسة قابلية الحل لمجموعة الفصل الثالث في 

لى  لهذه الجمل نعرض الحلول الصريحةحيث  الفروق تقديم نتائج حول السلوك  بالاإضافة اإ

 التقاربيي للحلول في بعض الحالات الخاصة. 

لصيغ جمل معادلات الفروق، الاس تقرار، نقاط التوازن، الدورية، ا الكلمات المفتاحية:

 الصريحة للحلول.
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I
General Introduction

DIfference equations play a fundamental role in the mathematical modeling of dy-
namic systems that evolve in discrete time. These equations arise naturally in diverse
fields such as biology, economics, engineering, and computer science, where processes
are inherently iterative or sampled at discrete intervals.
Among the many types of difference equations, nonlinear difference equations are es-
pecially rich in behavior. They can show a wide variety of dynamics, including sta-
bility, convergence, periodic cycles, and even chaotic behavior. This makes them both
interesting from a theoretical point of view and important in real-world applications.
Many researchers have studied these types of equations, see [2, 70].
This thesis explores the dynamic behavior of various classes of nonlinear difference
equations and systems, with a primary focus on systems of rational difference equa-
tions. The central objective is to understand both the qualitative behavior and, where
possible, to obtain explicit solutions for such systems. We believe that the results pre-
sented in this thesis are of fundamental importance in their own right and collectively
contribute to the advancement of the general theory concerning the global behavior of
solutions to nonlinear difference equations of higher order.
The main approach involves using the linearization method, analyzing the bounded-
ness of the solutions, and applying monotonicity and convergence results to obtain
local and global stability. Periodic solutions are also examined, with attention given to
the conditions that lead to their existence and their behavior. In addition to studying
these qualitative properties, the thesis also seeks closed-form solutions for some sys-
tems and specific cases, which provide exact descriptions of the systems’s behavior,
allowing for analysis of stability, periodicity, and long-term dynamics.
The thesis is structured into three main chapters, each addressing a distinct class or
aspect of systems of rational difference equations.
Chapter 1 investigates three classes of systems of rational difference equations. The

2



I. General Introduction 3

first system, [65], is a two-dimensional and given by

𝑥𝑛+1 = 𝑎 + 𝑦𝑝𝑛−1

𝑏𝑦𝑝𝑛 + 𝑐𝑦𝑝𝑛−1
, 𝑦𝑛+1 =

(
𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑢𝑞𝑛−1

)
𝑥𝑟𝑛𝑥

𝑠
𝑛−1 , 𝑛 ∈ N0 ,

while the second and third are extensions to three-dimensional systems of the above
system [68], described respectively by

𝑥𝑛+1 = 𝑎 + 𝑦𝑝𝑛−1

𝑏𝑦𝑝𝑛 + 𝑐𝑦𝑝𝑛−1
, 𝑦𝑛+1 = 𝑑 + 𝑧𝑞𝑛−1

𝑒𝑧𝑞𝑛 + 𝑓 𝑧𝑞𝑛−1
, 𝑧𝑛+1 =

(
𝛼𝑥𝑟𝑛 + 𝛽𝑥𝑟𝑛−1
𝛾𝑥𝑟𝑛 + 𝜆𝑥𝑟𝑛−1

)
𝑥𝑠𝑛𝑥

𝑡
𝑛−1 , 𝑛 ∈ N0 ,

and

𝑥𝑛+1 =

(
𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1

)
𝑦𝑞𝑛𝑦

𝑟
𝑛−1 , 𝑦𝑛+1 = 𝑒 + 𝑧𝑠𝑛−1

𝑓 𝑧𝑠𝑛 + ℎ𝑧𝑠𝑛−1
, 𝑧𝑛+1 =

(
𝑔𝑥𝑡𝑛 + 𝑘𝑥𝑡𝑛−1

𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1

)
𝑥𝑢𝑛𝑥

𝑣
𝑛−1 , 𝑛 ∈ N0.

All parameters and initial conditions are assumed to be positive real numbers. The
analysis focuses on the global behavior of the systems by establishing sufficient condi-
tions for local and global stability, as well as necessary and sufficient conditions for the
existence of periodic solutions. Each section is dedicated to one of the systems, and the
results are supported by numerical applications that illustrate our obtained results.
Chapter 2, focuses on a different class of systems of rational difference equations

𝑥𝑛+1 = 3𝑎1 + 𝑎2
𝑥𝑛
𝑥𝑛−1

+ 𝑎3
𝑦𝑛
𝑦𝑛−1

+ 𝑎4
𝑧𝑛
𝑧𝑛−1

,

𝑦𝑛+1 = 3𝑏1 + 𝑏2
𝑥𝑛−1
𝑥𝑛

+ 𝑏3
𝑦𝑛−1

𝑦𝑛
+ 𝑏4

𝑧𝑛−1
𝑧𝑛

, 𝑛 ∈ N0

𝑧𝑛+1 = 3𝑐1 + 𝑐2
𝑥𝑛−1

𝑥𝑛 + 𝑥𝑛−1
+ 𝑐3

𝑦𝑛−1

𝑦𝑛 + 𝑦𝑛−1
+ 𝑐4

𝑧𝑛−1
𝑧𝑛 + 𝑧𝑛−1

,

the initial values 𝑥−𝑗 , 𝑦−𝑗 , 𝑧−𝑗 , 𝑗 = 0, 1, are positive real numbers and the parameters 𝑎𝑖 ,
𝑏𝑖 , 𝑐𝑖 , 𝑖 = 1, 2, 3, 4 are non-negative real numbers. The chapter begins by establishing
sufficient conditions for the boundedness of solutions. It then proceeds to analyze the
stability and periodicity of the system and includes numerical examples to support the
theoretical findings.
Chapter 3 adopts a more constructive approach, focusing on closed-form solutions.
The first section beginswith a general non autonomous higher-order rational difference
equation [67]

𝑥𝑛+1 = 𝛼𝑛𝑥𝑛−𝑘 + 𝛽𝑛
𝑥𝑛𝑥𝑛−1...𝑥𝑛−𝑘+1

, 𝑛 ∈ N0 ,

where 𝑘 ∈ N, the sequences (𝛼𝑛)𝑛∈N0 ,
(
𝛽𝑛

)
𝑛∈N0

are real and the initial values 𝑥−𝑘 ,
𝑥−𝑘+1,...𝑥0 are non-zero real numbers. The next section also presents exact solutions
for the systems

𝑥𝑛+1 =
𝑎1𝑦𝑛−1𝑧𝑛−1

𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1
, 𝑦𝑛+1 =

𝑎2𝑥𝑛−1𝑧𝑛−1
𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1

, 𝑧𝑛+1 =
𝑎3𝑥𝑛−1𝑦𝑛−1

𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1
, 𝑛 ∈ N0 ,
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and

𝑥𝑛+1 =
𝑎1𝑦𝑛𝑧𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑦𝑛+1 =
𝑎2𝑥𝑛𝑧𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑧𝑛+1 =
𝑎3𝑥𝑛𝑦𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑛 ∈ N0 ,

where the parameters 𝑎, 𝑏, 𝑐, 𝑎1, 𝑎2, 𝑎3 are real numbers, and the initial values 𝑥−1, 𝑥0,
𝑦1, 𝑦0, 𝑧−1, 𝑧0 are non-zero real numbers.
The third section derives explicit solutions for the special cases 𝑘 = 0, 1 of the system
[66]

𝑥𝑛+1 =
𝑎1𝑥𝑛−𝑘𝑦𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑦𝑛+1 =
𝑎2𝑦𝑛−𝑘𝑧𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑧𝑛+1 =
𝑎3𝑥𝑛−𝑘𝑧𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑛 ∈ N0 ,

where the parameters and initial conditions are non-zero real numbers. The final sec-
tion, [69], explores another class of systems of rational difference equations with arbi-
trary powers and provides a closed-form solutions. The system is given by

𝑥𝑛+1 =
𝑥𝑛𝑦

𝑝
𝑛−1𝑧

𝑝𝑞
𝑛−2

𝑦𝑝𝑛𝑧
𝑝𝑞
𝑛−1(𝑎 + 𝑏𝑥𝑛𝑦𝑝𝑛−1𝑧

𝑝𝑞
𝑛−2)

,

𝑦𝑛+1 =
𝑦𝑛𝑧

𝑞
𝑛−1𝑥

𝑞𝑟
𝑛−2

𝑧𝑞𝑛𝑥
𝑞𝑟
𝑛−1(𝛼 + 𝛽𝑦𝑛𝑧

𝑞
𝑛−1𝑥

𝑞𝑟
𝑛−2)

, 𝑛 ∈ N0.

𝑧𝑛+1 =
𝑧𝑛𝑥𝑟𝑛−1𝑦

𝑝𝑟
𝑛−2

𝑥𝑟𝑛𝑦
𝑝𝑟
𝑛−1(𝜎 + 𝜆𝑧𝑛𝑥𝑟𝑛−1𝑦

𝑝𝑟
𝑛−2)

.

where 𝑝, 𝑞, 𝑟 ∈ N0 and the parameters 𝑎, 𝑏, 𝛼, 𝛽, 𝜎,𝜆 and the initial conditions 𝑥−𝑗 , 𝑦−𝑗 ,
and 𝑧−𝑗 for 𝑗 = 0, 1, 2, are non-zero real numbers. The behavior of these solutions is
then analyzed to gain a precise understanding of how initial conditions and parameters
influence the dynamics.
Taken together, the three chapters provide a broad yet coherent exploration of systems
of rational difference equations, fromgeneral qualitative analysis to exact solution tech-
niques. The results contribute to the theoretical understanding of nonlinear discrete
systems and offer tools that can be applied in modeling real-world processes.



1
Global Behavior ofThree

Classes of Rational Systems of
Difference Equations with Arbitrary

Powers

1.1 Introduction

Systems of rational difference equations have long been a subject of interest in mathe-
matical research due to their broad applications in various fields. Due to the challenge
of finding closed-form solutions, research in this area focuses on studying the global
behavior of solutions.
This chapter explores the dynamics of three distinct classes of systems of rational differ-
ence equations with arbitrary powers, aiming to analyze their global behavior. In this
work, we employ methods based on the boundedness of solutions and the monotonic-
ity of the functions defining our systems to offer crucial insights into their long-term
behavior.
Each section is dedicated to studying a specific system, analyzing its global behavior,
stability (both local and global), periodicity, and provide numerical illustrations.
In the first section, we focus on a two-dimensional system of rational difference equa-
tions defined as follows:

𝑥𝑛+1 = 𝑎 + 𝑦𝑝𝑛−1

𝑏𝑦𝑝𝑛 + 𝑐𝑦𝑝𝑛−1
, 𝑦𝑛+1 =

(
𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1

)
𝑥𝑟𝑛𝑥

𝑠
𝑛−1 , 𝑛 ∈ N0 , (1.1.1)

where 𝑝, 𝑞 ∈ N, 𝑠, 𝑟 ∈ N0 and the parameters 𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝜎,𝜆 and the initial values
𝑥−1 , 𝑥0 , 𝑦−1 , 𝑦0 are positive real numbers. Themainmotivation for studying this system
arises frompriorwork [35],[34] on a special casewhere 𝑝 = 𝑞 = 𝑟 = 𝑠 = 1,which serves
as a basis for understanding the general system.

5
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1. Global Behavior of Three Classes of Rational Systems of Difference Equations with

Arbitrary Powers

In the second section, we extend the analysis to a three-dimensional system of rational
difference equations, defined as follows:

𝑥𝑛+1 = 𝑎 + 𝑦𝑝𝑛−1

𝑏𝑦𝑝𝑛 + 𝑐𝑦𝑝𝑛−1
, 𝑦𝑛+1 = 𝑑 + 𝑧𝑞𝑛−1

𝑒𝑧𝑞𝑛 + 𝑓 𝑧𝑞𝑛−1
, 𝑧𝑛+1 =

(
𝛼𝑥𝑟𝑛 + 𝛽𝑥𝑟𝑛−1
𝛾𝑥𝑟𝑛 + 𝜆𝑥𝑟𝑛−1

)
𝑥𝑠𝑛𝑥

𝑡
𝑛−1 , 𝑛 ∈ N0 ,

(1.1.2)

where 𝑝, 𝑞 ∈ N, 𝑠, 𝑟 ∈ N0 and the parameters 𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝜎,𝜆 and the initial val-
ues 𝑥−1 , 𝑥0 , 𝑦−1 , 𝑦0 , 𝑧−1 , 𝑧0 are positive real numbers. This system generalizes the two-
dimensional system studied in the previous Section , and the analysis focuses on its
global stability, periodic behavior, and boundedness of solutions.
Motivated by the previous results, the third section examines another class of rational
difference equations, further generalizing previous models. The system under consid-
eration is a three-dimensional system defined by the following equations

𝑥𝑛+1 =

(
𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1

)
𝑦𝑞𝑛𝑦

𝑟
𝑛−1 , 𝑦𝑛+1 = 𝑒 + 𝑧𝑠𝑛−1

𝑓 𝑧𝑠𝑛 + ℎ𝑧𝑠𝑛−1
, 𝑧𝑛+1 =

(
𝑔𝑥𝑡𝑛 + 𝑘𝑥𝑡𝑛−1

𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1

)
𝑥𝑢𝑛𝑥

𝑣
𝑛−1 , 𝑛 ∈ N0 ,

(1.1.3)

This section explores the global behavior of this three-dimensional system, including
stability and periodicity, through analytical and numerical methods. The findings of
this chapter further contribute to the understanding of the dynamical properties of
systems of rational difference equations.
Before proceeding, we recall some known results that will be used throughout this
study. Further details can be found in [21],[27].
Consider the first-order system of difference equations given by the following vectorial
form

𝑈𝑛+1 = Ψ(𝑈𝑛), 𝑛 ∈ N0 , (1.1.4)

whereΨ : (0,+∞)𝑘 → (0,+∞)𝑘 is a 𝐶1 function and the initial value 𝑈0 ∈ (0,+∞)𝑘 .
Let 𝑈 ∈ (0,+∞)𝑘 be an equilibrium point of (1.1.4), that is a solution of

𝑈 = Ψ(𝑈).

With System (1.1.4), we associate the linear system defined by

𝑉𝑛+1 = 𝐽Ψ(𝑈)𝑉𝑛 , 𝑛 ∈ N0 ,

where𝑉𝑛 = 𝑈𝑛 −𝑈 and 𝐽Ψ(𝑈) is the Jacobian matrix of the functionΨ evaluated at the
equilibrium point 𝑈 .
In order to study the stability of an equilibrium point, we need the following theorem
[21].
Theorem 1.1 (Linearized stability Theorem). The following statements are true:
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(i) If all the eigenvalues of 𝐽Ψ(𝑈) lie in the open unit disk |𝜆| < 1, then the equilibrium𝑈 is
asymptotically stable.

(ii) If at least one eigenvalue of 𝐽Ψ(𝑈) has absolute value greater than one, then the equilib-
rium 𝑈 is unstable.

The following theorem, Rouché’s Theorem, from complex analysis [14] provides a use-
ful tool for stability analysis and the localization of the roots of the characteristic poly-
nomial.
Theorem 1.2. Let 𝐶 denote a simple closed contour, and suppose that

• Two functions 𝑓 (𝑧) and 𝑔(𝑧) are analytic inside and on 𝐶.
• | 𝑓 (𝑧)| > |𝑔(𝑧)| at each point on 𝐶.

Then 𝑓 (𝑧) and 𝑓 (𝑧) + 𝑔(𝑧) have the same number of zeros, counting multiplicities, inside 𝐶.
Definition 1.3. A solution (𝑈𝑛)𝑛∈N0 of System (1.1.4) is said to be periodic of period 𝑝 ∈ N,
if for all 𝑛 ∈ N0, we have

𝑈𝑛+𝑝 = 𝑈𝑛 , 𝑛 ∈ N0.

1.2 Analysis of a Two-Dimensional Rational System of Differ-
ence Equations

In the following, we analyze the global stability of the solutions for System (1.1.1).
We first identify its equilibrium point, then examine local stability using the Jacobian
matrix. Next, we establish conditions for global attractivity using the boundedness of
solutions and the monotonicity of the system’s defining functions. Additionally, we
provide results on the existence of periodic solutions and some applications of our
findings.

1.2.1 Global behavior of the solutions for System (1.1.1)

It’s easy to see that for System (1.1.1), there exists only one equilibrium point, and it is
given by

(𝑥̄ , 𝑦̄) =
(
𝑎 + 1

𝑏 + 𝑐 ,
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑟+𝑠)

.

Let consider the functions

𝑓 , 𝑔 : (0,+∞)2 → (0,+∞)

defined by

𝑓 (𝑤, 𝑡) = 𝑎 + 𝑡𝑝

𝑏𝑤𝑝 + 𝑐𝑡𝑝 , 𝑔(𝑢, 𝑣) =
(
𝛼𝑢𝑞 + 𝛽𝑣𝑞

𝛾𝑢𝑞 + 𝜆𝑣𝑞

)
𝑢𝑟𝑣𝑠 , (1.2.1)

The next result establishes the monotonicity properties of the functions 𝑓 and 𝑔 which
we will use in subsequent analysis.
Lemma 1.4. Assume that

(𝑟 + 𝑞)𝛼𝜆 + (𝑟 − 𝑞)𝛽𝛾 ≥ 0, (𝑠 − 𝑞)𝛼𝜆 + (𝑠 + 𝑞)𝛽𝛾 ≥ 0.
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Then, the function 𝑓 is decreasing in 𝑤 for all 𝑡 and increasing in 𝑡 for all 𝑤, while the function
𝑔 is increasing in 𝑢 for all 𝑣 and increasing in 𝑣 for all 𝑢.

Proof. The result follows directly from the partial derivatives of the functions 𝑓 and 𝑔
that, for all 𝑢, 𝑣, 𝑤, 𝑡 ∈ (0,+∞), we have

𝜕 𝑓
𝜕𝑤

(𝑤, 𝑡) = − 𝑝𝑏𝑤𝑝−1𝑡𝑝

(𝑏𝑤𝑝 + 𝑐𝑡𝑝)2 ≤ 0,

𝜕 𝑓
𝜕𝑡

(𝑤, 𝑡) = 𝑝𝑏𝑤𝑝𝑡𝑝−1

(𝑏𝑤𝑝 + 𝑐𝑡𝑝)2 ≥ 0,

𝜕𝑔
𝜕𝑢

(𝑢, 𝑣) = 𝑢𝑟−1𝑣𝑠(𝑟𝛼𝛾𝑢2𝑞 + ((𝑟 + 𝑞)𝛼𝜆 + (𝑟 − 𝑞)𝛽𝛾)𝑢𝑞𝑣𝑞 + 𝑟𝛽𝜆𝑣2𝑞)
(𝛾𝑢𝑞 + 𝜆𝑣𝑞)2 ≥ 0,

𝜕𝑔
𝜕𝑣

(𝑢, 𝑣) = 𝑢𝑟𝑣𝑠−1(𝑠𝛼𝛾𝑢2𝑞 + ((𝑠 − 𝑞)𝛼𝜆 + (𝑠 + 𝑞)𝛽𝛾)𝑢𝑞𝑣𝑞 + 𝑠𝛽𝜆𝑣2𝑞)
(𝛾𝑢𝑞 + 𝜆𝑣𝑞)2 ≥ 0.

System (1.1.1) can be equivalently expressed in terms of the functions 𝑓 and 𝑔 as

𝑥𝑛+1 = 𝑓 (𝑦𝑛 , 𝑦𝑛−1), 𝑦𝑛+1 = 𝑔(𝑥𝑛 , 𝑥𝑛−1). (1.2.2)

Its vectorial form of System (1.1.1) is given by

𝑋𝑛+1 = Ψ(𝑋𝑛), 𝑛 ∈ N0 , (1.2.3)

where 𝑋𝑛 = (𝑥𝑛 , 𝑥𝑛−1 , 𝑦𝑛 , 𝑦𝑛−1)𝑇 ,Ψ : (0,+∞)4 → (0,+∞)4 defined by

Ψ(𝑋) = (
𝑓 (𝑧, 𝑡)), 𝑥, 𝑔(𝑥, 𝑦), 𝑧) , 𝑋 = (𝑥, 𝑦, 𝑧, 𝑡).

System (1.2.3) has a unique equilibrium point, and is given by

𝑋 = (𝑥̄ , 𝑥̄ , 𝑦̄ , 𝑦̄).

The functions 𝑓 and 𝑔 are 𝐶1 on (0,+∞)2, and the associated linearized system around
the equilibrium point 𝑋 is given by

𝑌𝑛+1 = 𝐽Ψ(𝑋)𝑌𝑛 , 𝑛 ∈ N0 ,

where the Jacobian matrix 𝐽Ψ(𝑋) is given by

©­­­­«
0 0 −𝐴 𝐴

1 0 0 0
𝐵 𝐶 0 0
0 0 1 0

ª®®®®¬
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with
𝐴 =

𝑝𝑏(𝛾 + 𝜆)(𝑏 + 𝑐)𝑟+𝑠−2

(𝑎(𝑏 + 𝑐) + 1)𝑟+𝑠(𝛼 + 𝛽) ,

𝐵 =
(𝑎(𝑏 + 𝑐) + 1)𝑟+𝑠−1(𝑟(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛼𝜆 − 𝛽𝛾))

(𝑏 + 𝑐)𝑟+𝑠−1(𝛾 + 𝜆)2 ,

𝐶 =
(𝑎(𝑏 + 𝑐) + 1)𝑟+𝑠−1(𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛽𝛾 − 𝛼𝜆))

(𝑏 + 𝑐)𝑟+𝑠−1(𝛾 + 𝜆)2 .

The characteristic polynomial corresponding to the matrix 𝐽Ψ(𝑋) takes the form

𝑃(𝜃) = 𝜃4 + 𝑝𝑏(𝑟(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛼𝜆 − 𝛽𝛾))
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆)𝜃

2 + 𝑝𝑏(2𝑞(𝛽𝛾 − 𝛼𝜆) + (𝑠 − 𝑟)(𝛼 + 𝛽)(𝛾 + 𝜆))
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) 𝜃

− 𝑝𝑏(𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛽𝛾 − 𝛼𝜆))
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) .

We now proceed to establish the conditions under which the unique equilibrium point
of System (1.1.1) is locally asymptotically stable.
Theorem 1.5. Assume that

𝑝𝑏
[��𝑟(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛼𝜆 − 𝛽𝛾)�� + ��2𝑞(𝛽𝛾 − 𝛼𝜆) + (𝑠 − 𝑟)(𝛼 + 𝛽)(𝛾 + 𝜆)�� + ��𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛽𝛾 − 𝛼𝜆)��]

(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) < 1,

(1.2.4)
then the equilibrium point

(𝑥̄ , 𝑦̄) =
(
𝑎 + 1

𝑏 + 𝑐 ,
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑟+𝑠)

of System (1.1.1) is locally asymptotically stable.

Proof. Let 𝑃(𝜃) = 𝜓(𝜃) − 𝜙(𝜃), where the functions 𝜓 and 𝜙 are defined by

𝜓(𝜃) = 𝜃4 ,

and

𝜙(𝜃) = − 𝑝𝑏(𝑟(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛼𝜆 − 𝛽𝛾))
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆)𝜃

2−𝑝𝑏(2𝑞(𝛽𝛾 − 𝛼𝜆) + (𝑠 − 𝑟)(𝛼 + 𝛽)(𝛾 + 𝜆))
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) 𝜃

+ 𝑝𝑏(𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛽𝛾 − 𝛼𝜆))
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) .

For every 𝜃 ∈ C : |𝜃| = 1, we get

��𝜙(𝜃)�� ≤ 𝑝𝑏(��𝑟(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛼𝜆 − 𝛽𝛾))��
(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑝𝑏(��2𝑞(𝛽𝛾 − 𝛼𝜆) + (𝑠 − 𝑟)(𝛼 + 𝛽)(𝛾 + 𝜆))��

(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆)

+𝑝𝑏(
��𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛽𝛾 − 𝛼𝜆))��

(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) .
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From the assumption (1.2.4), we get��𝜙(𝜃)�� < 1 =
��𝜓(𝜃)�� , 𝜃 ∈ C : |𝜃| = 1.

By applying Rouché’s Theorem, all roots of the characteristic polynomial, 𝑃(𝜃), lie
within the unit disk. Therefore, according to Theorem 1.1, the equilibrium point (𝑥, 𝑦)
is locally asymptotically stable.

In the next result, we show that every solution of System (1.1.1) is bounded.
Theorem 1.6. Let

{
𝑥𝑛 , 𝑦𝑛

}
𝑛≥−1 be a solution of System (1.1.1), then the solution is bounded

and we have
𝑎 ≤ 𝑥𝑛 ≤ 𝑎 + 1

𝑐
, 𝑛 = 1, 2, · · · ,

and
𝑎𝑟+𝑠 min

(
𝛼
𝛾
,
𝛽

𝜆

)
≤ 𝑦𝑛 ≤

(
𝑎 + 1

𝑐

) 𝑟+𝑠
max

(
𝛼
𝛾
,
𝛽

𝜆

)
, 𝑛 = 3, 4, · · · .

Proof. Let {(𝑥𝑛 , 𝑦𝑛)}𝑛≥−1 be a solution of System (1.1.1). Then, from the first equation
of System (1.1.1), we get

𝑎 ≤ 𝑥𝑛+1 ≤ 𝑎 + 𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛−1
, 𝑛 = 0, 1, · · · ,

that is
𝑎 ≤ 𝑥𝑛 ≤ 𝑎 + 1

𝑐
, 𝑛 = 1, 2, · · · . (1.2.5)

We have for 𝑛 = 0, 1, · · · ,
𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1
− 𝛼

𝛾
= − (𝛼𝜆 − 𝛽𝛾)𝑥𝑞𝑛−1

𝛾(𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1)
,

and
𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1
− 𝛽

𝜆
=

(𝛼𝜆 − 𝛽𝛾)𝑥𝑞𝑛
𝜆(𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1)

.

Hence, we obtain
𝛽

𝜆
≤ 𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1
≤ 𝛼

𝛾
,

if 𝛼𝜆 − 𝛽𝛾 ≥ 0, and
𝛼
𝛾

≤ 𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1
≤ 𝛽

𝜆
,

if 𝛼𝜆 − 𝛽𝛾 ≤ 0. That is,

min
(
𝛼
𝛾
,
𝛽

𝜆

)
≤ 𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1
≤ max

(
𝛼
𝛾
,
𝛽

𝜆

)
, 𝑛 = 0, 1, · · · . (1.2.6)



1.2. Analysis of a Two-Dimensional Rational System of Difference Equations 11

Now, from (1.2.5), (1.2.6), we get

𝑎𝑟+𝑠 min
(
𝛼
𝛾
,
𝛽

𝜆

)
≤ 𝑦𝑛+1 =

𝛼𝑥𝑞𝑛 + 𝛽𝑥𝑞𝑛−1

𝛾𝑥𝑞𝑛 + 𝜆𝑥𝑞𝑛−1
𝑥𝑟𝑛𝑥

𝑠
𝑛−1 ≤

(
𝑎 + 1

𝑐

) 𝑟+𝑠
max

(
𝛼
𝛾
,
𝛽

𝜆

)
, 𝑛 = 2, 3, · · · ,

which implies that

𝑎𝑟+𝑠 min
(
𝛼
𝛾
,
𝛽

𝜆

)
≤ 𝑦𝑛 ≤

(
𝑎 + 1

𝑐

) 𝑟+𝑠
max

(
𝛼
𝛾
,
𝛽

𝜆

)
, 𝑛 = 3, 4, · · · .

Remark 1.7. From the previous theorem, it follows directly that if we choose the initial values
such that

𝑥−1 , 𝑥0 ∈ 𝐼 :=
[
𝑎,

(
𝑎 + 1

𝑐

)]
and

𝑦−1 , 𝑦0 ∈ 𝐽 :=
[
𝑎𝑟+𝑠 min

(
𝛼
𝛾
,
𝛽

𝜆

)
,
(
𝑎 + 1

𝑐

) 𝑟+𝑠
max

(
𝛼
𝛾
,
𝛽

𝜆

)]
,

then 𝐼 × 𝐽 will be an invariant set for the solutions of System (1.1.1).
In the following theorem, we establish the global attractivity of the equilibrium point.
Theorem 1.8. Assume that

(𝑟 + 𝑞)𝛼𝜆 + (𝑟 − 𝑞)𝛽𝛾 ≥ 0, (1.2.7)

(𝑠 − 𝑞)𝛼𝜆 + (𝑠 + 𝑞)𝛽𝛾 ≥ 0, (1.2.8)

2𝑝(𝑟 + 𝑠)(𝛼 + 𝛽)(𝑎𝑐 + 1)𝑟+𝑠−1 < (𝑎𝑐)𝑟+𝑠(𝛾 + 𝜆)min(𝛼
𝛾
,
𝛽

𝜆
). (1.2.9)

Then, the unique equilibrium point

(𝑥̄ , 𝑦̄) =
(
𝑎 + 1

𝑏 + 𝑐 ,
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑟+𝑠)

,

of System (1.1.1) is global attractor.

Proof. Let (𝑥𝑛 , 𝑦𝑛)𝑛≥−1 be a solution for system (1.1.1). Let

𝑚1 := lim inf
𝑛→+∞ 𝑥𝑛 , 𝑀1 := lim sup

𝑛→+∞
𝑥𝑛 , 𝑚2 := lim inf

𝑛→+∞ 𝑦𝑛 , 𝑀1 := lim sup
𝑛→+∞

𝑦𝑛 ,

and we have
(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2) ∈ 𝐼 × 𝐼 × 𝐽 × 𝐽.

Using the definition of lim inf and lim sup, we get

∀𝜖 ∈ (0,min(𝑚1 , 𝑚2)) , ∃𝑛1 , 𝑛2 ∈ N0 , ∀𝑛 ≥ 𝑛0 : 𝑚1 − 𝜖 ≤ 𝑥𝑛 ≤ 𝑀1 + 𝜖, (1.2.10)
𝑚2 − 𝜖 ≤ 𝑦𝑛 ≤ 𝑀2 + 𝜖. (1.2.11)
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Let 𝑛0 = max(𝑛1 , 𝑛2). For this choice, statements (1.2.10) and (1.2.11) are true.
From the monotony of 𝑓 and 𝑔, (under assumptions(1.2.7) and (1.2.8), Lemma 1.4
holds), for 𝑛 ≥ 𝑛0 + 1, we obtain

𝑓 (𝑀2 + 𝜖, 𝑚2 − 𝜖) ≤ 𝑥𝑛+1 ≤ 𝑓 (𝑚2 − 𝜖, 𝑀2 + 𝜖),

𝑔(𝑚1 − 𝜖, 𝑚1 − 𝜖) ≤ 𝑦𝑛+1 ≤ 𝑔(𝑀1 + 𝜖, 𝑀1 + 𝜖),
so,

𝑓 (𝑀2 + 𝜖, 𝑚2 − 𝜖) ≤ 𝑚1 ≤ 𝑀1 ≤ 𝑓 (𝑚2 − 𝜖, 𝑀2 + 𝜖), (1.2.12)

𝑔(𝑚1 − 𝜖, 𝑚1 − 𝜖) ≤ 𝑚2 ≤ 𝑀2 ≤ 𝑔(𝑀1 + 𝜖, 𝑀1 + 𝜖). (1.2.13)

Letting 𝜖 → 0 and applying the continuity of 𝑓 and 𝑔, we obtain from (1.2.12) and
(1.2.13)

𝑓 (𝑀2 , 𝑚2) ≤ 𝑚1 ≤ 𝑀1 ≤ 𝑓 (𝑚2 , 𝑀2), (1.2.14)

𝑔(𝑚1 , 𝑚1) ≤ 𝑚2 ≤ 𝑀2 ≤ 𝑔(𝑀1 , 𝑀1). (1.2.15)

From (1.2.14) and (1.2.15), we get

𝑀1 − 𝑚1 ≤ 𝑓 (𝑚2 , 𝑀2) − 𝑓 (𝑀2 , 𝑚2), (1.2.16)

𝑀2 − 𝑚2 ≤ 𝑔(𝑀1 , 𝑀1) − 𝑔(𝑚1 , 𝑚1). (1.2.17)

From (1.2.16), we get

𝑀1 − 𝑚1 ≤ 𝑏(𝑀2𝑝
2 − 𝑚2𝑝

2 )
(𝑏𝑚𝑝

2 + 𝑐𝑀𝑝
2 )(𝑏𝑀𝑝

2 + 𝑐𝑚𝑝
2 )
,

≤ 𝑏(𝑀𝑝
2 + 𝑚𝑝

2 )(𝑀𝑝
2 − 𝑚𝑝

2 )
(𝑏𝑚𝑝

2 + 𝑐𝑀𝑝
2 )(𝑏𝑀𝑝

2 + 𝑐𝑚𝑝
2 )
,

≤ 𝑏(𝑀𝑝
2 + 𝑚𝑝

2 )(𝑀𝑝−1
2 +𝑀𝑝−2

2 𝑚2 + ... +𝑀2𝑚
𝑝−2
2 + 𝑚𝑝−1

2 )(𝑀2 − 𝑚2)
(𝑏𝑚𝑝

2 + 𝑐𝑀𝑝
2 )(𝑏𝑀𝑝

2 + 𝑐𝑚𝑝
2 )

,

≤ 𝑏(2𝑀𝑝
2 )(𝑝𝑀𝑝−1

2 )(𝑀2 − 𝑚2)
(𝑐𝑀𝑝

2 )(𝑏𝑀𝑝
2 )

,

≤ 2𝑝(𝑀2 − 𝑚2)
𝑐𝑀2

.

Since, we have 𝑀2 ≥ 𝑎𝑟+𝑠 min( 𝛼𝛾 , 𝛽𝜆 ), we get

𝑀1 − 𝑚1 ≤ 2𝑝

𝑎𝑟+𝑠𝑐min( 𝛼𝛾 , 𝛽𝜆 )
(𝑀2 − 𝑚2). (1.2.18)
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From (1.2.17), we get

𝑀2 − 𝑚2 ≤
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑀𝑟+𝑠

1 − 𝑚𝑟+𝑠
1

)
,

≤
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑀𝑟+𝑠−1

1 +𝑀𝑟+𝑠−2
1 𝑚1 + ... +𝑀1𝑚𝑟+𝑠−2

1 + 𝑚𝑟+𝑠−1
1

) (𝑀1 − 𝑚1) ,

≤
(
𝛼 + 𝛽

𝛾 + 𝜆

) ((𝑟 + 𝑠)𝑀𝑟+𝑠−1
1

) (𝑀1 − 𝑚1) .

Since, we have 𝑀1 ≤ 𝑎 + 1
𝑐 , we get

𝑀2 − 𝑚2 ≤ (𝑟 + 𝑠)
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑐

) 𝑟+𝑠−1
(𝑀1 − 𝑚1) . (1.2.19)

Now, from (1.2.18) and (1.2.19), we obtain

𝑀2 − 𝑚2 ≤ (𝑟 + 𝑠)
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑐

) 𝑟+𝑠−1 ©­«
2𝑝

𝑎𝑟+𝑠𝑐min( 𝛼𝛾 , 𝛽𝜆 )
ª®¬ (𝑀2 − 𝑚2) ,

it follows that

(𝑀2 − 𝑚2) ©­«1 − 2𝑝(𝑟 + 𝑠)(𝛼 + 𝛽)(𝑎𝑐 + 1)𝑟+𝑠−1

(𝑎𝑐)𝑟+𝑠(𝛾 + 𝜆)min( 𝛼𝛾 , 𝛽𝜆 )
ª®¬ ≤ 0.

So by condition (1.2.9), we get 𝑀2 ≤ 𝑚2, so 𝑀2 = 𝑚2. Replacing in (1.2.18), we obtain
𝑀1 ≤ 𝑚1 and so, 𝑀1 = 𝑚1, that is

lim
𝑛→+∞(𝑥𝑛 , 𝑦𝑛) = (𝑀1 , 𝑀2).

By the continuity of 𝑓 and 𝑔, we get

lim
𝑛→+∞ 𝑥𝑛 = 𝑓 (𝑀1 , 𝑀1) = 𝑥 = 𝑎 + 1

𝑏 + 𝑐 ,

and
lim
𝑛→+∞ 𝑦𝑛 = 𝑔(𝑀2 , 𝑀2) = 𝑦 =

(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑟+𝑠

.

In summary, we have proved the following result.
Theorem 1.9. Assume that

𝑝𝑏
[��𝑟(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛼𝜆 − 𝛽𝛾)�� + ��2𝑞(𝛽𝛾 − 𝛼𝜆) + (𝑠 − 𝑟)(𝛼 + 𝛽)(𝛾 + 𝜆)�� + ��𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑞(𝛽𝛾 − 𝛼𝜆)��]

(𝑎(𝑏 + 𝑐) + 1)(𝑏 + 𝑐)(𝛼 + 𝛽)(𝛾 + 𝜆) < 1,

(𝑟 + 𝑞)𝛼𝜆 + (𝑟 − 𝑞)𝛽𝛾 ≥ 0, (𝑠 − 𝑞)𝛼𝜆 + (𝑠 + 𝑞)𝛽𝛾 ≥ 0,
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2𝑝(𝑟 + 𝑠)(𝛼 + 𝛽)(𝑎𝑐 + 1)𝑟+𝑠−1 < (𝑎𝑐)𝑟+𝑠(𝛾 + 𝜆)min(𝛼
𝛾
,
𝛽

𝜆
).

Then, the unique equilibrium point

(𝑥̄ , 𝑦̄) =
(
𝑎 + 1

𝑏 + 𝑐 ,
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑟+𝑠)

,

of System (1.1.1) is globally stable.

1.2.2 Existence of periodic solutions

In this section, we establish necessary and sufficient conditions for which a solution{(𝑥𝑛)𝑛≥−1 , (𝑦𝑛)𝑛≥−1
}
will be prime periodic of period two. Let 𝑑, 𝑒 be real numbers

with 𝑑 ≠ 1 and 𝑒 ≠ 1.
Theorem 1.10. System (1.1.1) has a prime period two solution{

𝑥𝑛 , 𝑦𝑛
}
𝑛≥−1 =

{
. . . , (𝑑𝜌, 𝑒𝜃), (𝜌, 𝜃), (𝑑𝜌, 𝑒𝜃), (𝜌, 𝜃), . . . } ,

if and only if

𝑎 + 𝑒𝑝

𝑏 + 𝑐𝑒𝑝 = 𝑑
(
𝑎 + 1

𝑏𝑒𝑝 + 𝑐
)
, 𝑒

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

)
𝑑𝑟 =

(
𝛼 + 𝛽𝑑𝑞

𝛾 + 𝜆𝑑𝑞

)
𝑑𝑠 ,

where
𝜌 = 𝑎 + 1

𝑏𝑒𝑝 + 𝑐 , 𝜃 =

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

) (
𝑎 + 1

𝑏𝑒𝑝 + 𝑐
) 𝑟+𝑠

𝑑𝑟 .

Proof. 1.) Suppose that {(𝑑𝜌, 𝑒𝜃), (𝜌, 𝜃), (𝑑𝜌, 𝑒𝜃), (𝜌, 𝜃), . . . } ,
is a prime period two solution of System (1.1.1), then from (1.1.1), we get

𝜌 = 𝑎 + 𝜃𝑝

𝑏(𝑒𝜃)𝑝 + 𝑐𝜃𝑝 , 𝑑𝜌 = 𝑎 + (𝑒𝜃)𝑝
𝑏(𝜃)𝑝 + 𝑐(𝑒𝜃)𝑝 , (1.2.20)

and
𝜃 =

(
𝛼(𝑑𝜌)𝑞 + 𝛽𝜌𝑞

𝛾(𝑑𝜌)𝑞 + 𝜆𝜌𝑞

)
(𝑑𝜌)𝑟𝜌𝑠 , 𝑒𝜃 =

(
𝛼𝜌𝑞 + 𝛽(𝑑𝜌)𝑞
𝛾𝜌𝑞 + 𝜆(𝑑𝜌)𝑞

)
𝜌𝑟(𝑑𝜌)𝑠 . (1.2.21)

From (1.2.20) and (1.2.21), we obtain

𝜌 = 𝑎 + 1
𝑏𝑒𝑝 + 𝑐 , 𝑑𝜌 = 𝑎 + 𝑒𝑝

𝑏 + 𝑐𝑒𝑝 , (1.2.22)

and
𝜃 =

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

)
𝑑𝑟𝜌𝑟+𝑠 , 𝑒𝜃 =

(
𝛼 + 𝛽𝑑𝑞

𝛾 + 𝜆𝑑𝑞

)
𝑑𝑠𝜌𝑟+𝑠 . (1.2.23)
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Now from (1.2.22) and (1.2.23), we get

𝑎 + 𝑒𝑝

𝑏 + 𝑐𝑒𝑝 = 𝑑
(
𝑎 + 1

𝑏𝑒𝑝 + 𝑐
)
, 𝑒

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

)
𝑑𝑟 =

(
𝛼 + 𝛽𝑑𝑞

𝛾 + 𝜆𝑑𝑞

)
𝑑𝑠 .

2). Suppose that
𝑎 + 𝑒𝑝

𝑏 + 𝑐𝑒𝑝 = 𝑑
( 1
𝑏𝑒𝑝 + 𝑐

)
, (1.2.24)

𝑒

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

)
𝑑𝑟 =

(
𝛼 + 𝛽𝑑𝑞

𝛾 + 𝜆𝑑𝑞

)
𝑑𝑠 . (1.2.25)

Let 𝑥−1 = 𝑑𝜌, 𝑥0 = 𝜌, 𝑦−1 = 𝑒𝜃, 𝑦0 = 𝜃. Then from (1.1.1), (1.2.24) and (1.2.25), we get

𝑥1 = 𝑎 + (𝑒𝜃)𝑝
𝑏𝜃𝑝 + 𝑐(𝑒𝜃)𝑝 = 𝑎 + 𝑒𝑝

𝑏 + 𝑐𝑒𝑝 = 𝑑
(
𝑎 + 1

𝑏𝑒𝑝 + 𝑐
)
= 𝑑𝜌 = 𝑥−1 ,

𝑦1 =

(
𝛼𝜌𝑞 + 𝛽(𝑑𝜌)𝑞
𝛾𝜌𝑞 + 𝜆(𝑑𝜌)𝑞

)
𝜌𝑟(𝑑𝜌)𝑠 =

(
𝛼 + 𝛽𝑑𝑞

𝛾 + 𝜆𝑑𝑞

)
𝑑𝑠𝜌𝑟+𝑠 = 𝑒

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

)
𝑑𝑟𝜌𝑟+𝑠 = 𝑒𝜃 = 𝑦−1 ,

𝑥2 = 𝑎 + 𝜃𝑝

𝑏(𝑒𝜃)𝑝 + 𝑐(𝜃)𝑝 = 𝑎 + 1
𝑏𝑒𝑝 + 𝑐 = 𝜌 = 𝑥0 ,

𝑦2 =

(
𝛼(𝑑𝜌𝑞) + 𝛽𝜌𝑞

𝛾(𝑑𝜌𝑞) + 𝜆𝜌𝑞

)
(𝑑𝜌)𝑟𝜌𝑠 =

(
𝛼𝑑𝑞 + 𝛽

𝛾𝑑𝑞 + 𝜆

)
𝑑𝑟𝜌𝑟+𝑠 = 𝜃 = 𝑦0.

Repeating the procedure, we get by indiction that

𝑥2𝑛−1 = 𝑑𝜌, 𝑥2𝑛 = 𝜌, 𝑦2𝑛−1 = 𝑒𝜃, 𝑦2𝑛 = 𝜃, 𝑛 = 0, 1, · · · .

1.2.3 Numerical examples

In this part, we provide numerical examples that confirm our obtained results.
Example 1.11. We now present the first numerical example where all the conditions of Theo-
rem 1.9 are satisfied. To this end, consider the parameter values

𝑝 = 2, 𝑞 = 1, 𝑟 = 2, 𝑠 = 1, 𝑎 = 18, 𝑏 = 4, 𝑐 = 1,

𝛼 = 1, 𝛽 = 1, 𝛾 = 5, 𝜆 = 7.

For these choices, the equilibrium point is given by 𝑥 = 18.2, 𝑦 ≃ 1004.761333 and System
(1.1.1) takes the form

𝑥𝑛+1 = 18 + 𝑦2
𝑛−1

4𝑦2
𝑛 + 𝑦2

𝑛−1
, 𝑦𝑛+1 =

(
𝑥𝑛 + 𝑥𝑛−1

5𝑥𝑛 + 7𝑥𝑛−1

)
𝑥2
𝑛𝑥𝑛−1. (1.2.26)

To verify the convergence of solutions to the equilibrium point, we consider three sets of initial
values
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• For the first set,

𝑥0 = 18.5, 𝑥−1 = 18.8, 𝑦0 = 890, 𝑦−1 = 1300. (1.2.27)

In Figure 1 and Figure 2, we see that (𝑥𝑛 , 𝑦𝑛)𝑛≥−1 converge to the equilibrium point.
• For the second set,

𝑥0 = 18.85, 𝑥−1 = 18.95, 𝑦0 = 840, 𝑦−1 = 835. (1.2.28)

In Figure 3 and Figure 4, we see that (𝑥𝑛 , 𝑦𝑛)𝑛≥−1 converge to the equilibrium point.

Figure 1.1: Plot of 𝑥𝑛 as given in (1.2.26) and
(1.2.27).

Figure 1.2: Plot of 𝑦𝑛 as given in (1.2.26) and
(1.2.27).

Figure 1.3: Plot of 𝑥𝑛 as given in (1.2.26) and
(1.2.28).

Figure 1.4: Plot of 𝑦𝑛 as given in (1.2.26) and
(1.2.28).

Example 1.12. We now consider a second numerical example that satisfies all the assumptions
of Theorem (1.9). Set the parameters as follows: 𝑝 = 3, 𝑞 = 2, 𝑟 = 1, 𝑠 = 1, 𝑎 = 25, 𝑏 = 3,
𝑐 = 0.67, 𝛼 = 2, 𝛽 = 1.75, 𝛾 = 4, 𝜆 = 6. With these choices, the corresponding equilibrium
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point is approximately 𝑥 ≃ 25.27247956, 𝑦 ≃ 239.5118337 and System (1.1.1) becomes

𝑥𝑛+1 = 25 + 𝑦3
𝑛−1

3𝑦3
𝑛 + 0.67𝑦3

𝑛−1
, 𝑦𝑛+1 =

(2𝑥2
𝑛 + 1.75𝑥2

𝑛−1

4𝑥2
𝑛 + 6𝑥2

𝑛−1

)
𝑥𝑛𝑥𝑛−1. (1.2.29)

Here also, to illustrate the global behavior of the solutions, we analyze the system using two
different initial conditions

• Let
𝑥0 = 26.39, 𝑥−1 = 26.45, 𝑦0 = 347, 𝑦−1 = 345. (1.2.30)

The solution (𝑥𝑛 , 𝑦𝑛)𝑛≥−1 approaches the equilibrium point, as shown in Figures 5 and
6. (𝑥𝑛 , 𝑦𝑛) converge to the equilibrium point.

• Let
𝑥0 = 25.1, 𝑥−1 = 26.25, 𝑦0 = 185.75, 𝑦−1 = 340.25. (1.2.31)

convergence of (𝑥𝑛 , 𝑦𝑛)𝑛≥−1 to the same equilibrium is also observed, as illustrated in
Figures 7 and 8.

Figure 1.5: Plot of 𝑥𝑛 as given in (1.2.29) and
(1.2.30).

Figure 1.6: Plot of 𝑦𝑛 as given in (1.2.29) and
(1.2.30).

1.3 Analysis of a Three-dimensional Rational System of Dif-
ference Equations: An extension of System (1.1.1)

In this section, we consider System (1.1.2) which is an extention of System (1.1.1). We
will adopt a similar approach to the previous Section, utilizing the boundedness of
the solutions and the monotonicity of the functions to analyse the local stability of the
unique equilibrium point, however, we will investigate the global attractivity by the
application of a convergence theorem.



18
1. Global Behavior of Three Classes of Rational Systems of Difference Equations with

Arbitrary Powers

Figure 1.7: Plot of 𝑥𝑛 as given in (1.2.29) and
(1.2.31).

Figure 1.8: Plot of 𝑦𝑛 as given in (1.2.29) and
(1.2.31).

1.3.1 Local stability of the unique equilibrium point

To start, one can see easily that System (1.1.2) has a unique equilibrium point which is
given by

(𝑢̄, 𝑣̄ , 𝑤̄) =
(
𝑎 + 1

𝑏 + 𝑐 , 𝑑 +
1

𝑒 + 𝑓
,

(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑠+𝑡)

.

In the following, we will provide conditions for the local stability of this unique equi-
librium point. First, we will write System(1.1.2) in the vectorial form.
We consider the 𝐶1 function Φ : (0,+∞)6 −→ (0,+∞)6 defined by

Φ(𝑋) = (𝜙1(𝑋), 𝜙2(𝑋),𝜓1(𝑋),𝜓2(𝑋), 𝜉1(𝑋), 𝜉2(𝑋)),

where the vector 𝑋 = (𝑥1 , 𝑥2 , 𝑦1 , 𝑦2 , 𝑧1 , 𝑧2) and

𝜙1(𝑋) = 𝑎 + 𝑦𝑝2
𝑏𝑦𝑝1 + 𝑐𝑦𝑝2

, 𝜓1(𝑋) = 𝑑 + 𝑧𝑞2
𝑒𝑧𝑞1 + 𝑓 𝑧𝑞2

, 𝜉1(𝑋) =
(
𝛼𝑥𝑟1 + 𝛽𝑥𝑟2
𝛾𝑥𝑟1 + 𝜆𝑥𝑟2

)
𝑥𝑠1𝑥

𝑡
2 ,

𝜙2(𝑋) = 𝑥1 , 𝜓2(𝑋) = 𝑦1 , 𝜉2(𝑋) = 𝑧1.

Then, System (1.1.2) can be written as

𝑋𝑛+1 = Φ(𝑋𝑛), (1.3.1)

whith 𝑋𝑛 = (𝑢𝑛 , 𝑢𝑛−1 , 𝑣𝑛 , 𝑣𝑛−1 , 𝑤𝑛 , 𝑤𝑛−1).
To study the behavior of the unique equilibrium point of System (1.1.2), it’s sufficient
to consider the unique equilibrium point of System (1.3.1) that is, 𝑋̄ = (𝑢̄, 𝑢̄ , 𝑣̄ , 𝑣̄ , 𝑤̄, 𝑤̄).
Now, we associate System (1.3.1) with the corresponding linear system

𝑋𝑛+1 = 𝐽Φ(𝑋̄)𝑋𝑛 ,

such that 𝑋𝑛 = (𝑢𝑛 , 𝑢𝑛−1 , 𝑣𝑛 , 𝑣𝑛−1 , 𝑤𝑛 , 𝑤𝑛−1), where 𝐽Φ is the Jacobian matrix of the



1.3. Analysis of a Three-dimensional Rational System of Difference Equations: An extension
of System (1.1.1) 19

function Φ calculated on 𝑋̄ = (𝑢̄, 𝑢̄ , 𝑣̄ , 𝑣̄ , 𝑤̄, 𝑤̄) and given by

𝐽Φ(𝑋̄) =

©­­­­­­­­­­«

0 0 −𝑏𝑝(𝑒+ 𝑓 )
(𝑏+𝑐)2[𝑑(𝑒+ 𝑓 )+1]

𝑏𝑝(𝑒+ 𝑓 )
(𝑏+𝑐)2[𝑑(𝑒+ 𝑓 )+1] 0 0

1 0 0 0 0 0
0 0 0 0 −𝑒𝑞(𝛾+𝜆)(𝑏+𝑐)𝑠+𝑡

(𝛼+𝛽)(𝑒+ 𝑓 )2[𝑎(𝑏+𝑐)+1]𝑠+𝑡
𝑒𝑞(𝛾+𝜆)(𝑏+𝑐)𝑠+𝑡

(𝛼+𝛽)(𝑒+ 𝑓 )2[𝑎(𝑏+𝑐)+1]𝑠+𝑡
0 0 1 0 0 0
𝐴 𝐵 0 0 0 0
0 0 0 0 1 0

ª®®®®®®®®®®¬
such that

𝐴 =
[𝑎(𝑏 + 𝑐) + 1]𝑠+𝑡−1[𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑟(𝛼𝜆 − 𝛽𝛾)]

(𝛾 + 𝜆)2(𝑏 + 𝑐)𝑠+𝑡−1 ,

𝐵 =
[𝑎(𝑏 + 𝑐) + 1]𝑠+𝑡−1[𝑡(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑟(𝛽𝛾 − 𝛼𝜆)]

(𝛾 + 𝜆)2(𝑏 + 𝑐)𝑠+𝑡−1 .

And its characteristic polynomial is 𝑃(𝜃) = 𝑑𝑒𝑡(𝐽Φ − 𝜃𝐼6), we obtain

𝑃(𝜃) = 𝜃6 + 𝑞𝑝𝑒𝑏
[−𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑟(𝛽𝛾 − 𝛼𝜆)]

(𝛼 + 𝛽)(𝛾 + 𝜆)(𝑏 + 𝑐)(𝑒 + 𝑓 )[𝑎(𝑏 + 𝑐) + 1][𝑑(𝑒 + 𝑓 ) + 1]𝜃
3

− 𝑞𝑝𝑒𝑏
[−2𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑡(𝛼 + 𝛽)(𝛾 + 𝜆) + 3𝑟(𝛽𝛾 − 𝛼𝜆)]

(𝛼 + 𝛽)(𝛾 + 𝜆)(𝑏 + 𝑐)(𝑒 + 𝑓 )[𝑎(𝑏 + 𝑐) + 1][𝑑(𝑒 + 𝑓 ) + 1] 𝜃2

+ 𝑞𝑝𝑒𝑏
[−𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 2𝑡(𝛼 + 𝛽)(𝛾 + 𝜆) + 3𝑟(−𝛼𝜆 + 𝛽𝛾)]

(𝛼 + 𝛽)(𝛾 + 𝜆)(𝑏 + 𝑐)(𝑒 + 𝑓 )[𝑎(𝑏 + 𝑐) + 1][𝑑(𝑒 + 𝑓 ) + 1] 𝜃

− 𝑞𝑝𝑒𝑏
[
𝑡(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑟(𝛽𝛾 − 𝛼𝜆)]

(𝛼 + 𝛽)(𝛾 + 𝜆)(𝑏 + 𝑐)(𝑒 + 𝑓 )[𝑎(𝑏 + 𝑐) + 1][𝑑(𝑒 + 𝑓 ) + 1] . (1.3.2)

Now, we will apply Rouché’s theorem, to prove the following stability result.
Theorem 1.13. Consider System (1.1.2) and let (𝑢𝑛 , 𝑣𝑛 , 𝑤𝑛)𝑛≥−1 be a solution of this system.
Assume that

|𝑐1| + |𝑐2| + |2𝑐1 + 𝑐2| + |𝑐1 + 2𝑐2| < 1, (1.3.3)

where

𝑐1 =
𝑞𝑝𝑒𝑏

[−𝑠(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑟(𝛽𝛾 − 𝛼𝜆)]
(𝛼 + 𝛽)(𝛾 + 𝜆)(𝑏 + 𝑐)(𝑒 + 𝑓 )[𝑎(𝑏 + 𝑐) + 1][𝑑(𝑒 + 𝑓 ) + 1] , (1.3.4)

𝑐2 =
𝑞𝑝𝑒𝑏

[
𝑡(𝛼 + 𝛽)(𝛾 + 𝜆) + 𝑟(𝛽𝛾 − 𝛼𝜆)]

(𝛼 + 𝛽)(𝛾 + 𝜆)(𝑏 + 𝑐)(𝑒 + 𝑓 )[𝑎(𝑏 + 𝑐) + 1][𝑑(𝑒 + 𝑓 ) + 1] . (1.3.5)

Then, the unique equilibrium point

(𝑢̄ , 𝑣̄ , 𝑤̄) =
(
𝑎 + 1

𝑏 + 𝑐 , 𝑑 +
1

𝑒 + 𝑓
,

(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑠+𝑡)

,

of System (1.1.2) is locally asymptotically stable.
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Proof. From (1.3.2), (1.3.4) and (1.3.5), the polynomial charecteristic 𝑃(𝜃) can be writ-
ten as follows

𝑃(𝜃) = 𝜃6 + 𝑐1𝜃
3 − (2𝑐1 + 𝑐2)𝜃2 + (𝑐1 + 2𝑐2)𝜃 − 𝑐2.

Let
Ψ(𝜃) = 𝜃6 , Ω(𝜃) = −𝑐1𝜃

3 + (2𝑐1 + 𝑐2)𝜃2 − (𝑐1 + 2𝑐2)𝜃 + 𝑐2.

From assumption (1.3.3) and for all 𝜃 ∈ C : |𝜃| = 1, we have

|Ω(𝜃)| ≤ |𝑐1| + |2𝑐1 + 𝑐2| + |𝑐1 + 2𝑐2| + |𝑐2| < 1 = |Ψ(𝜃)|.

So, by Rouché’s theorem, all roots of the characteristic polynomial 𝑃 lie in the unit open
disk, which implies that the equilibrium point of System (1.1.2) is locally asymptoti-
cally stable.

1.3.2 Global behavior of the solutions of System (1.1.2)

In the following, we establish sufficient conditions for which the unique equilibrium
point of System (1.1.2) is a global attractor and we deduce its global stability. To do
this, we will first examine the boundedness of solutions for System (1.1.2).
Lemma 1.14. Every solution {𝑢𝑛 , 𝑣𝑛 , 𝑤𝑛}𝑛≥−1 of System (1.1.2) is bounded and we have

𝑎 ≤ 𝑢𝑛 ≤ 𝑎 + 1
𝑐
, 𝑛 = 1, 2, · · · ,

𝑑 ≤ 𝑣𝑛 ≤ 𝑑 + 1
𝑒
, 𝑛 = 1, 2, · · · ,

𝑎𝑠+𝑡 min(𝛼
𝛾
,
𝛽

𝜆
) ≤ 𝑤𝑛 ≤ (𝑎 + 1

𝑐
)𝑠+𝑡 max(𝛼

𝛾
,
𝛽

𝜆
), 𝑛 = 2, 3, · · · .

Proof. From the first equation of System (1.1.2) we have

𝑎 ≤ 𝑢𝑛+1 = 𝑎 + 𝑣𝑝𝑛−1

𝑏𝑦𝑝𝑛 + 𝑐𝑣𝑝𝑛−1
≤ 𝑎 + 1

𝑐
, 𝑛 = 0, 1, · · · .

Thus,
𝑎 ≤ 𝑢𝑛 ≤ 𝑎 + 1

𝑐
, 𝑛 = 1, 2, · · · , (1.3.6)

and then
𝑎 ≤ 𝑢𝑛−1 ≤ 𝑎 + 1

𝑐
, 𝑛 = 2, 3, · · · . (1.3.7)

Similarly, from the second equation of System (1.1.2), we obtain

𝑑 ≤ 𝑣𝑛+1 = 𝑑 + 𝑤𝑞
𝑛−1

𝑒𝑤𝑞
𝑛 + 𝑓 𝑤𝑞

𝑛−1
≤ 𝑑 + 1

𝑓
, 𝑛 = 0, 1, · · · ,
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which implies that,
𝑑 ≤ 𝑣𝑛 ≤ 𝑑 + 1

𝑓
, 𝑛 = 1, 2, · · · .

For all 𝑛 = 0, 1, · · · , we have

𝛼𝑢𝑟𝑛 + 𝛽𝑢𝑟𝑛−1
𝛾𝑥𝑟𝑛 + 𝜆𝑢𝑟𝑛−1

− 𝛼
𝛾

=
(𝛾𝛽 − 𝛼𝜆)𝑢𝑟𝑛−1
𝛾(𝛾𝑥𝑟𝑛 + 𝜆𝑢𝑟𝑛−1)

,

𝛼𝑢𝑟𝑛 + 𝛽𝑢𝑟𝑛−1
𝛾𝑥𝑟𝑛 + 𝜆𝑢𝑟𝑛−1

− 𝛽

𝜆
=

−(𝛾𝛽 − 𝛼𝜆)𝑥𝑟𝑛
𝜆(𝛾𝑥𝑟𝑛 + 𝜆𝑢𝑟𝑛−1)

.

It’s clear that, depending on the sign of (𝛾𝛽 − 𝛼𝜆), we obtain

min(𝛼
𝛾
,
𝛽

𝜆
) ≤ 𝛼𝑢𝑟𝑛 + 𝛽𝑢𝑟𝑛−1

𝛾𝑥𝑟𝑛 + 𝜆𝑢𝑟𝑛−1
≤ max(𝛼

𝛾
,
𝛽

𝜆
), 𝑛 = 0, 1, · · · . (1.3.8)

Hence, from (1.3.6), (1.3.7) and (1.3.8) we get

𝑎𝑠+𝑡 min(𝛼
𝛾
,
𝛽

𝜆
) ≤ 𝑤𝑛+1 ≤ (𝑎 + 1

𝑐
)𝑠+𝑡 max(𝛼

𝛾
,
𝛽

𝜆
), 𝑛 = 2, 3, · · · ,

which implies that

𝑎𝑠+𝑡 min(𝛼
𝛾
,
𝛽

𝜆
) ≤ 𝑤𝑛 ≤ (𝑎 + 1

𝑐
)𝑠+𝑡 max(𝛼

𝛾
,
𝛽

𝜆
), 𝑛 = 3, 4, · · · .

Therefore, the solution {(𝑢𝑛 , 𝑣𝑛 , 𝑤𝑛)}𝑛≥−1 of System (1.1.2) is bounded.

Remark 1.15. Let us consider the intervals

𝐼 :=
[
𝑎, 𝑎 + 1

𝑐

]
, 𝐽 :=

[
𝑑, 𝑑 + 1

𝑓

]
, 𝐾 :=

[
(𝑎 + 𝑐)𝑠+𝑡 min(𝛼

𝛾
,
𝛽

𝜆
), ( 1
𝑎 + 𝑐 )

𝑠+𝑡 max(𝛼
𝛾
,
𝛽

𝜆
)
]
,

and let 𝑢0 , 𝑢−1 ∈ 𝐼 , 𝑣0 , 𝑣−1 ∈ 𝐽 and 𝑤0 , 𝑤−1 ∈ 𝐾 then, from Lemma (1.14) we have that the set
𝐼 × 𝐽 × 𝐾 is an invariant set for the solutions of System (1.1.2).
Lemma 1.16. Consider the functions 𝜙,𝜓, 𝜉 : (0,+∞)2 → (0,+∞) defined by

𝜙(𝑥, 𝑦) = 𝑎 + 𝑦𝑝

𝑏𝑥𝑝 + 𝑐𝑦𝑝 , 𝜓(𝑥, 𝑦) = 𝑑 + 𝑦𝑞

𝑒𝑥𝑞 + 𝑓 𝑦𝑞
, 𝜉(𝑥, 𝑦) = (𝛼𝑥

𝑟 + 𝛽𝑦𝑟

𝛾𝑥𝑟 + 𝜆𝑦𝑟
)𝑥𝑠𝑦𝑡 . (1.3.9)

Then, we have
(a) The functions 𝜙 and 𝜓 are decreasing in 𝑥 for all 𝑦 and increasing in 𝑦 for all 𝑥, for all

(𝑥, 𝑦) ∈ (0,+∞)2.
(b) Assume that

(𝑠 + 𝑟)𝛼𝜆 + (𝑠 − 𝑟)𝛽𝛾 ≥ 0, (𝑡 + 𝑟)𝛽𝛾 + (𝑡 − 𝑟)𝛼𝜆 ≥ 0,

then the function 𝜉 is increasing in 𝑥 for all 𝑦 and increasing in 𝑦 for all 𝑥, for all (𝑥, 𝑦) ∈
(0,+∞)2.



22
1. Global Behavior of Three Classes of Rational Systems of Difference Equations with

Arbitrary Powers

Proof. The result follows from the following formulas of the partial derivatives

𝜕𝜙

𝜕𝑥
(𝑥, 𝑦) = −𝑏𝑝𝑥𝑝−1𝑦𝑝

(𝑏𝑥𝑝 + 𝑐𝑝)2 ,
𝜕𝜙

𝜕𝑦
(𝑥, 𝑦) = 𝑏𝑝𝑥𝑝𝑦𝑝−1

(𝑏𝑥𝑝 + 𝑐𝑝)2 , (1.3.10)

𝜕𝜓

𝜕𝑥
(𝑥, 𝑦) = −𝑒𝑞𝑥𝑞−1𝑦𝑞

(𝑒𝑥𝑞 + 𝑓 𝑞)2 ,
𝜕𝜓

𝜕𝑦
(𝑥, 𝑦) = 𝑒𝑞𝑥𝑞−1𝑦𝑞

(𝑒𝑥𝑞 + 𝑓 𝑞)2 , (1.3.11)

𝜕𝜉

𝜕𝑥
(𝑥, 𝑦) = 𝑥𝑠−1𝑦𝑡(𝑠𝛼𝛾𝑥2𝑟 + ((𝑠 + 𝑟)𝛼𝜆 + (𝑠 − 𝑟)𝛽𝛾)𝑥𝑟𝑦𝑟 + 𝑠𝛽𝜆𝑦2𝑟)

(𝛾𝑥𝑟 + 𝜆𝑦𝑟)2 , (1.3.12)

𝜕𝜉

𝜕𝑦
(𝑥, 𝑦) = 𝑥𝑠𝑦𝑡−1(𝑡𝛼𝛾𝑥2𝑟 + ((𝑡 − 𝑟)𝛼𝜆 + (𝑡 + 𝑟)𝛽𝛾)𝑥𝑟𝑦𝑟 + 𝑡𝛽𝜆𝑦2𝑟)

(𝛾𝑥𝑟 + 𝜆𝑦𝑟)2 . (1.3.13)

Next, we prove a general convergence theorem that will help us establish the global
attractivity of the equilibrium point (𝑢̄, 𝑣̄ , 𝑤̄) and so the global stability.
Theorem 1.17. Consider the system (1.1.2) and assume the following statements are true.

• 𝐻1: There exist 𝛼1 , 𝛽1 , 𝛼2 , 𝛽2 , 𝛼3 , 𝛽3 ∈ (0,+∞) such that

𝛼1 ≤ 𝜙(𝑥, 𝑦) ≤ 𝛽1 , 𝛼2 ≤ 𝜓(𝑥, 𝑦) ≤ 𝛽2 , 𝛼3 ≤ 𝜉(𝑥, 𝑦) ≤ 𝛽3 ,

for all (𝑥, 𝑦) ∈ (0,+∞)2.
• 𝐻2: Assume that 𝜙,𝜓 are increasing in 𝑥 for all 𝑦 and decreasing in 𝑦 for all 𝑥 and 𝜉 is

increasing in both arguments (𝑥, 𝑦).
• 𝐻3: If (𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3) ∈ [𝛼1 , 𝛽1]2 × [𝛼2 , 𝛽2]2 × [𝛼3 , 𝛽3]2 is a solution of the

system

𝑚1 = 𝜙(𝑚2 , 𝑀2), 𝑀1 = 𝜙(𝑀2 , 𝑚2),
𝑚2 = 𝜓(𝑚3 , 𝑀3), 𝑀2 = 𝜓(𝑀3 , 𝑚3),
𝑚3 = 𝜉(𝑚1 , 𝑚1), 𝑀3 = 𝜉(𝑀1 , 𝑀1),

then
𝑚1 = 𝑀1 , 𝑚2 = 𝑀2 , 𝑚3 = 𝑀3.

Then every solution of system (1.1.2) converges to the unique equilibrium point (𝑢̄ , 𝑣̄ , 𝑤̄).
Proof. Let

𝑚0
1 := 𝛼1 , 𝑀0

1 := 𝛽1 , 𝑚0
2 := 𝛼2 , 𝑀0

2 := 𝛽2 , 𝑚0
3 := 𝛼3 , 𝑀0

3 := 𝛽3 ,

we define for each 𝑖 = 0, 1, ...

𝑚 𝑖+1
1 = 𝜙(𝑚 𝑖

2 , 𝑀
𝑖
2), 𝑀 𝑖+1

1 = 𝜙(𝑀 𝑖
2 , 𝑚

𝑖
2),

𝑚 𝑖+1
2 = 𝜓(𝑚 𝑖

3 , 𝑀
𝑖
3), 𝑀 𝑖+1

2 = 𝜓(𝑀 𝑖
3 , 𝑚

𝑖
3),

𝑚 𝑖+1
3 = 𝜉(𝑚 𝑖

1 , 𝑚
𝑖
1), 𝑀 𝑖+1

3 = 𝜉(𝑀 𝑖
1 , 𝑀

𝑖
1).
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We have from the hypothesis 𝐻1 and 𝐻2

𝛼1 = 𝑚0
1 ≤ 𝜙(𝑚0

2 , 𝑀
0
2) ≤ 𝜙(𝑀0

2 , 𝑚
0
2) ≤ 𝑀0

1 = 𝛽1 ,

𝛼2 = 𝑚0
2 ≤ 𝜓(𝑚0

3 , 𝑀
0
3) ≤ 𝜙(𝑀0

3 , 𝑚
0
3) ≤ 𝑀0

2 = 𝛽2 ,

𝛼3 = 𝑚0
3 ≤ 𝜉(𝑚0

1 , 𝑚
0
1) ≤ 𝜉(𝑀0

1 , 𝑀
0
1) ≤ 𝑀0

3 = 𝛽3.

Thus we have

𝑚0
1 ≤ 𝑚1

1 ≤ 𝑀1
1 ≤ 𝑀0

1 ,

𝑚0
2 ≤ 𝑚1

2 ≤ 𝑀1
2 ≤ 𝑀0

2 ,

𝑚0
3 ≤ 𝑚1

3 ≤ 𝑀1
3 ≤ 𝑀0

3 .

Now, we have

𝑚1
1 = 𝜙(𝑚0

2 , 𝑀
0
2) ≤ 𝜙(𝑚1

2 , 𝑀
1
2) ≤ 𝜙(𝑀1

2 , 𝑚
1
2) ≤ 𝜙(𝑀0

2 , 𝑚
0
2) = 𝑀1

1 ,

𝑚1
2 = 𝜓(𝑚0

3 , 𝑀
0
3) ≤ 𝜓(𝑚1

3 , 𝑀
1
3) ≤ 𝜓(𝑀1

3 , 𝑚
1
3) ≤ 𝜓(𝑀0

3 , 𝑚
0
3) = 𝑀1

2 ,

𝑚1
3 = 𝜉(𝑚0

1 , 𝑚
0
1) ≤ 𝜉(𝑚1

1 , 𝑚
1
1) ≤ 𝜉(𝑀1

1 , 𝑀
1
1) ≤ 𝜉(𝑀0

1 , 𝑀
0
1) = 𝑀1

3 .

This implies that we have

𝑚0
1 ≤ 𝑚1

1 ≤ 𝑚2
1 ≤ 𝑀2

1 ≤ 𝑀1
1 ≤ 𝑀0

1 ,

𝑚0
2 ≤ 𝑚1

2 ≤ 𝑚2
2 ≤ 𝑀2

2 ≤ 𝑀1
2 ≤ 𝑀0

2 ,

𝑚0
3 ≤ 𝑚1

3 ≤ 𝑚2
3 ≤ 𝑀2

3 ≤ 𝑀1
3 ≤ 𝑀0

3 .

By induction we obtain

𝑚0
1 ≤ 𝑚1

1 ≤ · · · ≤ 𝑚 𝑖−1
1 ≤ 𝑚 𝑖

1 ≤ 𝑀 𝑖
1 ≤ 𝑀 𝑖−1

1 ≤ . . . 𝑀1
1 ≤ 𝑀0

1 ,

𝑚0
2 ≤ 𝑚1

2 ≤ · · · ≤ 𝑚 𝑖−1
2 ≤ 𝑚 𝑖

2 ≤ 𝑀 𝑖
2 ≤ 𝑀 𝑖−1

2 ≤ . . . 𝑀1
2 ≤ 𝑀0

2 ,

𝑚0
3 ≤ 𝑚1

3 ≤ · · · ≤ 𝑚 𝑖−1
3 ≤ 𝑚 𝑖

3 ≤ 𝑀 𝑖
3 ≤ 𝑀 𝑖−1

3 ≤ . . . 𝑀1
3 ≤ 𝑀0

3 .

Then the sequences (𝑚 𝑖
1)𝑖≥0 , (𝑚 𝑖

2)𝑖≥0 , (𝑚 𝑖
3)𝑖≥0, (resp. (𝑀 𝑖

1)𝑖≥0 , (𝑀 𝑖
2)𝑖≥0 and (𝑀 𝑖

3)𝑖≥0) are
increasing (resp. decreasing) and bounded thus they are convergent and we have:

lim
𝑖→∞𝑚

𝑖
1 = 𝑚1 , lim

𝑖→∞𝑀
𝑖
1 = 𝑀1 ,

lim
𝑖→∞𝑚

𝑖
2 = 𝑚2 , lim

𝑖→∞𝑀
𝑖
2 = 𝑀2 ,

lim
𝑖→∞𝑚

𝑖
3 = 𝑚3 , lim

𝑖→∞𝑀
𝑖
3 = 𝑀3.
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By taking limits in the following equalities

𝑚 𝑖+1
1 = 𝜙(𝑚 𝑖

2 , 𝑀
𝑖
2), 𝑀 𝑖+1

1 = 𝜙(𝑀 𝑖
2 , 𝑚

𝑖
2),

𝑚 𝑖+1
2 = 𝜓(𝑚 𝑖

3 , 𝑀
𝑖
3), 𝑀 𝑖+1

2 = 𝜓(𝑀 𝑖
3 , 𝑚

𝑖
3),

𝑚 𝑖+1
3 = 𝜉(𝑚 𝑖

1 , 𝑚
𝑖
1), 𝑀 𝑖+1

3 = 𝜉(𝑀 𝑖
1 , 𝑀

𝑖
1),

we get

𝑚1 = 𝜙(𝑚2 , 𝑀2), 𝑀1 = 𝜙(𝑀2 , 𝑚2),
𝑚2 = 𝜓(𝑚3 , 𝑀3), 𝑀2 = 𝜓(𝑀3 , 𝑚3),
𝑚3 = 𝜉(𝑚1 , 𝑚1), 𝑀3 = 𝜉(𝑀1 , 𝑀1),

From the hypothesis 𝐻3 we have

𝑚1 = 𝑀1 , 𝑚2 = 𝑀2 , 𝑚3 = 𝑀3.

Now, let (𝑢𝑛 , 𝑣𝑛 , 𝑤𝑛)𝑛≥−1 be a solution for System (1.1.2). From 𝐻1, we get for 𝑛 ≥ −1,

𝛼1 = 𝑚0
1 ≤ 𝑢𝑛 ≤ 𝛽1 = 𝑀0

1 , 𝛼2 = 𝑚0
2 ≤ 𝑣𝑛 ≤ 𝛽2 = 𝑀0

2 , 𝛼3 = 𝑚0
3 ≤ 𝑤𝑛 ≤ 𝛽3 = 𝑀0

3 .

Then, for 𝑛 = 0, 2, . . .

𝑚1
1 = 𝜙(𝑚0

2 , 𝑀
0
2) ≤ 𝜙(𝑣𝑛 , 𝑣𝑛−1) ≤ 𝜙(𝑀0

2 , 𝑚
0
2) = 𝑀1

1 ,

𝑚1
2 = 𝜓(𝑚0

3 , 𝑀
0
3) ≤ 𝜓(𝑤𝑛 , 𝑤𝑛−1) ≤ 𝜓(𝑀0

3 , 𝑚
0
3) = 𝑀1

2 ,

𝑚1
3 = 𝜉(𝑚0

1 , 𝑚
0
1) ≤ 𝜉(𝑢𝑛 , 𝑢𝑛−1) ≤ 𝜉(𝑀0

1 , 𝑀
0
1) = 𝑀1

3 ,

we obtain

𝑚1
1 ≤ 𝑢𝑛+1 ≤ 𝑀1

1 , 𝑚1
2 ≤ 𝑣𝑛+1 ≤ 𝑀1

2 , 𝑚1
3 ≤ 𝑤𝑛+1 ≤ 𝑀1

3 , 𝑛 = 0, 1, . . .

then

𝑚1
1 ≤ 𝑢𝑛 ≤ 𝑀1

1 , 𝑚1
2 ≤ 𝑣𝑛 ≤ 𝑀1

2 , 𝑚1
3 ≤ 𝑤𝑛 ≤ 𝑀1

3 , 𝑛 = 1, 2, . . .

Now, for 𝑛 = 2, 3, . . .

𝑚2
1 = 𝜙(𝑚1

2 , 𝑀
1
2) ≤ 𝜙(𝑣𝑛 , 𝑣𝑛−1) ≤ 𝜙(𝑀1

2 , 𝑚
1
2) = 𝑀2

1 ,

𝑚1
2 = 𝜓(𝑚1

3 , 𝑀
1
3) ≤ 𝜓(𝑤𝑛 , 𝑤𝑛−1) ≤ 𝜓(𝑀1

3 , 𝑚
1
3) = 𝑀2

2 ,

𝑚1
3 = 𝜉(𝑚1

1 , 𝑚
1
1) ≤ 𝜉(𝑢𝑛 , 𝑢𝑛−1) ≤ 𝜉(𝑀1

1 , 𝑀
1
1) = 𝑀2

3 ,
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we get

𝑚2
1 ≤ 𝑢𝑛+1 ≤ 𝑀2

1 , 𝑚2
2 ≤ 𝑣𝑛+1 ≤ 𝑀2

2 , 𝑚2
3 ≤ 𝑤𝑛+1 ≤ 𝑀2

3 ,

then

𝑚2
1 ≤ 𝑢𝑛 ≤ 𝑀2

1 , 𝑚2
2 ≤ 𝑣𝑛 ≤ 𝑀2

2 , 𝑚2
3 ≤ 𝑤𝑛 ≤ 𝑀2

3 , 𝑛 = 3, 4 . . .

For 𝑛 = 4, 5, . . .

𝑚3
1 = 𝜙(𝑚2

2 , 𝑀
2
2) ≤ 𝜙(𝑣𝑛 , 𝑣𝑛−1) ≤ 𝜙(𝑀2

2 , 𝑚
2
2) = 𝑀3

1 ,

𝑚3
2 = 𝜓(𝑚2

3 , 𝑀
2
3) ≤ 𝜓(𝑤𝑛 , 𝑤𝑛−1) ≤ 𝜓(𝑀2

3 , 𝑚
2
3) = 𝑀3

2 ,

𝑚3
3 = 𝜉(𝑚2

1 , 𝑚
2
1) ≤ 𝜉(𝑢𝑛 , 𝑢𝑛−1) ≤ 𝜉(𝑀2

1 , 𝑀
2
1) = 𝑀3

3 ,

we get

𝑚3
1 ≤ 𝑢𝑛+1 ≤ 𝑀3

1 , 𝑚3
2 ≤ 𝑣𝑛+1 ≤ 𝑀3

2 , 𝑚3
3 ≤ 𝑤𝑛+1 ≤ 𝑀3

3 ,

then

𝑚3
1 ≤ 𝑢𝑛 ≤ 𝑀3

1 , 𝑚3
2 ≤ 𝑣𝑛 ≤ 𝑀3

2 , 𝑚3
3 ≤ 𝑤𝑛 ≤ 𝑀3

3 , 𝑛 = 5, 6, . . .

By induction on 𝑖 = 0, 1, . . . , we obtain

𝑚 𝑖
1 ≤ 𝑢𝑛 ≤ 𝑀 𝑖

1 , 𝑚 𝑖
2 ≤ 𝑣𝑛 ≤ 𝑀 𝑖

2 , 𝑚 𝑖
3 ≤ 𝑤𝑛 ≤ 𝑀 𝑖

3 , 𝑛 ≥ 2𝑖 − 1, . . .

Using the fact that 𝑖 → +∞ implies 𝑛 → +∞ and 𝑚1 = 𝑀1 , 𝑚2 = 𝑀2 , 𝑚3 = 𝑀3, we get

lim
𝑛→∞ 𝑢𝑛 = 𝑚1 , lim

𝑛→∞ 𝑣𝑛 = 𝑚2 , lim
𝑛→∞𝑤𝑛 = 𝑚3.

Thus

𝑚1 = 𝜙(𝑚2 , 𝑚2) = 𝑎 + 1
𝑏 + 𝑐 = 𝑢̄, 𝑚2 = 𝜓(𝑚3 , 𝑚3) = 𝑑 + 1

𝑒 + 𝑓
= 𝑣̄ ,

𝑚3 = 𝜉(𝑚1 , 𝑚1) =
(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑠+𝑡

= 𝑤̄.

Now, we will apply this convergence theorem on System (1.1.2).
Theorem 1.18. Consider System (1.1.2) and assume the following

1. (𝑠 + 𝑟)𝛼𝜆 + (𝑠 − 𝑟)𝛽𝛾 ≥ 0 and (𝑡 + 𝑟)𝛽𝛾 + (𝑡 − 𝑟)𝛼𝜆 ≥ 0
2.

(
𝛼+𝛽
𝛾+𝜆

)
4𝑝𝑞(𝑠+𝑡)𝛽𝑠+𝑡−1

1
𝑐 𝑓 𝛼2𝛼3

< 1.
Then the equilibrium point of System (1.1.2), (𝑢̄ , 𝑣̄ , 𝑤̄) is a global attractor.
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Proof. From Lemmas 1.14 and 1.16, it’s easily seen that 𝐻1 and 𝐻2 of Theorem 1.17 are
satisfied. It suffices to check 𝐻3.
First, assume there exist (𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3) ∈ [𝛼1 , 𝛽1]2 × [𝛼2 , 𝛽2]2 × [𝛼3 , 𝛽3]2 a
solution for the system

𝑚1 = 𝜙(𝑚2 , 𝑀2) = 𝑎 + 𝑀𝑝
2

𝑏𝑚𝑝
2 + 𝑐𝑀𝑝

2
, 𝑀1 = 𝜙(𝑀2 , 𝑚2) = 𝑎 + 𝑚𝑝

2

𝑏𝑀𝑝
2 + 𝑐𝑚𝑝

2
, (1.3.14)

𝑚2 = 𝜓(𝑚3 , 𝑀3) = 𝑑 + 𝑀𝑞
3

𝑒𝑚𝑞
3 + 𝑓 𝑀𝑞

3
, 𝑀2 = 𝜓(𝑀3 , 𝑚3) = 𝑑 + 𝑚𝑞

3

𝑒𝑀𝑞
3 + 𝑓 𝑚𝑞

3
, (1.3.15)

𝑚3 = 𝜉(𝑚1 , 𝑚1) =
(
𝛼 + 𝛽

𝛾 + 𝜆

)
𝑚𝑠+𝑡

1 , 𝑀3 = 𝜉(𝑀1 , 𝑀1) =
(
𝛼 + 𝛽

𝛾 + 𝜆

)
𝑀𝑠+𝑡

1 . (1.3.16)

From (1.3.14)-(1.3.16),we have

𝑀1 − 𝑚1 =
𝑏(𝑚2𝑝

2 −𝑀2𝑝
2 )

(𝑏𝑚𝑝
2 + 𝑐𝑀𝑝

2 )(𝑏𝑀𝑝
2 + 𝑐𝑚𝑝

2 )
, (1.3.17)

𝑀2 − 𝑚2 =
𝑒(𝑚2𝑞

3 −𝑀2𝑞
3 )

(𝑒𝑚𝑞
3 + 𝑓 𝑀𝑞

3 )(𝑒𝑀𝑞
3 + 𝑓 𝑚𝑞

3)
, (1.3.18)

𝑀3 − 𝑚3 =

(
𝛼 + 𝛽

𝛾 + 𝜆

)
(𝑀𝑠+𝑡

1 − 𝑚𝑠+𝑡
1 ). (1.3.19)

We get, from (1.3.17)-(1.3.19)

𝑀1 − 𝑚1 =
𝑏(𝑚𝑝

2 +𝑀𝑝
2 )(𝑚𝑝−1

2 + 𝑚𝑝−2
2 𝑀2 + · · · +𝑀𝑝−1

2 )(𝑚2 −𝑀2)
(𝑏𝑚𝑝

2 + 𝑐𝑀𝑝
2 )(𝑏𝑀𝑝

2 + 𝑐𝑚𝑝
2 )

,

𝑀2 − 𝑚2 =
𝑒(𝑚𝑞

3 +𝑀𝑞
3 )(𝑚𝑞−1

3 + · · · +𝑀𝑞−1
3 )(𝑚3 −𝑀3)

(𝑒𝑚𝑞
3 + 𝑓 𝑀𝑞

3 )(𝑒𝑀𝑞
3 + 𝑓 𝑚𝑞

3)
,

𝑀3 − 𝑚3 =

(
𝛼 + 𝛽

𝛾 + 𝜆

)
(𝑀𝑠+𝑡−1

1 + · · · + 𝑚𝑠+𝑡−1
1 )(𝑀1 − 𝑚1).

It follows that

(𝑀1−𝑚1)(𝑀2−𝑚2)(𝑀3−𝑚3) = Ψ(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3)(𝑀1−𝑚1)(𝑀2−𝑚2)(𝑀3−𝑚2),
(1.3.20)

such that

Ψ(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3) =
[
𝑏(𝑚𝑝

2 +𝑀𝑝
2 )

∑𝑝−1
𝑘=0 𝑚

𝑝−1−𝑘
2 𝑀𝑘

2

(𝑏𝑚𝑝
2 + 𝑐𝑀𝑝

2 )(𝑏𝑀𝑝
2 + 𝑐𝑚𝑝

2 )

] [
𝑒(𝑚𝑞

3 +𝑀𝑞
3 )

∑𝑞−1
𝑘=0 𝑚

𝑞−1−𝑘
3 𝑀𝑘

3

(𝑒𝑚𝑞
3 + 𝑓 𝑀𝑞

3 )(𝑒𝑀𝑞
3 + 𝑓 𝑚𝑞

3)

]
×

(
𝛼 + 𝛽

𝛾 + 𝜆

) 𝑠+𝑡−1∑
𝑘=0

𝑀𝑠+𝑡−1−𝑘
1 𝑚𝑘

1 . (1.3.21)
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Since (𝑚𝑖 , 𝑀𝑖) ∈ [𝛼𝑖 , 𝛽𝑖]2 , 𝑖 = 1, 2, 3 then we get

𝑏(𝑚𝑝
2 +𝑀𝑝

2 )
∑𝑝−1
𝑘=0 𝑚

𝑝−1−𝑘
2 𝑀𝑘

2

(𝑏𝑚𝑝
2 + 𝑐𝑀𝑝

2 )(𝑏𝑀𝑝
2 + 𝑐𝑚𝑝

2 )
≤ 2𝑏𝑝𝛽2𝑝−1

2

𝑏𝑐𝛽2𝑝
2

≤ 2𝑝
𝑐𝛼2

,

𝑒(𝑚𝑞
3 +𝑀𝑞

3 )
∑𝑞−1
𝑘=0 𝑚

𝑞−1−𝑘
3 𝑀𝑘

3

(𝑒𝑚𝑞
3 + 𝑓 𝑀𝑞

3 )(𝑒𝑀𝑞
3 + 𝑓 𝑚𝑞

3)
≤ 2𝑒𝑝𝛽2𝑞−1

3

𝑒 𝑓 𝛽2𝑞
3

≤ 2𝑞
𝑓 𝛼3

,(
𝛼 + 𝛽

𝛾 + 𝜆

) 𝑠+𝑡−1∑
𝑘=0

𝑀𝑠+𝑡−1−𝑘
1 𝑚𝑘

1 ≤
(
𝛼 + 𝛽

𝛾 + 𝜆

)
(𝑠 + 𝑡)𝛽𝑠+𝑡−1

1 .

This implies that

Ψ(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3) ≤ 4𝑝𝑞
𝑐 𝑓 𝛼2𝛼3

(
𝛼 + 𝛽

𝛾 + 𝜆

)
(𝑠 + 𝑡)𝛽𝑠+𝑡−1

1 .

Since we have
4𝑝𝑞(𝑠 + 𝑡)𝛽𝑠+𝑡−1

1
𝑐 𝑓 𝛼2𝛼3

(
𝛼 + 𝛽

𝛾 + 𝜆

)
< 1,

then
Ψ(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3) < 1.

From (1.3.20), we get
(𝑀1 − 𝑚1)(𝑀2 − 𝑚2)(𝑀3 − 𝑚3) = 0

thus
𝑀1 = 𝑚1 , 𝑀2 = 𝑚2 , 𝑀3 = 𝑚3.

The conditions 𝐻1-𝐻3 of Theorem 1.17 are verified for System (1.1.2), which implies
that every solution of System (1.1.2) converges to the unique equilibriumpoint (𝑢̄ , 𝑣̄ , 𝑤̄)
thus it is a global attractor.

In the next theorem, we summarize the global behavior of the solutions for System
(1.1.2)
Theorem 1.19. Consider System (1.1.2). Then, the unique equilibrium point

(𝑢̄ , 𝑣̄ , 𝑤̄) =
(
𝑎 + 1

𝑏 + 𝑐 , 𝑑 +
1

𝑒 + 𝑓
,

(
𝛼 + 𝛽

𝛾 + 𝜆

) (
𝑎 + 1

𝑏 + 𝑐
) 𝑠+𝑡)

of System (1.1.2) is a globally asymptotically stable if
1. (𝑠 + 𝑟)𝛼𝜆 + (𝑠 − 𝑟)𝛽𝛾 ≥ 0 and (𝑡 + 𝑟)𝛽𝛾 + (𝑡 − 𝑟)𝛼𝜆 ≥ 0
2.

(
𝛼+𝛽
𝛾+𝜆

)
4𝑝𝑞(𝑠+𝑡)𝛽𝑠+𝑡−1

1
𝑐 𝑓 𝛼2𝛼3

< 1,
3. |𝑐1| + |𝑐2| + |2𝑐1 + 𝑐2| + |𝑐1 + 2𝑐2| < 1, where 𝑐1 and 𝑐2 are given by (1.3.4) and (1.3.5).

1.3.3 Existence of periodic solutions

In this section, we will provide necessary and sufficient conditions for the existence of
prime period-two solutions of System (1.1.2).
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Theorem 1.20. Consider System (1.1.2) and let 𝑙, 𝑚, 𝑛 be real numbers such that (𝑙 − 1)(𝑚 −
1)(𝑛 − 1) ≠ 0. System (1.1.2) has a prime period-two solution

{..., (𝜌, 𝜎, 𝜃), (𝑙𝜌, 𝑚𝜎, 𝑛𝜃), (𝜌, 𝜎, 𝜃), (𝑙𝜌, 𝑚𝜎, 𝑛𝜃), ...}

if and only if

𝑎 + 𝑚𝑝

𝑏 + 𝑐𝑚𝑝 = 𝑙(𝑎 + 1
𝑏𝑚𝑝 + 𝑐 ), 𝑑 +

𝑛𝑞

𝑒 + 𝑓 𝑛𝑞
= 𝑚(𝑑 + 1

𝑒𝑛𝑞 + 𝑓
),

(𝛼 + 𝛽𝑙𝑟

𝛾 + 𝜆𝑙𝑟
)𝑙𝑡𝜌𝑠+𝑡 = 𝑛(𝛼𝑙

𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆
)𝑙𝑠𝜌𝑠+𝑡 .

where
𝜌 = 𝑎 + 1

𝑏𝑚𝑝 + 𝑐 , 𝜎 = 𝑑 + 1
𝑒𝑛𝑞 + 𝑓

, 𝜃 = ( 𝛼𝑙𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆𝜌𝑟
)𝑙𝑠(𝜌)𝑠+𝑡 .

Proof. First, we suppose that the sequence

{..., (𝜌, 𝜎, 𝜃), (𝑙𝜌, 𝑚𝜎, 𝑛𝜃), (𝜌, 𝜎, 𝜃), (𝑙𝜌, 𝑚𝜎, 𝑛𝜃), ...}, (1.3.22)

is a prime period-two solution of System (1.1.2). Then, we have

𝜌 = 𝑎 + 𝜎𝑝

𝑏(𝑚𝜎)𝑝 + 𝑐𝜎𝑝 , 𝑙𝜌 = 𝑎 + (𝑚𝜎)𝑝
𝑏𝜎𝑝 + 𝑐(𝑚𝜎)𝑝 ,

𝜎 = 𝑑 + 𝜃𝑞

𝑒(𝑛𝑙𝜃)𝑞 + 𝑓 𝜃𝑞
, 𝑚𝜎 = 𝑑 + (𝑛𝜃)𝑞

𝑒𝜃𝑞 + 𝑓 (𝑛𝜃)𝑞 ,

𝜃 = (𝛼(𝑙𝜌)
𝑟 + 𝛽𝜌𝑟

𝛾(𝑙𝜌)𝑟 + 𝜆𝜌𝑟
)(𝑙𝜌)𝑠𝜌𝑡 , 𝑛𝜃 = (𝛼𝜌

𝑟 + 𝛽(𝑙𝜌)𝑟
𝛾𝜌𝑟 + 𝜆(𝑙𝜌)𝑟 )(𝑙𝜌)

𝑡𝜌𝑠 .

It follows that

𝜌 = 𝑎 + 1
𝑏𝑚𝑝 + 𝑐 , 𝑙𝜌 = 𝑎 + 𝑚𝑝

𝑏 + 𝑐𝑚𝑝 , (1.3.23)

𝜎 = 𝑑 + 1
𝑒𝑛𝑞 + 𝑓

, 𝑚𝜎 = 𝑑 + 𝑛𝑞

𝑒 + 𝑓 𝑛𝑞
, (1.3.24)

𝜃 = (𝛼𝑙
𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆
)𝑙𝑠𝜌𝑠+𝑡 , 𝑛𝜃 = (𝛼 + 𝛽𝑙𝑟

𝛾 + 𝜆𝑙𝑟
)𝑙𝑡𝜌𝑠+𝑡 . (1.3.25)

From (1.3.23)-(1.3.25) and (1.3.22) we get

𝑎 + 𝑚𝑝

𝑏 + 𝑐𝑚𝑝 = 𝑙(𝑎 + 1
𝑏𝑚𝑝 + 𝑐 ),

𝑑 + 𝑛𝑞

𝑒 + 𝑓 𝑛𝑞
= 𝑚(𝑑 + 1

𝑒𝑛𝑞 + 𝑓
),

𝛼 + 𝛽𝑙𝑟

𝛾 + 𝜆𝑙𝑟
𝑙𝑡 = 𝑛(𝛼𝑙

𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆
)𝑙𝑠 .
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Now, we suppose that we have

𝑎 + 𝑚𝑝

𝑏 + 𝑐𝑚𝑝 = 𝑙(𝑎 + 1
𝑏𝑚𝑝 + 𝑐 ), 𝑑 +

𝑛𝑞

𝑒 + 𝑓 𝑛𝑞
= 𝑚(𝑑 + 1

𝑒𝑛𝑞 + 𝑓
), 𝛼 + 𝛽𝑙𝑟

𝛾 + 𝜆𝑙𝑟
𝑙𝑡 = 𝑛(𝛼𝑙

𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆
)𝑙𝑠 ,

where
𝜌 = 𝑎 + 1

𝑏𝑚𝑝 + 𝑐 , 𝜎 = 𝑑 + 1
𝑒𝑛𝑞 + 𝑓

, 𝜃 = ( 𝛼𝑙𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆𝜌𝑟
)𝑙𝑠(𝜌)𝑠+𝑡 .

Let
𝑢−1 = 𝑙𝜌, 𝑢0 = 𝜌, 𝑣−1 = 𝑚𝜎, 𝑣0 = 𝜎, 𝑤−1 = 𝑛𝜃, 𝑤0 = 𝜃.

Then, we obtain

𝑢1 = 𝑎 + 𝑣𝑝−1

𝑏𝑣𝑝0 + 𝑐(𝑣−1)𝑝
= 𝑎 + (𝑚𝜎)𝑝

𝑏𝜎𝑝 + 𝑐(𝑚𝜎)𝑝 = 𝑎 + 𝑚𝑝

𝑏 + 𝑐𝑚𝑝 = 𝑙(𝑎 + 1
𝑏𝑚𝑝 + 𝑐 ) = 𝑙𝜌 = 𝑢−1 ,

𝑣1 = 𝑑 + 𝑤𝑞
−1

𝑒𝑤𝑞
0 + 𝑓 𝑤𝑞

−1
= 𝑑 + (𝑛𝜃)𝑞

𝑒𝜃𝑞 + 𝑓 (𝑛𝜃)𝑞 = 𝑑 + 𝑛𝑞

𝑒 + 𝑓 𝑛𝑞

= 𝑚(𝑑 + 1
𝑒𝑛𝑞 + 𝑓

) = 𝑚𝜎 = 𝑣−1 ,

𝑤1 = (𝛼𝑢
𝑟
0 + 𝛽𝑢𝑟−1

𝛾𝑢𝑟0 + 𝜆𝑢𝑟−1
)𝑢𝑠0𝑢𝑡−1 = (𝛼𝜌

𝑟 + 𝛽(𝑙𝜌)𝑟
𝛾𝜌𝑟 + 𝜆(𝑙𝜌)𝑟 )𝑙

𝑠𝜌𝑠+𝑡 = (𝛼 + 𝛽𝑙𝑟

𝛾 + 𝜆𝑙𝑟
)𝑙𝑠𝜌𝑠+𝑡

= 𝑛(( 𝛼𝑙𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆𝜌𝑟
)𝑙𝑠(𝜌)𝑠+𝑡) = 𝑛𝜃 = 𝑤−1 ,

𝑢2 = 𝑎 + 𝑣𝑝0
𝑏𝑣𝑝1 + 𝑐𝑣𝑝0

= 𝑎 + 𝜎𝑝

𝑏(𝑚𝜎)𝑝 + 𝑐𝜎𝑝 = 𝑎 + 1
𝑏𝑚𝑝 + 𝑐 = 𝜌 = 𝑢0 ,

𝑣2 = 𝑑 + 𝑤𝑞
0

𝑒𝑤𝑞
1 + 𝑓 𝑤𝑞

0
= 𝑑 + 𝜃𝑞

𝑒(𝑛𝜃)𝑞 + 𝑓 𝜃
= 𝑑 + 1

𝑒𝑛𝑞 + 𝑓
= 𝜎 = 𝑣0 ,

𝑤2 =
𝛼𝑢𝑟1 + 𝛽𝑢𝑟0
𝛾𝑢𝑟1 + 𝜆𝑢𝑟0

𝑢𝑠1𝑢
𝑡
0 =

𝛼(𝑙𝜌)𝑟 + 𝛽𝜌

𝛾(𝑙𝜌)𝑟 + 𝜆𝜌𝑟
𝑙𝑠𝜌𝑠+𝑡 =

𝛼𝑙𝑟 + 𝛽

𝛾𝑙𝑟 + 𝜆
𝑙𝑠𝜌𝑠+𝑡 = 𝜃 = 𝑤0.

Hence, by induction we get

𝑢2𝑛−1 = 𝑙𝜌, 𝑢2𝑛 = 𝜌, 𝑣2𝑛−1 = 𝑚𝜎, 𝑣2𝑛 = 𝜎, 𝑤2𝑛−1 = 𝑛𝜃, 𝑤2𝑛 = 𝜃, 𝑛 = 0, 1, · · · .
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1.3.4 Numerical examples

In this part, we will illustrate our results by some numerical examples.
Example 1.21. Consider System (1.1.2) with the following parameters

𝑎 =
3
4
, 𝑏 =

1
2
, 𝑐 =

21
4
, 𝑒 =

1
4
, 𝑑 = 3, 𝑓 = 7

2
, 𝛼 = 1, 𝛽 =

3
2
,𝜆 =

3
2
, 𝛾 =

1
4
,

𝑝 = 2, 𝑞 = 1, 𝑟 = 1, 𝑠 = 2, 𝑡 = 1.

Then, System (1.1.2) becomes

𝑢𝑛+1 =
3
4
+ 𝑣2

𝑛−1

𝑣2
𝑛 + 1

2𝑣
2
𝑛−1

, 𝑣𝑛+1 = 3 + 𝑤𝑛−1
1
4𝑤𝑛 + 7

2𝑤𝑛−1
, 𝑤𝑛+1 =

(
2𝑢𝑛 + 3𝑢𝑛−1

3𝑢𝑛 + 1
2𝑢𝑛−1

)
𝑢2
𝑛𝑢𝑛−1 , 𝑛 ∈ N0.

(1.3.26)

The unique equilibrium point of this system is the point

(𝑢̄, 𝑣̄ , 𝑤̄) =
(85
92
,
49
15
,
330429
27008

)
≃ (0.924, 3.266, 1.126).

It’s easy to verify that the conditions of Theorem 1.19 are satisfied for System (1.3.26), and
then its unique equilibrium point (𝑢̄, 𝑣̄ , 𝑤̄) is globally asymptotically stable. We take the initial
values

𝑢−1 = 0.75, 𝑢0 = 0.9, 𝑣−1 = 3, 𝑣0 = 3.25, 𝑤−1 = 0.5, 𝑤0 = 1.5. (1.3.27)

Then, the plots of the sequences (𝑢𝑛)𝑛≥−1 , (𝑣𝑛)𝑛≥−1 and (𝑤𝑛)𝑛≥−1 of the solution of the System
(1.3.26) are shown in Figure 1.9, 1.10 and 1.11.
Example 1.22. Consider System (1.1.2) with the following parameters

𝑎 = 0.25, 𝑏 = 2.5, 𝑐 = 5.25, 𝑑 = 4.95, 𝑒 = 2, 𝑓 = 2.5, 𝛼 = 0.5, 𝛽 = 1.35,

𝜆 = 1, 𝛾 = 0.6, 𝑙 = 0.3, 𝑝 = 2, 𝑞 = 1, 𝑟 = 1, 𝑠 = 2, 𝑡 = 3.

Then, System (1.1.2) becomes

𝑢𝑛+1 =
1
4
+ 𝑣2

𝑛−1

2.5𝑣2
𝑛 + 5.25𝑣2

𝑛−1
,

𝑣𝑛+1 = 4.95 + 𝑤𝑛−1
2𝑤𝑛 + 2.5𝑤𝑛−1

, 𝑛 ∈ N0. (1.3.28)

𝑤𝑛+1 =

(
0.5𝑢𝑛 + 1.35𝑢𝑛−1
𝑢𝑛 + 0.6𝑢𝑛−1

)
𝑢2
𝑛𝑢

3
𝑛−1.

The equilibrium point of this system is the point

(𝑢̄ , 𝑣̄ , 𝑤̄) = ( 47
124

,
931
180

,
1159

128130
) ≃ (0.379, 5.172, 0.009).

It’s easy to verify that the conditions of Theorem 1.19 are satisfied for System (1.3.28), and then



1.3. Analysis of a Three-dimensional Rational System of Difference Equations: An extension
of System (1.1.1) 31

Figure 1.9: Plot of 𝑢𝑛 as given in (1.3.26) and
(1.3.27).

Figure 1.10: Plot of 𝑣𝑛 as given in (1.3.26)
and (1.3.27).

Figure 1.11: The sequence 𝑤𝑛 as give in (1.3.26) and (1.3.27).

its unique equilibrium point (𝑢̄ , 𝑣̄ , 𝑤̄) is globally asymptotically stable. We choose the initial
conditions as follows

𝑢−1 = 0.25, 𝑢0 = 0.4, 𝑣−1 = 4.95, 𝑣0 = 5.3, 𝑤−1 = 0.0008, 𝑤0 = 0.019. (1.3.29)

Then, the plots of the sequences (𝑢𝑛)𝑛≥−1 , (𝑣𝑛)𝑛≥−1, and (𝑤𝑛)𝑛≥−1 of the solution of the System
(1.3.28) are shown in Figure 1.12, 1.13 and 1.14.
Example 1.23. Consider System (1.1.2) with the following parameters

𝑎 =
7
36
, 𝑏 = 5, 𝑐 = 2, 𝑑 =

1061
292905

, 𝑒 = 25, 𝑓 = 45, 𝛼 =
36
23
, 𝛽 = 7,

𝜆 = 5, 𝛾 = 11, 𝑝 = 1, 𝑞 = 3, 𝑟 = 1, 𝑠 = 1, 𝑡 = 1.

Then, System (1.1.2) becomes

𝑢𝑛+1 =
7
36

+ 𝑣𝑛−1
5𝑣𝑛 + 2𝑣𝑛−1

,

𝑣𝑛+1 =
1061

292905
+ 𝑤3

𝑛−1

25𝑤3
𝑛 + 45𝑤3

𝑛−1
, 𝑛 ∈ N0. (1.3.30)

𝑤𝑛+1 =

(
36𝑢𝑛 + 161𝑢𝑛−1
253𝑢𝑛 + 115𝑢𝑛−1

)
𝑢𝑛𝑢𝑛−1 ,
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Figure 1.12: Plot of 𝑢𝑛 as given in (1.3.28)
and (1.3.29).

Figure 1.13: Plot of 𝑣𝑛 as given in (1.3.28)
and (1.3.29).

Figure 1.14: The sequence 𝑤𝑛 as give in (1.3.28) and (1.3.29).

By choosing 𝑙 = 2
3 , 𝑚 = 1

2 , 𝑛 = 2
3 and the initial conditions

𝑢−1 =
5
18
, 𝑢0 =

5
12
, 𝑣−1 =

665
85851

, 𝑣0 =
1330
85851

, 𝑤−1 =
125
2484

, 𝑤0 =
125
1656

, (1.3.31)

one can easily check that the following conditions of Theorem 1.20

𝑎 + 1
2𝑏 + 𝑐 =

2
3
𝑎 + 4

3(𝑏 + 2𝑐) ,

𝑑 + 8
27𝑒 + 8 𝑓

=
1
2
𝑑 + 27

2(8𝑒 + 27 𝑓 ) ,
3𝛼 + 2𝛽
3𝛾 + 2𝜆

=
4𝛼 + 6𝛽
6𝛾 + 9𝜆

,

are verified. Consequetly, System (1.3.30) has a prime period-two solution which is given by

𝑢2𝑛−1 =
5
18
, 𝑢2𝑛 =

5
12
, 𝑣2𝑛−1 =

665
58581

, 𝑣2𝑛 =
1330
58581

, 𝑤2𝑛−1 =
125
2484

, 𝑤2𝑛 =
125
1656

, 𝑛 = 0, 1, · · · .

The plots of the sequences (𝑢𝑛)𝑛≥−1 , (𝑣𝑛)𝑛≥−1, and (𝑤𝑛)𝑛≥−1 of the above periodic solution are
shown in Figure 1.15.
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Figure 1.15: The prime period-two solution of System (1.3.30) (𝑢−1 = 5
18 , 𝑢0 = 5

12 , 𝑣−1 = 665
85851 , 𝑣0 =

1330
85851 , 𝑤−1 = 125

2484 , 𝑤0 = 125
1656 .)

1.4 Analysis of a Three-Dimensional Rational System of dif-
ference equations: A Further Extension of System (1.1.1)

Motivated by the findings in the previous sections, we extend System (1.1.1) to the
three dimensional system (1.1.3). While the previously studied systems provided
foundational insights, the current system represents a more general case. By exam-
ining this broader framework, we extend the earlier results and confirm their validity
in a wider context. We adopt a similar approach, focusing on the global behavior of
solutions through boundedness analysis and the use of monotonicity properties of the
defining functions of System (1.1.3).

1.4.1 Local and global stability of the unique equilibrium point

In this part, we will focus on the global asymptotic behavior of the unique equilibrium
point of System (1.1.3). We begin by establishing conditions for the local stability then
we will provide conditions on the global attractivity.
Firstly, we define the 𝐶1 functions 𝜙,𝜓, 𝜉 : (0,+∞)2 → (0,+∞) by

𝜙(𝑥, 𝑦) =
(
𝑎𝑥𝑝 + 𝑏𝑦𝑝
𝑐𝑥𝑝 + 𝑑𝑦𝑝

)
𝑥𝑞𝑦𝑟 , 𝜓(𝑥, 𝑦) = 𝑒 + 𝑦𝑠

𝑓 𝑥𝑠 + ℎ𝑦𝑠 , 𝜉(𝑥, 𝑦) =
(
𝑔𝑥𝑡 + 𝑘𝑦𝑡
𝑙𝑥𝑡 + 𝑚𝑦𝑦

)
𝑥𝑢𝑦𝑣 ,

(1.4.1)

where 𝑝, 𝑞, 𝑟, 𝑠 , 𝑡 , 𝑢, 𝑣 ∈ N0 and the parameters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 , 𝑓 , ℎ, 𝑔, 𝑘, 𝑙, 𝑚 are positive
real numbers. The system (1.1.3) can be written as follows

𝑥𝑛+1 = 𝜙(𝑦𝑛 , 𝑦𝑛−1), 𝑦𝑛+1 = 𝜓(𝑧𝑛 , 𝑧𝑛−1), 𝑧𝑛+1 = 𝜉(𝑥𝑛 , 𝑥𝑛−1), 𝑛 ∈ N0.
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The vectorial form of system (1.1.3) is given below

𝑋𝑛+1 = 𝐹(𝑋𝑛), 𝑛 ∈ N0 , (1.4.2)

where 𝐹 : (0,+∞)6 → (0,+∞) is a 𝐶1 function defined by

𝐹(𝑥1 , 𝑥2 , 𝑦1 , 𝑦2 , 𝑧1 , 𝑧2) = (𝜙(𝑦1 , 𝑦2), 𝑥1 ,𝜓(𝑧1 , 𝑧2), 𝑦1 , 𝜉(𝑥1 , 𝑥2), 𝑧1),

and 𝑋𝑛 = (𝑥𝑛 , 𝑥𝑛−1 , 𝑦𝑛 , 𝑦𝑛−1 , 𝑧𝑛 , 𝑧𝑛−1).
System (1.1.3) has a unique equilibrium point of system (1.1.3) is given by

(𝑥̄ , 𝑦̄ , 𝑧̄) =
((
𝑎 + 𝑏
𝑐 + 𝑑

) (
𝑒 + 1

𝑓 + ℎ
) 𝑞+𝑟

, 𝑒 + 1
𝑓 + ℎ ,

(
𝑔 + 𝑘
𝑙 + 𝑚

) ((
𝑎 + 𝑏
𝑐 + 𝑑

)𝑢+𝑣 (
𝑒 + 1

𝑓 + ℎ
) (𝑞+𝑟)(𝑢+𝑣)))

.

Thus, the equilibrum point of system (1.4.2) is given by 𝑋̄ = (𝑥̄ , 𝑥̄ , 𝑦̄ , 𝑦̄ , 𝑧̄ , 𝑧̄) and the
corresponding linearized system is expressed as

𝑋𝑛+1 = 𝐽𝐹𝑋𝑛 , 𝑛 ∈ N0 , (1.4.3)

such that 𝐽𝐹 is the Jacobian matrix of the funtion 𝐹 about the equlibrium point 𝑋̄.
We now present the first main result on the stability of the equilibrium point.
Theorem 1.24. Consider system (1.1.3) and its equilibrium point (𝑥̄ , 𝑦̄ , 𝑧̄). Assume we have

|𝑐0| + |𝑐1| + |𝑐2| + |𝑐3| < 1,

where

𝑐0 =

[
𝑡(𝑔𝑚 − 𝑘𝑙) + 𝑢(𝑔 + 𝑘)(𝑙 + 𝑚)] [

𝑝(𝑎𝑑 − 𝑏𝑐) + 𝑞(𝑎 + 𝑏)(𝑐 + 𝑑)]
(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] ,

𝑐1 =
−[(𝑔 + 𝑘)(𝑙 + 𝑚) ((𝑎 + 𝑏)(𝑐 + 𝑑)(𝑢(1 − 𝑟) − 𝑞𝑣) + (𝑎𝑑 − 𝑏𝑐)(2𝑢 − 𝑝𝑣)) + 𝑡(𝑔𝑚 − 𝑘𝑙)(𝑎𝑐 + 4𝑎𝑑 − 2𝑏𝑐 + 𝑏𝑑)]

(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] ,

𝑐2 =
−[(𝑔 + 𝑘)(𝑙 + 𝑚) ((𝑎 + 𝑏)(𝑐 + 𝑑)(𝑣(𝑞 − 𝑟) + 𝑢) + (𝑏𝑐 − 𝑎𝑑)(𝑢 − 2𝑝𝑣)) + 𝑡(𝑔𝑚 − 𝑘𝑙)(𝑎𝑐 + 2𝑏𝑐 + 𝑏𝑑)]

(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] ,

𝑐3 =

[−𝑡(−𝑔𝑚 + 𝑘𝑙) + 𝑣(𝑔 + 𝑘)(𝑙 + 𝑚)] [
𝑝(−𝑎𝑑 + 𝑏𝑐) + 𝑟(𝑎 + 𝑏)(𝑐 + 𝑑)]

(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] .

Then the equilibrium point (𝑥̄ , 𝑦̄ , 𝑧̄) is locally asymptotically stable.

Proof. Consider the linearized system associated with (1.1.3), as defined in (1.4.3). We



1.4. Analysis of a Three-Dimensional Rational System of difference equations: A Further
Extension of System (1.1.1) 35

calculate the Jacobian matrix 𝐽𝐹 about 𝑋̄, we obtain

𝐽𝐹 =

©­­­­­­­­­«

0 0 𝐴 𝐵 0 0
1 0 0 0 0 0
0 0 0 0 𝐶 𝐷

0 0 1 0 0 0
𝐸 𝐹 0 0 0 0
0 0 0 0 1 0

ª®®®®®®®®®¬
where

𝐴 =
[𝑒( 𝑓 + ℎ) + 1]𝑞+𝑟−1[(𝑎𝑑 − 𝑏𝑐)𝑝 + (𝑎 + 𝑏)(𝑐 + 𝑑)𝑞]

( 𝑓 + ℎ)𝑞+𝑟−1(𝑐 + 𝑑)2 ,

𝐵 =
[𝑒( 𝑓 + ℎ) + 1]𝑞+𝑟−1[(−𝑎𝑑 + 𝑏𝑐)𝑝 + (𝑎 + 𝑏)(𝑐 + 𝑑)𝑟]

( 𝑓 + ℎ)𝑞+𝑟−1(𝑐 + 𝑑)2 ,

𝐶 =
− 𝑓 𝑠(𝑙 + 𝑚)(𝑐 + 𝑑)𝑢+𝑣( 𝑓 + ℎ)(𝑞+𝑟)(𝑢+𝑣)

(𝑔 + 𝑘)( 𝑓 + ℎ)2(𝑎 + 𝑏)𝑢+𝑣[𝑒( 𝑓 + ℎ) + 1](𝑞+𝑟)(𝑢+𝑣) ,

𝐷 =
𝑓 𝑠(𝑙 + 𝑚)(𝑐 + 𝑑)𝑢+𝑣( 𝑓 + ℎ)(𝑞+𝑟)(𝑢+𝑣)

(𝑔 + 𝑘)( 𝑓 + ℎ)2(𝑎 + 𝑏)𝑢+𝑣[𝑒( 𝑓 + ℎ) + 1](𝑞+𝑟)(𝑢+𝑣) ,

𝐸 =
(𝑎 + 𝑏)𝑢+𝑣−1[𝑒( 𝑓 + ℎ) + 1](𝑞+𝑟)(𝑢+𝑣−1)[(𝑔𝑚 − 𝑘𝑙)𝑡 + (𝑔 + 𝑘)(𝑙 + 𝑚)𝑢]

(𝑙 + 𝑚)2(𝑐 + 𝑑)𝑢+𝑣−1( 𝑓 + ℎ)𝑢+𝑣−1 ,

𝐹 =
(𝑎 + 𝑏)𝑢+𝑣−1[𝑒( 𝑓 + ℎ) + 1](𝑞+𝑟)(𝑢+𝑣−1)[(−𝑔𝑚 + 𝑘𝑙)𝑡 + (𝑔 + 𝑘)(𝑙 + 𝑚)𝑣]

(𝑙 + 𝑚)2(𝑐 + 𝑑)𝑢+𝑣−1( 𝑓 + ℎ)𝑢+𝑣−1 .

The characteristic polynomial Φ(𝜆) is given by Φ(𝜆) = 𝐷𝑒𝑡(𝐽𝐹 − 𝜆𝐼6).We find

Φ(𝜆) = 𝜆6 + 𝑐0𝜆
3 + 𝑐1𝜆

2 + 𝑐2𝜆 + 𝑐3 ,

such that

𝑐0 =

[
𝑡(𝑔𝑚 − 𝑘𝑙) + 𝑢(𝑔 + 𝑘)(𝑙 + 𝑚)] [

𝑝(𝑎𝑑 − 𝑏𝑐) + 𝑞(𝑎 + 𝑏)(𝑐 + 𝑑)]
(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] , (1.4.4)

𝑐1 =
−[(𝑔 + 𝑘)(𝑙 + 𝑚) ((𝑎 + 𝑏)(𝑐 + 𝑑)(𝑢(1 − 𝑟) − 𝑞𝑣) + (𝑎𝑑 − 𝑏𝑐)(2𝑢 − 𝑝𝑣)) + 𝑡(𝑔𝑚 − 𝑘𝑙)(𝑎𝑐 + 4𝑎𝑑 − 2𝑏𝑐 + 𝑏𝑑)]

(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] ,

(1.4.5)

𝑐2 =
−[(𝑔 + 𝑘)(𝑙 + 𝑚) ((𝑎 + 𝑏)(𝑐 + 𝑑)(𝑣(𝑞 − 𝑟) + 𝑢) + (𝑏𝑐 − 𝑎𝑑)(𝑢 − 2𝑝𝑣)) + 𝑡(𝑔𝑚 − 𝑘𝑙)(𝑎𝑐 + 2𝑏𝑐 + 𝑏𝑑)]

(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] ,

(1.4.6)

𝑐3 =

[−𝑡(−𝑔𝑚 + 𝑘𝑙) + 𝑣(𝑔 + 𝑘)(𝑙 + 𝑚)] [
𝑝(−𝑎𝑑 + 𝑏𝑐) + 𝑟(𝑎 + 𝑏)(𝑐 + 𝑑)]

(𝑎 + 𝑏)(𝑐 + 𝑑)( 𝑓 + ℎ)(𝑙 + 𝑚)(𝑔 + 𝑘)[𝑒( 𝑓 + ℎ) + 1] . (1.4.7)

Let Φ1(𝜆) = 𝜆6 and Φ2(𝜆) = −𝑐0𝜆3 − 𝑐1𝜆2 − 𝑐2𝜆 − 𝑐3. Assume we have

|𝑐0| + |𝑐1| + |𝑐2| + |𝑐3| < 1,

By applying Rouché’s theorem, we find that the roots of Φ(𝜆) lie in the unit disk.
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Thus, from the linearized stability Theorem 1.1, the equlibrium point (𝑥̄ , 𝑦̄ , 𝑧̄) is locally
asymptotically stable.

Now, to examine the global attractivity of the equilibrium point for System (1.1.3), we
first verify the boundedness of the solutions, we have the following lemma.
Lemma 1.25. Consider System (1.1.3) and let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 be a well defined solution for
(1.1.3). then the sequences

{(𝑥𝑛), (𝑦𝑛), (𝑧𝑛)}𝑛≥−1 are bounded and we have

𝑒𝑞+𝑟 min
(
𝑎
𝑐
,
𝑏
𝑑

)
≤ 𝑥𝑛 ≤

(
𝑒 + 1

ℎ

) 𝑞+𝑟
max

(
𝑎
𝑐
,
𝑏
𝑑

)
, 𝑛 = 3, 4, . . . ,

𝑒 ≤ 𝑦𝑛 ≤ 𝑒 + 1
ℎ
, 𝑛 = 1, 2, . . . ,

𝑒(𝑞+𝑟)(𝑢+𝑣) min
(
𝑔
𝑙
,
𝑘
𝑚

)
min

(
𝑎
𝑐
,
𝑏
𝑑

)𝑢+𝑣
≤ 𝑧𝑛 ≤ max

(
𝑔
𝑙
,
𝑘
𝑚

) [(
𝑒 + 1

ℎ

)
max

(
𝑎
𝑐
,
𝑏
𝑑

)]𝑢+𝑣
, 𝑛 = 5, 6, . . . .

Proof. Let
{(𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)}𝑛≥−1 be a solution of System (1.1.3). It’s easily seen from the

second equation in (1.1.3) that

𝑒 ≤ 𝑦𝑛+1 ≤ 𝑒 + 1
ℎ
, 𝑛 = 0, 1, . . . ,

which implies that
𝑒 ≤ 𝑦𝑛 ≤ 𝑒 + 1

ℎ
, 𝑛 = 1, 2, . . . , (1.4.8)

and
𝑒 ≤ 𝑦𝑛−1 ≤ 𝑒 + 1

ℎ
, 𝑛 = 2, 3, . . . . (1.4.9)

Now, we calculate

𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1
− 𝑎
𝑐
=

(𝑏𝑐 − 𝑎𝑑)𝑦𝑝𝑛−1

𝑐(𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1)
,

and

𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1
− 𝑏
𝑑
=

(𝑎𝑑 − 𝑏𝑐)𝑦𝑝𝑛
𝑑(𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1)

,

Then, it follows that
𝑎
𝑐
≤ 𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1
≤ 𝑏
𝑑
,

if 𝑏𝑐 − 𝑎𝑑 ≥ 0, and
𝑏
𝑑
≤ 𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1
≤ 𝑎
𝑐
,

if 𝑏𝑐 − 𝑎𝑑 ≤ 0, thus we have

min
(
𝑎
𝑐
,
𝑏
𝑑

)
≤ 𝑎𝑦𝑝𝑛 + 𝑏𝑦𝑝𝑛−1

𝑐𝑦𝑝𝑛 + 𝑑𝑦𝑝𝑛−1
≤ max

(
𝑎
𝑐
,
𝑏
𝑑

)
, 𝑛 = 0, 1, . . . (1.4.10)
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From the first equation in (1.1.3) and the inequalities in (1.4.8),(1.4.9) and (1.4.10), we
obtain

𝑒𝑞+𝑟 min
(
𝑎
𝑐
,
𝑏
𝑑

)
≤ 𝑥𝑛+1 ≤

(
𝑒 + 1

ℎ

) 𝑞+𝑟
max

(
𝑎
𝑐
,
𝑏
𝑑

)
, 𝑛 = 2, 3, . . . ,

it follows that

𝑒𝑞+𝑟 min
(
𝑎
𝑐
,
𝑏
𝑑

)
≤ 𝑥𝑛 ≤

(
𝑒 + 1

ℎ

) 𝑞+𝑟
max

(
𝑎
𝑐
,
𝑏
𝑑

)
, 𝑛 = 3, 4, . . . , (1.4.11)

and also

𝑒𝑞+𝑟 min
(
𝑎
𝑐
,
𝑏
𝑑

)
≤ 𝑥𝑛−1 ≤

(
𝑒 + 1

ℎ

) 𝑞+𝑟
max

(
𝑎
𝑐
,
𝑏
𝑑

)
, 𝑛 = 4, 5, . . . . (1.4.12)

Similarly, we calculate

𝑔𝑥𝑡𝑛 + 𝑘𝑥𝑡𝑛−1

𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1
− 𝑔
𝑙
=

(𝑘𝑙 − 𝑔𝑚)𝑥𝑡𝑛−1

𝑙(𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1)
,

and

𝑔𝑥𝑡𝑛 + 𝑘𝑥𝑡𝑛−1

𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1
− 𝑘
𝑚

=
(𝑔𝑚 − 𝑘𝑙)𝑥𝑡𝑛

𝑚(𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1)
,

it follows that,

min
(
𝑔
𝑙
,
𝑘
𝑚

)
≤ 𝑔𝑥𝑡𝑛 + 𝑘𝑥𝑡𝑛−1

𝑙𝑥𝑡𝑛 + 𝑚𝑥𝑡𝑛−1
≤ max

(
𝑔
𝑙
,
𝑘
𝑚

)
, 𝑛 = 0, 1, . . . , (1.4.13)

From the third equation in (1.1.3) and the inequalitites (1.4.11),(1.4.12) and (1.4.13),
we obtain

𝑒(𝑞+𝑟)(𝑢+𝑣) min
(
𝑔
𝑙
,
𝑘
𝑚

)
min

(
𝑎
𝑐
,
𝑏
𝑑

)𝑢+𝑣
≤ 𝑧𝑛+1 ≤ max

(
𝑔
𝑙
,
𝑘
𝑚

) [(
𝑒 + 1

ℎ

)
max

(
𝑎
𝑐
,
𝑏
𝑑

)]𝑢+𝑣
, 𝑛 = 4, 5, . . . ,

it follows that,

𝑒(𝑞+𝑟)(𝑢+𝑣) min
(
𝑔
𝑙
,
𝑘
𝑚

)
min

(
𝑎
𝑐
,
𝑏
𝑑

)𝑢+𝑣
≤ 𝑧𝑛 ≤ max

(
𝑔
𝑙
,
𝑘
𝑚

) [(
𝑒 + 1

ℎ

)
max

(
𝑎
𝑐
,
𝑏
𝑑

)]𝑢+𝑣
, 𝑛 = 5, 6, . . . ,

(1.4.14)

In the following, we define the constants

𝛼1 := 𝑎
𝑐
𝑒𝑞+𝑟 , 𝛽1 := 𝑏

𝑑

(
𝑒 + 1

ℎ

) 𝑞+𝑟
, 𝛼2 := 𝑒 , 𝛽2 := 𝑒 + 1

ℎ
,
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𝛼3 := 𝑒(𝑞+𝑟)(𝑢+𝑣) min
(
𝑔
𝑙
,
𝑘
𝑚

) ( 𝑎
𝑐

)𝑢+𝑣
, 𝛽3 := max

(
𝑔
𝑙
,
𝑘
𝑚

) [
𝑏
𝑑

(
𝑒 + 1

ℎ

)]𝑢+𝑣
.

Remark 1.26. From Lemma 1.25, we have

𝛼1 ≤ 𝑥𝑛 ≤ 𝛽1 , 𝑛 = 3, 4, . . . , 𝛼2 ≤ 𝑦𝑛 ≤ 𝛽2 , 𝑛 = 1, 2, . . . ,

𝛼3 ≤ 𝑧𝑛 ≤ 𝛽3 , 𝑛 = 5, 6, . . . . (1.4.15)

Let 𝐼 =
[
𝛼1 , 𝛽1

]
, 𝐽 =

[
𝛼2 , 𝛽2

]
, 𝐾 =

[
𝛼3 , 𝛽3

]
. If we have 𝑥−1 , 𝑥0 ∈ 𝐼 , 𝑦−1 , 𝑦0 ∈ 𝐽 and

𝑧−1 , 𝑧0 ∈ 𝐾, then the set 𝐼 × 𝐽 × 𝐾 is an invariant set of solutions for System (1.1.3).
In the next Lemma, we will provide conditions to ensure the monotonocity of all func-
tions 𝜙, 𝜓 and 𝜉.
Lemma 1.27. Consider the functions 𝜙,𝜓 and 𝜉 defined in (1.4.1). Then we have

• The function 𝜓 is decreasing in 𝑥 for all 𝑦 and increasing in 𝑦 for all 𝑥.
• Assume we have the following

𝑏𝑐−𝑎𝑑 ≥ 0, 𝑝(𝑎𝑑−𝑏𝑐)+(𝑞+𝑟)(𝑎𝑑+𝑏𝑐) ≥ 0, 𝑔𝑚(𝑡+𝑢)+𝑘𝑙(𝑢−𝑡) ≥ 0, 𝑔𝑚(𝑣−𝑡)+𝑘𝑙(𝑣+𝑡) ≥ 0,

Then the functions 𝜙 and 𝜉 are increasing in 𝑥 for all 𝑦 and increasing in 𝑦 for all 𝑥.

Proof. The result follows directly from the computation of the partial derivatives of 𝜙,
𝜓 and 𝜉 as shown below

𝜕𝜙

𝜕𝑥
(𝑥, 𝑦) = 𝑥𝑞𝑟−1(𝑥2𝑝𝑎𝑐(𝑞 + 𝑟) + 𝑥𝑝𝑦𝑝(𝑝(𝑎𝑑 − 𝑏𝑐) + (𝑞 + 𝑟)(𝑎𝑑 + 𝑏𝑐)) + 𝑦2𝑝𝑏𝑑(𝑞 + 𝑟))

(𝑐𝑥𝑝 + 𝑑𝑦𝑝)2 ≥ 0,

𝜕𝜙

𝜕𝑦
(𝑥, 𝑦) = 𝑦𝑝−1𝑥𝑞+𝑟+𝑝𝑝(𝑏𝑐 − 𝑎𝑑)

(𝑐𝑥𝑝 + 𝑑𝑦𝑝)2 ≥ 0,

𝜕𝜓

𝜕𝑥
(𝑥, 𝑦) = − 𝑓 𝑠𝑥𝑠−1𝑦𝑠

( 𝑓 𝑥𝑠 + ℎ𝑦𝑠)2 ≤ 0,
𝜕𝜓

𝜕𝑦
(𝑥, 𝑦) = 𝑓 𝑠𝑥𝑠𝑦𝑠−1

( 𝑓 𝑥𝑠 + ℎ𝑦𝑠)2 ≥ 0,

𝜕𝜉

𝜕𝑥
(𝑥, 𝑦) = 𝑥𝑢−1𝑦𝑣(𝑥2𝑡 𝑔𝑙𝑢 + 𝑥𝑡𝑦𝑡(𝑔𝑚(𝑡 + 𝑢) + 𝑘𝑙(𝑢 − 𝑡)) + 𝑦2𝑡 𝑘𝑚𝑢)

(𝑙𝑥𝑡 + 𝑚𝑦𝑡)2 ≥ 0,

𝜕𝜉

𝜕𝑦
(𝑥, 𝑦) = 𝑥𝑢𝑦𝑣−1(𝑥2𝑡 𝑔𝑙𝑣 + 𝑥𝑡𝑦𝑡(𝑔𝑚(𝑣 − 𝑡) + 𝑘𝑙(𝑡 + 𝑣)) + 𝑦2𝑡 𝑘𝑚𝑣)

(𝑙𝑥𝑡 + 𝑚𝑦𝑡)2 ≥ 0,

Building on the previous Lemmas, we establish the global attractivity of the equilib-
rium point of System (1.1.3).
Theorem 1.28. Consider System (1.1.3) with (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 a well defined solution for it.
Assume the following conditions hold
(1) 𝑏𝑐 − 𝑎𝑑 ≥ 0, 𝑝(𝑎𝑑 − 𝑏𝑐) + (𝑞 + 𝑟)(𝑎𝑑 + 𝑏𝑐) ≥ 0,
(2) 𝑔𝑚(𝑡 + 𝑢) + 𝑘𝑙(𝑢 − 𝑡) ≥ 0, 𝑔𝑚(𝑣 − 𝑡) + 𝑘𝑙(𝑣 + 𝑡) ≥ 0,
(3) 1 − 𝐿 > 0,
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where

𝐿 =

[
𝛽

2𝑝+𝑞+𝑟−1
2 (𝑎 + 𝑏)(2𝑝 + 𝑞 + 𝑟)

𝛼
2𝑝
2 (𝑐 + 𝑑)

] [ 2𝑠𝛽2𝑠−1
3

𝛼2𝑠
3 ( 𝑓 + ℎ)

] [
𝛽𝑢+𝑣−1

1 (𝑢 + 𝑣) (𝑔 + 𝑘)
𝑙 + 𝑚

]
.

Then the equilibrium point (𝑥̄ , 𝑦̄ , 𝑧̄) is a global attractor.
Proof. FromLemma1.25, it follows that the supremumand infimumof (𝑥𝑛)𝑛≥−1 , (𝑦𝑛)𝑛≥−1

and (𝑧𝑛)𝑛≥−1 exist. Let

𝑚1 = lim inf
𝑛→∞ 𝑥𝑛 , 𝑀1 = lim sup

𝑛→∞
𝑥𝑛 , (1.4.16)

𝑚2 = lim inf
𝑛→∞ 𝑦𝑛 , 𝑀2 = lim sup

𝑛→∞
𝑦𝑛 , (1.4.17)

𝑚3 = lim inf
𝑛→∞ 𝑧𝑛 , 𝑀3 = lim sup

𝑛→∞
𝑧𝑛 . (1.4.18)

We have for 𝜖 ∈ (0,min(𝑚1 , 𝑚2 , 𝑚3)):

∃𝑛1 ∈ N, ∃𝑚1 , 𝑀1 ∈ R+ : 𝑚1 − 𝜖1 ≤ 𝑥𝑛 ≤ 𝑀1 + 𝜖1 ,

∃𝑛2 ∈ N, ∃𝑚2 , 𝑀2 ∈ R+ : 𝑚2 − 𝜖2 ≤ 𝑦𝑛 ≤ 𝑀2 + 𝜖2 ,

∃𝑛3 ∈ N, ∃𝑚3 , 𝑀3 ∈ R+ : 𝑚3 − 𝜖3 ≤ 𝑧𝑛 ≤ 𝑀3 + 𝜖3.

Let 𝑛0 = max {𝑛1 , 𝑛2 , 𝑛3}. So, it follows that, for all 𝑛 ≥ 𝑛0 ,

𝑚1 − 𝜖 ≤ 𝑥𝑛 ≤ 𝑀1 + 𝜖, 𝑚2 − 𝜖 ≤ 𝑦𝑛 ≤ 𝑀2 + 𝜖, 𝑚3 − 𝜖 ≤ 𝑧𝑛 ≤ 𝑀3 + 𝜖, 𝑛 ≥ 𝑛0.

From the assumption (1) and Lemma 1.27, the function 𝜙 is increasing in both argu-
ments for all (𝑥, 𝑦) ∈ (0,+∞)2. Then, we have

𝜙(𝑚2 − 𝜖, 𝑚2 − 𝜖) ≤ 𝜙(𝑦𝑛 , 𝑦𝑛−1) ≤ 𝜙(𝑀2 + 𝜖, 𝑀2 + 𝜖), ∀𝑛 ≥ 𝑛0 + 1,

using the continiuty of 𝜙, we obtain

𝜙(𝑚2 , 𝑚2) ≤ 𝑥𝑛+1 ≤ 𝜙(𝑀2 , 𝑀2), ∀𝑛 ≥ 𝑛0 + 1.

From (1.4.16), we get

𝜙(𝑚2 , 𝑚2) ≤ 𝑚1 ≤ 𝑀1 ≤ 𝜙(𝑀2 , 𝑀2). (1.4.19)

This implies that

𝑀1 − 𝑚1 ≤ 𝜙(𝑀2 , 𝑀2) − 𝜙(𝑚2 , 𝑚2),

≤
(
𝑎𝑀𝑝

2 + 𝑏𝑀𝑝
2

𝑐𝑀𝑝
2 + 𝑑𝑀𝑝

2

)
𝑀𝑞+𝑟

2 −
(
𝑎𝑚𝑝

2 + 𝑏𝑚𝑝
2

𝑐𝑚𝑝
2 + 𝑑𝑚𝑝

2

)
𝑚𝑞+𝑟

2 ,
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≤
(
𝑎 + 𝑏
𝑐 + 𝑑

)
(𝑀𝑞+𝑟

2 − 𝑚𝑞+𝑟
2 ),

≤
(
𝑎 + 𝑏
𝑐 + 𝑑

) (
𝑀𝑞+𝑟−1

2 +𝑀𝑞+𝑟−2
2 𝑚2 + · · · + 𝑚𝑞+𝑟−1

2

)
(𝑀2 − 𝑚2),

≤ (𝑎 + 𝑏)(𝑞 + 𝑟)
𝑐 + 𝑑 𝑀𝑞+𝑟−1

2 (𝑀2 − 𝑚2).

From (1.4.15), we deduce
𝛼2 ≤ 𝑚2 ≤ 𝑀2 ≤ 𝛽2.

Thus, we obtain

𝑀1 − 𝑚1 ≤ 𝛽
𝑞+𝑟−1
2 (𝑎 + 𝑏)(𝑞 + 𝑟)

𝑐 + 𝑑 (𝑀2 − 𝑚2) . (1.4.20)

Now, since the function 𝜓 is decreasing in 𝑥 for all 𝑦 and increasing in 𝑦 for all 𝑥, then
we have for all 𝑛 ≥ 𝑛0

𝜓(𝑀3 + 𝜖, 𝑚3 − 𝜖) ≤ 𝜓(𝑧𝑛 , 𝑧𝑛−1) ≤ 𝜓(𝑚3 − 𝜖, 𝑀3 + 𝜖), 𝑛 ≥ 𝑛0 + 1.

By using the continuity of 𝜓, we have

𝜓(𝑀3 , 𝑚3) ≤ 𝑦𝑛+1 ≤ 𝜓(𝑚3 , 𝑀3), 𝑛 ≥ 𝑛0 + 1.

From (1.4.16), we get

𝜓(𝑀3 , 𝑚3) ≤ 𝑚2 ≤ 𝑀2 ≤ 𝜓(𝑚3 , 𝑀3). (1.4.21)

It follows that

𝑀2 − 𝑚2 ≤ 𝜓(𝑚3 , 𝑀3) − 𝜓(𝑀3 , 𝑚3),
≤ 𝑀𝑠

3
𝑓 𝑚𝑠

3 + ℎ𝑀𝑠
3
− 𝑚𝑠

3
𝑓 𝑀𝑠

3 + ℎ𝑚𝑠
3
,

≤ 1
𝑓 + ℎ

(
𝑀2𝑠

3 − 𝑚2𝑠
3

𝑀𝑠
3𝑚

𝑠
3

)
,

≤ 1
( 𝑓 + ℎ)

(𝑀𝑠
3 + 𝑚𝑠

3)(𝑀𝑠
3 − 𝑚𝑠

3)
𝑚2𝑠

3
,

≤ 1
( 𝑓 + ℎ)𝑚2𝑠

3

(
𝑀𝑠−1

3 +𝑀𝑠−2
3 𝑚3 + · · · + 𝑚𝑠−1

3
) (𝑀3 − 𝑚3) .

Then

𝑀2 − 𝑚2 ≤ 2𝑠𝑀2𝑠−1
3

𝑚2𝑠
3

(𝑀3 − 𝑚3) ,
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From (1.4.15) and (1.4.16), we obtain the following inequality

𝛼3 ≤ 𝑚3 ≤ 𝑀3 ≤ 𝛽3 ,

then
𝑀2𝑠−1

3

𝑚2𝑠
3

≤ 𝛽2𝑠−1
3

𝛼2𝑠
3
.

Thus, we have

𝑀2 − 𝑚2 ≤ 2𝑠𝛽2𝑠−1
3

𝛼2𝑠
3

(𝑀3 − 𝑚3) . (1.4.22)

From the assumption (2) and Lemma 1.27, the function 𝜉 is increasing in both argu-
ments for all (𝑥, 𝑦) ∈ (0,+∞)2. Then, we have

𝜉(𝑚1 − 𝜖, 𝑚1 − 𝜖) ≤ 𝜉(𝑥𝑛 , 𝑥𝑛−1) ≤ 𝜉(𝑀1 + 𝜖, 𝑀1 + 𝜖), 𝑛 ≥ 𝑛0 + 1,

since the function 𝜉 is continous, we get

𝜉(𝑚1 , 𝑚1) ≤ 𝑧𝑛+1 ≤ 𝜉(𝑀1 , 𝑀1), 𝑛 ≥ 𝑛0 + 1.

From (1.25), we have for 𝑛 = 2, 3, . . . , 𝛼3 ≤ 𝑧𝑛 ≤ 𝛽3 and by using (1.4.16), we obtain

𝜉(𝑚1 , 𝑚1) ≤ 𝑚3 ≤ 𝑀3 ≤ 𝜉(𝑀1 , 𝑀1).

Consequently,

𝑀3 − 𝑚3 ≤ 𝜉(𝑀1 , 𝑀1) − 𝜉(𝑚1 , 𝑚1),

≤
(
𝑔𝑀𝑡

1 + 𝑘𝑀𝑡
1

𝑙𝑀𝑡
1 + 𝑚𝑀𝑡

1

)
𝑀𝑢+𝑣

1 −
(
𝑔𝑚𝑡

1 + 𝑘𝑚𝑡
1

𝑙𝑚𝑡
1 + 𝑚𝑚𝑡

1

)
𝑚𝑢+𝑣

1 ,

≤
(
𝑔 + 𝑘
𝑙 + 𝑚

) (
𝑀𝑢+𝑣

1 − 𝑚𝑢+𝑣
1

)
,

≤
(
𝑔 + 𝑘
𝑙 + 𝑚

) (
𝑀𝑢+𝑣−1

1 +𝑀𝑢+𝑣−2
1 𝑚1 + · · · + 𝑚𝑢+𝑣−1

1
) (𝑀1 − 𝑚1) ,

≤
(
𝑔 + 𝑘
𝑙 + 𝑚

)
(𝑢 + 𝑣)𝑀𝑢+𝑣−1

1 (𝑀1 − 𝑚1) .

Since we have
𝛼1 ≤ 𝑚1 ≤ 𝑀1 ≤ 𝛽1

we get
𝑀𝑢+𝑣−1

1 ≤ 𝛽𝑢+𝑣−1 ,

𝑀3 − 𝑚3 ≤ 𝛽𝑢+𝑣−1
1 (𝑔 + 𝑘)(𝑢 + 𝑣)

𝑙 + 𝑚 (𝑀1 − 𝑚1) . (1.4.23)
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Now, from (1.4.20) , (1.4.22) and (1.4.23), we obtain

𝑀1 − 𝑚1 ≤
[
(𝑎 + 𝑏)(𝑞 + 𝑟)𝛽𝑞+𝑟−1

2
𝑐 + 𝑑

] [ 2𝑠𝛽2𝑠−1
3

𝛼2𝑠
3 ( 𝑓 + ℎ)

] [
𝛽𝑢+𝑣−1

1 (𝑢 + 𝑣) (𝑔 + 𝑘)
𝑙 + 𝑚

]
(𝑀1 − 𝑚1) .

We have
(𝑀1 − 𝑚1)(1 − 𝐿) ≤ 0.

From the assumption, we have 1 − 𝐿 > 0, which implies 𝑀1 − 𝑚1 ≤ 0 thus 𝑀1 = 𝑚1,
and it follows 𝑀2 = 𝑚2 and 𝑀3 = 𝑚3.
Then we obtain

lim
𝑛→∞ 𝑥𝑛 = 𝜙(𝑀2 , 𝑀2) = 𝑥̄ =

(
𝑎 + 𝑏
𝑐 + 𝑑

) (
1 + 1

𝑓 + ℎ
) 𝑞+𝑟

,

lim
𝑛→∞ 𝑦𝑛 = 𝜓(𝑀3 , 𝑀3) = 𝑦̄ = 𝑒 + 1

𝑓 + ℎ ,

lim
𝑛→∞ 𝑧𝑛 = 𝜉(𝑀1 , 𝑀1) = 𝑧̄ =

(
𝑔 + 𝑘
𝑙 + 𝑚

) ((
𝑎 + 𝑏
𝑐 + 𝑑

)𝑢+𝑣 (
1 + 1

𝑓 + ℎ
) (𝑞+𝑟)(𝑢+𝑣))

.

In summary, we proved the following result,
Theorem 1.29. Consider System (1.1.3) and let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 a well defined solution for
it. Assume the following conditions hold

1. 𝑏𝑐 − 𝑎𝑑 ≥ 0, 𝑝(𝑎𝑑 − 𝑏𝑐) + (𝑞 + 𝑟)(𝑎𝑑 + 𝑏𝑐) ≥ 0,
2. 𝑔𝑚(𝑡 + 𝑢) + 𝑘𝑙(𝑢 − 𝑡) ≥ 0, 𝑔𝑚(𝑣 − 𝑡) + 𝑘𝑙(𝑣 + 𝑡) ≥ 0,
3. 1 − 𝐿 > 0,
4. |𝑐1| + |𝑐2| + |𝑐3| + |𝑐4| < 1, where 𝑐1 , 𝑐2 , 𝑐3 , 𝑐4 are given in (1.4.4)-(1.4.7).

and

𝐿 =

[
𝛽

2𝑝+𝑞+𝑟−1
2 (𝑎 + 𝑏)(2𝑝 + 𝑞 + 𝑟)

𝛼
2𝑝
2 (𝑐 + 𝑑)

] [ 2𝑠𝛽2𝑠−1
3

𝛼2𝑠
3 ( 𝑓 + ℎ)

] [
𝛽𝑢+𝑣−1

1 (𝑢 + 𝑣) (𝑔 + 𝑘)
𝑙 + 𝑚

]
.

Then, the equilibrium point (𝑥̄ , 𝑦̄ , 𝑧̄) is globally asymptotically stable.

1.4.2 Existence of periodic solutions

In this part, we establish necessary and sufficient conditions for the existence of prime
period-two solutions of System (1.1.3).
Theorem 1.30. Consider System (1.1.3) and let 𝛼,𝑏 𝑒𝑡𝑎𝜎 ∈ R such that (𝛼−1)(𝛽−1)(𝜎−1) ≠
0, then there exists a prime period two solution{

. . . , (𝜌, 𝜇, 𝜃), (𝛼𝜌, 𝛽𝜇, 𝜎𝜃), (𝜌, 𝜇, 𝜃), (𝛼𝜌, 𝛽𝜇, 𝜎𝜃), . . . } ,
if and only if
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𝛼𝛽𝑞
(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)
= 𝛽𝑟

𝑎 + 𝑏𝛽𝑝
𝑐 + 𝑑𝛽𝑝 , 𝛽

(
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
)
= 𝑒 + 𝜎𝑠

𝑓 + ℎ𝜎𝑠 ,

𝜎𝛼𝑢
(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

)
= 𝛼𝑣

𝑔 + 𝑘𝛼𝑡
𝑙 + 𝑚𝛼𝑡

,

where

𝜌 = 𝛽𝑞
(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

) (
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
) 𝑞+𝑟

, 𝜇 = 𝑒 + 1
𝑓 𝜎𝑠 + ℎ ,

𝜃 = 𝛼𝑢𝛽𝑞(𝑢+𝑣)
(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

) (
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)𝑢+𝑣 (
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
) (𝑞+𝑟)(𝑢+𝑣)

.

Proof. Suppose that{
. . . , (𝜌, 𝜇, 𝜃), (𝛼𝜌, 𝛽𝜇, 𝜎𝜃), (𝜌, 𝜇, 𝜃), (𝛼𝜌, 𝛽𝜇, 𝜎𝜃)} ,

is a periodic prime two solution for System (1.1.3), then from (1.1.3), we get

𝜌 =

(
𝑎(𝛽𝜇)𝑝 + 𝑏𝜇𝑝
𝑐(𝛽𝜇)𝑝 + 𝑑𝜇𝑝

)
𝜇𝑞(𝛽𝜇)𝑟 , 𝛼𝜌 =

(
𝑎𝜇𝑝 + 𝑏(𝛽𝜇)𝑝
𝑐𝜇𝑝 + 𝑑(𝛽𝜇)𝑝

)
, (1.4.24)

𝜇 = 𝑒 + 𝜃𝑠

𝑓 (𝜎𝜃)𝑠 + ℎ𝜃𝑠 , 𝛽𝜇 = 𝑒 + (𝜎𝜃)𝑠
𝑓 𝜃𝑠 + ℎ(𝜎𝜃)𝑠 , (1.4.25)

𝜃 =

(
𝑔(𝛼𝜌)𝑡 + 𝑘𝜌𝑡
𝑙(𝛼𝜌)𝑡 + 𝑚𝜌𝑡

)
𝜌𝑢(𝛼𝜌)𝑣 , 𝜎𝜃 =

(
𝑔𝜌𝑡 + 𝑘(𝛼𝜌)𝑡
𝑙𝜌𝑡 + 𝑚(𝛼𝜌)𝑡

)
𝜌𝑢(𝛼𝜌)𝑣 . (1.4.26)

It follows that,

𝜌 =

(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)
𝛽𝑟𝜇𝑞+𝑟 , 𝛼𝜌 =

(
𝑎 + 𝑏𝛽𝑝
𝑐 + 𝑑𝛽𝑝

)
, (1.4.27)

𝜇 = 𝑒 + 1
𝑓 𝜎𝑠 + ℎ , 𝛽𝜇 = 𝑒 + 𝜎𝑠

𝑓 + ℎ𝜎𝑠 , (1.4.28)

𝜃 =

(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

)
𝛼𝑣𝜌𝑢+𝑣 , 𝜎𝜃 =

(
𝑔 + 𝑘𝛼𝑡
𝑙 + 𝑚𝛼𝑡

)
𝛼𝑣𝜌𝑢+𝑣 . (1.4.29)

Then, we obtain

𝜌 = 𝛽𝑞
(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

) (
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
) 𝑞+𝑟

, 𝜇 = 𝑒 + 1
𝑓 𝜎𝑠 + ℎ ,

𝜃 = 𝛼𝑢𝛽𝑞(𝑢+𝑣)
(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

) (
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)𝑢+𝑣 (
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
) (𝑞+𝑟)(𝑢+𝑣)

.

From we get,

𝛼𝛽𝑞
(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)
= 𝛽𝑟

(
𝑎 + 𝑏𝛽𝑝
𝑐 + 𝑑𝛽𝑝

)
,
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𝛽

(
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
)
= 𝑒 + 𝜎𝑠

𝑓 + ℎ𝜎𝑠 ,

𝜎𝛼𝑢
(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

)
= 𝛼𝑣

𝑔 + 𝑘𝛼𝑡
𝑙 + 𝑚𝛼𝑡

.

Now, suppose that we have the following

𝜌 =

(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)
𝛽𝑞𝜇𝑞+𝑟 , 𝛼𝜌 =

(
𝑎 + 𝑏𝛽𝑝
𝑐 + 𝑑𝛽𝑝

)
𝛽𝑟𝜇𝑞+𝑟 , (1.4.30)

𝜇 = 𝑒 + 1
𝑓 𝜎𝑠 + ℎ , 𝛽𝜇 = 𝑒 + 𝜎𝑠

𝑓 + ℎ𝜎𝑠 , (1.4.31)

𝜃 =

(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

)
𝛼𝑣𝜌𝑢+𝑣 , 𝜎𝜃 =

(
𝑔 + 𝑘𝛼𝑡
𝑙 + 𝑚𝛼𝑡

)
𝛼𝑣𝜌𝑢+𝑣 . (1.4.32)

such that

𝜌 = 𝛽𝑞
(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

) (
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
) 𝑞+𝑟

, 𝜇 = 𝑒 + 1
𝑓 𝜎𝑠 + ℎ ,

𝜃 = 𝛼𝑢𝛽𝑞(𝑢+𝑣)
(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

) (
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)𝑢+𝑣 (
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
) (𝑞+𝑟)(𝑢+𝑣)

,

and let
𝑥−1 = 𝛼𝜌, 𝑥0 = 𝜌, 𝑦−1 = 𝛽𝜇, 𝑦0 = 𝜇, 𝑧−1 = 𝜎𝜃, 𝑧0 = 𝜃,

then, we have

𝑥1 =

(
𝑎𝑦𝑝0 + 𝑏𝑦𝑝−1

𝑐𝑦𝑝0 + 𝑦𝑝−1

)
𝑦𝑞0 𝑦

𝑟
−1 ,

=

(
𝑎𝜇𝑝 + 𝑏(𝛽𝜇)𝑝
𝑐𝜇𝑝 + (𝛽𝜇)𝑝

)
𝜇𝑞(𝛽𝜇)𝑟 ,

=

(
𝑎 + 𝑏𝛽𝑝
𝑐 + 𝛽𝑝

)
𝛽𝑟𝜇𝑞+𝑟 ,

= 𝛼

(
𝑎𝛽𝑝 + 𝑏
𝑐𝛽𝑝 + 𝑑

)
𝛽𝑞𝜇𝑞+𝑟 ,

= 𝛼𝜌 = 𝑥−1 ,

𝑦1 = 𝑒 + 𝑧𝑠−1
𝑓 𝑧𝑠0 + ℎ𝑧𝑠−1

= 𝑒 + (𝜎𝜃)𝑠
𝑓 𝜃𝑠 + ℎ(𝜎𝜃)𝑠 = 𝑒 + 𝜎𝑠

𝑓 + ℎ𝜎𝑠 = 𝛽

(
𝑒 + 1

𝑓 𝜎𝑠 + ℎ
)
= 𝛽𝜇 = 𝑦−1 ,

𝑧1 =

(
𝑔𝑥𝑡0 + 𝑘𝑥𝑡−1

𝑙𝑥𝑡0 + 𝑚𝑥𝑡−1

)
𝑥𝑢0 𝑥

𝑣
−1 ,

=

(
𝑔𝜌𝑡 + 𝑘(𝛼𝜌)𝑡
𝑙𝜌𝑡 + 𝑚(𝛼𝜌)𝑡

)
𝜌𝑢(𝛼𝜌)𝑣 ,
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=

(
𝑔 + 𝑘𝛼𝑡
𝑙 + 𝑚𝛼𝑡

)
𝛼𝑣𝜌𝑢+𝑣 ,

= 𝜎

(
𝑔𝛼𝑡 + 𝑘
𝑙𝛼𝑡 + 𝑚

)
𝛼𝑢𝜌𝑢+𝑣 ,

= 𝜎𝜃 = 𝑧−1 ,

𝑥2 =

(
𝑎𝑦𝑝1 + 𝑏𝑦𝑝0
𝑐𝑦𝑝1 + 𝑑𝑦𝑝0

)
𝑦𝑞1 𝑦

𝑟
0 =

(
𝑎(𝛽𝜇)𝑝 + 𝑏𝜇𝑝
𝑐(𝛽𝜇)𝑝 + 𝑑𝜇𝑝

)
(𝛽𝜇)𝑞𝜇𝑟 =

(
𝑎𝛽𝑝9𝑏
𝑐𝛽𝑝 + 𝑑

)
𝛽𝑞𝜇𝑞+𝑟 = 𝜌 = 𝑥0 ,

𝑦2 = 𝑒 + 𝑧𝑠0
𝑓 𝑧𝑠1 + ℎ𝑧𝑠0

= 𝑒 + 𝜃𝑠

𝑓 (𝜎𝜃)𝑠 + ℎ𝜃𝑠 = 𝑒 + 1
𝑓 + ℎ𝜎𝑠 = 𝑦0 = 𝜇,

𝑧2 =

(
𝑔𝑥𝑡1 + 𝑙𝑥𝑡0
𝑙𝑥𝑡1 + 𝑚𝑥𝑡0

)
𝑥𝑢1 𝑥

𝑣
0 =

(
𝑔(𝛼𝜌)𝑡 + 𝑙𝜌𝑡
𝑙(𝛼𝜌)𝑡 + 𝑚𝜌𝑡

)
(𝛼𝜌)𝑢𝜌𝑣 =

(
𝑔𝛼𝑡 + 𝑙
𝑙𝛼𝑡 + 𝑚

)
𝛼𝑢𝜌𝑢+𝑣 = 𝜃 = 𝑧0.

By induction on 𝑛 = 0, 1, . . . , we find

𝑥2𝑛−1 = 𝛼𝜌, 𝑥2𝑛 = 𝜌, 𝑦2𝑛−1 = 𝛽𝜇, 𝑦2𝑛 = 𝜇, 𝑧2𝑛−1 = 𝜎𝜃, 𝑧2𝑛 = 𝜃, 𝑛 = 0, 1, 2, . . .

1.4.3 Numerical Examples

In the following, we will illustrate our results by some numerical examples.
Example 1.31. Consider System (1.1.3) where the parameters are given by:

𝑎 = 5.5, 𝑏 = 3.264, 𝑐 = 4.32, 𝑑 = 2.45, 𝑒 = 2.21, 𝑓 = 0.1, 𝑔 = 2.7, ℎ = 3.3, 𝑘 = 2.43,

𝑙 = 3.52, 𝑚 = 2.310, 𝑝 = 1, 𝑞 = 3, 𝑟 = 2, 𝑠 = 2, 𝑡 = 1, 𝑢 = 3, 𝑣 = 3.

We obtain for 𝑛 = 0, 1, . . . , the following system

𝑥𝑛+1 =

(
5.5𝑦𝑛 + 3.264𝑦𝑛−1

4.32𝑦𝑛 + 2.45𝑦𝑛−1

)
𝑦3
𝑛𝑦

2
𝑛−1 , 𝑦𝑛+1 = 2.21 + 𝑧2

𝑛−1

0.1𝑧2
𝑛 + 3.3𝑧2

𝑛−1
, 𝑧𝑛+1 =

(
2.7𝑥𝑛 + 2.43𝑥𝑛−1

3.52𝑥𝑛 + 2.310𝑥𝑛−1

)
𝑥3
𝑛𝑥

3
𝑛−1.

(1.4.33)

Let the initial values be

𝑥−1 = 1.913, 𝑥0 = 0.75, 𝑦−1 = 0.45, 𝑦0 = 0.41, 𝑧−1 = 0.595.𝑧0 = 2.01, (1.4.34)

The equilibrium point of System (1.4.33) is given by

(𝑥̄ , 𝑦̄ , 𝑧̄) = (129, 2.51, 4.08 × 1012).

It’s not hard to verify that the conditions of Theorem 1.29 are satisfied, thus the equilibrium
point of System (1.4.33) is globally asymptotically stable. The plots of solutions for System



46
1. Global Behavior of Three Classes of Rational Systems of Difference Equations with

Arbitrary Powers

(1.4.33) are shown in Figure 1.16, 1.17 and 1.18.

Figure 1.16: Plot of 𝑥𝑛 as given in (1.4.33)
and (1.4.34).

Figure 1.17: Plot of 𝑦𝑛 as given in (1.4.33)
and (1.4.34).

Figure 1.18: The sequence 𝑧𝑛 as give in (1.4.33) and (1.4.34).

Now, we give example for periodic solutions of System (1.1.3).
Example 1.32. Consider the system defined in (1.1.3) with the choice of parameters

𝑎 = 25, 𝑏 = 2, 𝑐 = 55, 𝑑 = 1, 𝑒 = 2, 𝑓 = 2, 𝑔 = 1, ℎ = 0.01,

𝑘 = 1, 𝑙 = 3.5, 𝑚 = 4.5, 𝑝 = 1, 𝑞 = 2, 𝑟 = 3, 𝑠 = 2, 𝑡 = 2, 𝑢 = 2, 𝑣 = 4.

Then, (1.1.3) becomes 

𝑥𝑛+1 =

(
25 𝑦𝑛 + 2 𝑦𝑛−1

55 𝑦𝑛 + 𝑦𝑛−1

)
𝑦2
𝑛𝑦

3
𝑛−1 ,

𝑦𝑛+1 = 2 + 𝑧2
𝑛−1

2 𝑧2
𝑛 + 0.01 𝑧2

𝑛−1
, 𝑛 ∈ N0 ,

𝑧𝑛+1 =

(
𝑥2
𝑛 + 𝑥2

𝑛−1

3.5 𝑥2
𝑛 + 4.5 𝑥2

𝑛−1

)
𝑥2
𝑛𝑥

4
𝑛−1.

(1.4.35)
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Moreover let 𝛼 = 187032
1393 , 𝛽 = 51, 𝜎 = 142189732, one can verify easily that the conditions for

Theorem 1.30 are satisfied, and consequently, (1.4.35) has a prime period-two solution which
is given by

𝑥2𝑛−1 = 5.086 × 106 , 𝑥2𝑛 = 37878.569, 𝑦2𝑛−1 = 102, 𝑦2𝑛 = 2, 𝑧2𝑛−1 = 1.817 × 1022 ,

𝑧2𝑛 = 1.278 × 1014.

The plots of the sequences (𝑥𝑛)𝑛≥−1 , (𝑦𝑛)𝑛≥−1 and (𝑧𝑛)𝑛≥−1 of the above periodic solution for
the initial values

𝑥−1 = 5.086 × 106 , 𝑥0 = 37878.569, 𝑦−1 = 102, 𝑦0 = 2, 𝑧−1 = 1.817 × 1022 ,

𝑧0 = 1.278 × 1014.

are shown in Figures 1.19, 1.20 and 1.21.

Figure 1.19: Plot of the sequence (𝑥𝑛)𝑛≥−1 as de-
fined in (1.4.35).

Figure 1.20: Plot of the sequence (𝑦𝑛)𝑛≥−1 as de-
fined in (1.4.35).

Figure 1.21: Plot of the sequence (𝑧𝑛)𝑛≥−1 as defined in (1.4.35).



2
Dynamics of positive solutions

in a three-dimensional difference
equations systemwith rational terms

2.1 Introduction

The previous chapter examined several classes of rational difference equation systems,
focusing on their global behavior, stability, and periodicity. In this chapter, we explore a
different class of difference equation systemswith rational terms. Although the overall
goal remains consistent namely, the investigation of long-term behavior of the positive
solutions, the system studied here differ in structure and present new results.
Before presenting the main system, we introduce several studied equations and sys-
tems that inspired this investigation.
For example, in [7] Amleh et al. investigated the qualitative behavior of the positive
solutions of the second-order rational difference equation

𝑥𝑛+1 = 𝛼 + 𝑥𝑛−1
𝑥𝑛

, 𝑛 ∈ N0 ,

where 𝛼 is a nonnegative real number and the initial values 𝑥−1 , 𝑥0 are arbitrary positive
real numbers. In [45], Kulenović et al. studied the qualitative behavior of the positive
solutions of the equation

𝑥𝑛+1 =
𝛼𝑥𝑛 + 𝛽𝑥𝑛−1

𝛾𝑥𝑛 + 𝜎𝑥𝑛−1
, 𝑛 ∈ N0 ,

where the parameters 𝛼, 𝛽, 𝛾, 𝜎 and the initial values 𝑥−1 , 𝑥0 are arbitrary positive real
numbers. More recently, Tollu et al. [56] analyzed the system

𝑢𝑛+1 =
𝛼1𝑢𝑛−1

𝛽1 + 𝛾1𝑣
𝑝
𝑛−2

, 𝑣𝑛+1 =
𝛼2𝑣𝑛−1

𝛽2 + 𝛾2𝑤
𝑞
𝑛−2

, 𝑤𝑛+1 =
𝛼3𝑤𝑛−1

𝛽3 + 𝛾3𝑢𝑟𝑛−2
, 𝑛 ∈ N0.

48
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where all parameters 𝛼𝑖 , 𝛽𝑖 , 𝛾𝑖 , 𝑖 = 1, · · · 3 and 𝑝, 𝑞, 𝑟 are positive real numbers and the
initial values 𝑢−𝑗 , 𝑣−𝑗 and𝑤−𝑗 are non negative real numbers. In [42], Kara et al. studied
the following cyclic system

𝑥𝑛+1 =
𝑦𝑛𝑦𝑛−2

𝑏𝑥𝑛−1 + 𝑎𝑦𝑛−2
, 𝑦𝑛+1 =

𝑧𝑛𝑧𝑛−2
𝑑𝑦𝑛−1 + 𝑐𝑧𝑛−2

, 𝑧𝑛+1 =
𝑥𝑛𝑥𝑛−2

𝑓 𝑧𝑛−1 + 𝑒𝑥𝑛−2
,

where the parameters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 , 𝑓 and the initial values 𝑥−𝑖 , 𝑦−𝑖 , 𝑧−𝑖 , 𝑖 = 1, · · · , 3 are
real numbers. In this chapter, we consider the following system of rational difference
equations

𝑥𝑛+1 = 3𝑎1 + 𝑎2
𝑥𝑛
𝑥𝑛−1

+ 𝑎3
𝑦𝑛

𝑦𝑛 + 𝑦𝑛−1
+ 𝑎4

𝑧𝑛
𝑧𝑛−1

,

𝑦𝑛+1 = 3𝑏1 + 𝑏2
𝑥𝑛−1
𝑥𝑛

+ 𝑏3
𝑦𝑛−1

𝑦𝑛
+ 𝑏4

𝑧𝑛−1
𝑧𝑛

, 𝑛 ∈ N0 , (2.1.1)

𝑧𝑛+1 = 3𝑐1 + 𝑐2
𝑥𝑛−1

𝑥𝑛 + 𝑥𝑛−1
+ 𝑐3

𝑦𝑛−1

𝑦𝑛 + 𝑦𝑛−1
+ 𝑐4

𝑧𝑛−1
𝑧𝑛 + 𝑧𝑛−1

,

where all parameters 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑖 ∈ {1, 2, 3, 4} are non-negative real numbers and initial
values 𝑥−𝑗 , 𝑦−𝑗 , 𝑧−𝑗 , 𝑗 ∈ {0, 1} are positive real numbers.
We begin our analysis by establishing sufficient conditions for the boundedness of so-
lutions. We then examine the local asymptotic behavior and global attractivity of the
unique equilibrium point and investigate the existence of periodic solutions. Theo-
retical results are supported by numerical simulations that illustrate key dynamical
behaviors.
This class of systems is of interest due to its mathematical structure and its relevance to
variousmodels in appliedmathematics. Understanding the behavior of their solutions
can enrich the general theory of nonlinear discrete systems and provide new insights
into the dynamics of rational difference equations.

2.2 Boundedness of the solutions

In this section, we establish sufficient conditions for the boundedness of the positive
solutions of System (2.1.1). We present the following theorem as the first result in this
chapter.
Theorem 2.1. Consider System (2.1.1) such that 𝑎1 , 𝑏1 , 𝑐1 > 0. Let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 be a
solution of this system. We assume, in addition, that the following statements hold.

• 𝑎2 < 𝑎1 and 𝑥0 , 𝑥−1 ∈ (𝑎2 ,+∞).
• 𝑏3 < 𝑏1 and 𝑦0 , 𝑦−1 ∈ (𝑏3 ,+∞).

Then, every solution (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 of System (2.1.1) is bounded.

Proof. First, it is easy to see that

𝑐1 ≤ 𝑐1 +
4∑
𝑖=2

𝑐𝑖
𝑣

𝑢 + 𝑣 ≤
4∑
𝑖=1

𝑐𝑖 ,
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for all (𝑢, 𝑣) ∈ (0,+∞)2. Since the initial values 𝑥−𝑗 , 𝑦−𝑗 , 𝑧−𝑗 , 𝑗 = 0, 1 are positive real
numbers, therefore, for all 𝑛 ≥ 0, we have

𝑐1 ≤ 𝑐1 + 𝑐2
𝑥𝑛−1

𝑥𝑛 + 𝑥𝑛−1
+ 𝑐3

𝑦𝑛−1

𝑦𝑛 + 𝑦𝑛−1
+ 𝑐4

𝑧𝑛−1
𝑧𝑛 + 𝑧𝑛−1

≤
4∑
𝑖=1

𝑐𝑖 . (2.2.1)

That is

𝑐1 ≤ 𝑧𝑛+1 ≤
4∑
𝑖=1

𝑐𝑖 , 𝑛 ≥ 0.

Thus,

𝑐1 ≤ 𝑧𝑛 ≤
4∑
𝑖=1

𝑐𝑖 , 𝑛 ≥ 1.

Let 𝛼3 := min{𝑧0 , 𝑧−1 , 𝑐1} and 𝛽3 := max{𝑧0 , 𝑧−1 ,
∑4
𝑖=1 𝑐𝑖}. Then, we have

𝛼3 ≤ 𝑧𝑛 ≤ 𝛽3 , 𝑛 ≥ −1. (2.2.2)

That is, the sequence (𝑧𝑛)𝑛≥−1 is bounded. Furthermore, we have

1
𝛽3

≤ 1
𝑧𝑛

≤ 1
𝛼3
, 𝑛 ≥ −1. (2.2.3)

Also, we have
𝛼3 ≤ 𝑧𝑛−1 ≤ 𝛽3 , 𝑛 ≥ 0, (2.2.4)

then
1
𝛽3

≤ 1
𝑧𝑛−1

≤ 1
𝛼3
. 𝑛 ≥ 0. (2.2.5)

Hence, from (2.2.3) and (2.2.5), we obtain

𝛼3
𝛽3

≤ 𝑧𝑛
𝑧𝑛−1

≤ 𝛽3

𝛼3
, 𝑛 ≥ 0, (2.2.6)

and
𝛼3
𝛽3

≤ 𝑧𝑛−1
𝑧𝑛

≤ 𝛽3

𝛼3
, 𝑛 ≥ 0. (2.2.7)

Now, from the first equation of System (2.1.1), we have

𝑥𝑛+1 ≥ 𝑎1 , 𝑛 ≥ 0.

Let 𝛼1 := min{𝑎1 , 𝑥0 , 𝑥−1}. This implies that

𝑥𝑛 ≥ 𝛼1 , 𝑛 ≥ −1.

It follows that
𝑥𝑛−1 ≥ 𝛼1 , 𝑛 ≥ 0,
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Then
1

𝑥𝑛−1
≤ 1

𝛼1
, 𝑛 ≥ 0. (2.2.8)

Now, from (2.2.6), (2.2.8) and the first equation of System (2.1.1), we obtain

𝑥𝑛+1 ≤ 𝑎1 + 𝑎2
𝛼1
𝑥𝑛 + 𝑎3 + 𝑎4

𝛽3

𝛼3
, 𝑛 ≥ 0.

We define the sequence
𝑢𝑛+1 = 𝐴 + 𝑎2

𝛼1
𝑢𝑛 , 𝑛 ∈ N0 , (2.2.9)

such that 𝑢0 = 𝑥0 , 𝑢−1 = 𝑥−1 and 𝐴 = 𝑎1 + 𝑎3 + 𝑎4
𝛽3
𝛼3
. By applying the Comparison

Theorem (see [27]), we have
𝑥𝑛 ≤ 𝑢𝑛 , 𝑛 ≥ −1. (2.2.10)

To prove that (𝑥𝑛)𝑛≥−1 is bounded from above, it suffices to prove that (𝑢𝑛)𝑛≥−1 is
bounded. The equation (2.2.9) is a nonhomogeneous linear difference equation of first
order and its general solution is given by

𝑢𝑛 =


(
𝑎2
𝛼1

)𝑛
𝑢0 + 𝐴

1−
(
𝑎2
𝛼1

)𝑛
1− 𝑎2

𝛼1
, if 𝑎2

𝛼1
≠ 1,

𝑢0 + 𝐴𝑛, if 𝑎2
𝛼1

= 1.

Since we have 𝑎2
𝛼1

< 1. Then, we obtain

𝑢𝑛 ≤ 𝑢0 + 𝐴 1
1 − 𝑎2

𝛼1

= 𝑢0 + 𝐴𝛼1
𝛼1 − 𝑎2

, 𝑛 ≥ 0. (2.2.11)

From (2.2.10) and (2.2.11), we obtain

𝑥𝑛 ≤ 𝑥0 + 𝐴𝛼1
𝛼1 − 𝑎2

, 𝑛 ≥ 0.

Let 𝛽1 := max
{
𝑥−1 , 𝑥0 + 𝐴𝛼1

𝛼1−𝑎2

}
. Then, we have

𝛼1 ≤ 𝑥𝑛 ≤ 𝛽1 , 𝑛 ≥ −1. (2.2.12)

which indicates that the sequence (𝑥𝑛)𝑛≥−1 is bounded.
Now, from the second equation of System (2.1.1), we have

𝑦𝑛+1 ≥ 𝑏1 , 𝑛 ≥ 0,

Then,
𝑦𝑛 ≥ 𝑏1 , 𝑛 ≥ 1,

Let 𝛼2 := min
{
𝑦0 , 𝑦−1 , 𝑏1

}
, this implies that

𝑦𝑛 ≥ 𝛼2 , 𝑛 ≥ −1,
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then, we get
1
𝑦𝑛

≤ 1
𝛼2
, 𝑛 ≥ −1. (2.2.13)

From (2.2.12), we have
1
𝛽1

≤ 1
𝑥𝑛

≤ 1
𝛼1
, 𝑛 ≥ −1,

and also
𝛼1 ≤ 𝑥𝑛−1 ≤ 𝛽1 , 𝑛 ≥ 0.

It follows that
𝛼1
𝛽1

≤ 𝑥𝑛−1
𝑥𝑛

≤ 𝛽1

𝛼1
, 𝑛 ≥ 0. (2.2.14)

Using the inequalities (2.2.7), (2.2.13) and (2.2.14) in the second equation of System
(2.1.1), we get

𝑦𝑛+1 ≤ 𝑏1 + 𝑏2
𝛽1

𝛼1
+ 𝑏3

𝑦𝑛−1

𝛼2
+ 𝑏4

𝛽3

𝛼3
, 𝑛 ≥ 0.

Consider the following nonhomogeneous linear difference equation of second order

𝑣𝑛+1 = 𝐵 + 𝑏3
𝛼2
𝑣𝑛−1 , 𝑛 ∈ N0 , (2.2.15)

such that 𝐵 = 𝑏1 + 𝑏2
𝛽1
𝛼1

+ 𝑏4
𝛽3
𝛼3

and the initial conditions 𝑣0 = 𝑦0 and 𝑣−1 = 𝑦−1 . Using
the comparison theorem, we have

𝑦𝑛 ≤ 𝑣𝑛 , 𝑛 ≥ −1. (2.2.16)

To prove that (𝑦𝑛)𝑛≥−1 is bounded, it suffices to prove that the sequence (𝑣𝑛)𝑛≥−1 is
bounded. The general solution of Equation (2.2.15) is given by

𝑣𝑛 = 𝑘1

(√
𝑏3
𝛼2

)𝑛
+ 𝑘2

(
−
√
𝑏3
𝛼2

)𝑛
+ 𝛼2𝐵

𝛼2 − 𝑏3
, 𝑛 ≥ −1,

where 𝑘1 and 𝑘2 are arbitrary constants which can be found easily using the initial
conditions. We solve the two equalities

𝑣−1 = 𝑘1

√
𝛼2
𝑏3

− 𝑘2

√
𝛼2
𝑏3

+ 𝛼2𝐵
𝛼2−𝑏3

,

𝑣0 = 𝑘1 + 𝑘2 + 𝛼2𝐵
𝛼2−𝑏3

,

We find

𝑘1 =
1
2

(
𝑦0 +

√
𝑏3
𝛼2
𝑦−1 −

(
1 +

√
𝑏3
𝛼2

)
𝛼2𝐵

𝛼2 − 𝑏3

)
,

and

𝑘2 =
1
2

(
𝑦0 −

√
𝑏3
𝛼2
𝑦−1 −

(
1 −

√
𝑏3
𝛼2

)
𝛼2𝐵

𝛼2 − 𝑏3

)
.
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From the hypothesis, we have
√

𝑏3
𝛼2

< 1. Then, we obtain for all 𝑛 ≥ 0

𝑣𝑛 ≤1
2

(
𝑦0 +

√
𝑏3
𝛼2
𝑦−1 −

(
1 +

√
𝑏3
𝛼2

)
𝛼2𝐵

𝛼2 − 𝑏3

)
+ (−1)𝑛 1

2

(
𝑦0 −

√
𝑏3
𝛼2
𝑦−1 −

(
1 −

√
𝑏3
𝛼2

)
𝛼2𝐵

𝛼2 − 𝑏3

)
+ 𝛼2𝐵

𝛼2 − 𝑏3
.

Then, for 𝑛 = 2𝑘 + 1, we have

𝑣𝑛 ≤ 𝑦−1 + 𝛼2𝐵
𝛼2 − 𝑏3

(
1 −

√
𝑏3
𝛼2

)
, 𝑛 ≥ 0,

and for 𝑛 = 2𝑘,
𝑣𝑛 ≤ 𝑦0 , 𝑛 ≥ 0,

Let 𝛽2 := max
{
𝑦0 , 𝑦−1 + 𝛼2𝐵

𝛼2−𝑏3

(
1 −

√
𝑏3
𝛼2

)}
, we get

𝑣𝑛 ≤ 𝛽2 , 𝑛 ≥ −1, (2.2.17)

Thus, from (2.2.13), (2.2.16) and (2.2.17), we have

𝛼2 ≤ 𝑦𝑛 ≤ 𝛽2 , 𝑛 ≥ −1. (2.2.18)

which indicates that the sequence
(
𝑦𝑛

)
𝑛≥−1 is bounded.

2.3 Global behavior of the positive solutions

In this section, wediscuss the global behavior of the positive solutions of System (2.1.1),
which include the local asymptotic stability and global attractivity of the unique equi-
librium point of System (2.1.1).

2.3.1 Local stability of the unique equilibrium point

To analyze the local stability of the equilibrium point of System (2.1.1), we apply the
linearized stability theorem. To obtain the linearized form of System (2.1.1), we con-
sider the 𝐶1 functions 𝑓1 , 𝑔1 , ℎ1 : (0,+∞)6 → (0,+∞), such that

𝑓1(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑎1 + 𝑎2
𝑢
𝑣
+ 𝑎3

𝑤
𝑤 + 𝑡 + 𝑎4

𝑟
𝑠
, (2.3.1)

𝑔1(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑏1 + 𝑏2
𝑣
𝑢
+ 𝑏3

𝑡
𝑤

+ 𝑏4
𝑠
𝑟
, (2.3.2)

ℎ1(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑐1 + 𝑐2
𝑣

𝑢 + 𝑣 + 𝑐3
𝑡

𝑤 + 𝑡 + 𝑐4
𝑠

𝑟 + 𝑠 , (2.3.3)

𝑓2(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑢, 𝑔2(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑤, ℎ2(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑟. (2.3.4)
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Now, we define the function 𝐹 : (0,+∞)6 → (0,+∞)6

𝑊 ↦→ 𝐹(𝑊) = (
𝑓1(𝑊), 𝑓2(𝑊), 𝑔1(𝑊), 𝑔2(𝑊), ℎ1(𝑊), ℎ2(𝑊)) ,

such that for𝑊 = (𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) ∈ (0,+∞)6. Then, the vector form of System (2.1.1) is
given by

𝑊𝑛+1 = 𝐹(𝑊𝑛), (2.3.5)

such that𝑊𝑛 = (𝑥𝑛 , 𝑥𝑛−1 , 𝑦𝑛 , 𝑦𝑛−1 , 𝑧𝑛 , 𝑧𝑛−1).
It’s easy to see that System (2.1.1) has a unique equilibrium point given by(

𝑥̄ , 𝑦̄ , 𝑧̄
)
=

(
𝑎1 + 𝑎2 + 1

2
𝑎3 + 𝑎4 , 𝑏1 + 𝑏2 + 𝑏3 + 𝑏4 , 𝑐1 + 1

2 (𝑐2 + 𝑐3 + 𝑐4)
)
.

Let 𝑊̄ denote the equilibrium point of System (2.3.5) which satisfies the equation 𝑊̄ =

𝐹(𝑊̄). Then 𝑊̄ = (𝑥̄ , 𝑥̄ , 𝑦̄ , 𝑦̄ , 𝑧̄ , 𝑧̄), where

𝑥̄ = 𝑎1 + 𝑎2 + 1
2
𝑎3 + 𝑎4 , 𝑦̄ = 𝑏1 + 𝑏2 + 𝑏3 + 𝑏4 , 𝑧̄ = 𝑐1 + 1

2 (𝑐2 + 𝑐3 + 𝑐4) .

The linearized system corresponding to System (2.3.5) is

𝑋𝑛+1 = 𝐽𝐹𝑋𝑛 ,

where 𝐽𝐹 is the Jacobian matrix of 𝐹 evaluated about the equilibrium point 𝑊̄ .

Nowwe present the following theoremwhich establishes the local stability of the equi-
librium point of System (2.1.1).
Theorem 2.2. Consider System (2.1.1). Assume the following condition holds

5∑
𝑖=0

|𝑃𝑖 | < 1.

where the coefficients 𝑃𝑖 , 𝑖 ∈ {0, . . . , 5} are defined as follows

𝑃0 =
1

16𝑥̄ 𝑦̄ 𝑧̄ (4𝑎2𝑏3𝑐4 − 4𝑎2𝑏4𝑐3 − 𝑎3𝑏2𝑐4 + 𝑎3𝑏4𝑐2 + 4𝑎4𝑏2𝑐3 − 4𝑎4𝑏3𝑐2) ,

𝑃1 =
1

16𝑥̄ 𝑦̄ 𝑧̄ (−12𝑎2𝑏3𝑐4 + 12𝑎2𝑏4𝑐3 + 3𝑎3𝑏2𝑐4 − 3𝑎3𝑏4𝑐2 − 12𝑎4𝑏2𝑐3 + 12𝑎4𝑏3𝑐2) ,

𝑃2 =
1

16𝑥̄ 𝑦̄ 𝑧̄
(4𝑥̄𝑏3𝑐4 − 4𝑥̄𝑏4𝑐3 − 4𝑦̄𝑎2𝑐4 + 4𝑦̄𝑎4𝑐2 − 16𝑧̄𝑎2𝑏3 + 4𝑧̄𝑎3𝑏2 + 12𝑎2𝑏3𝑐4 − 12𝑎2𝑏4𝑐3

− 3𝑎3𝑏2𝑐4 + 3𝑎3𝑏4𝑐2 + 12𝑎4𝑏2𝑐3 − 12𝑎4𝑏3𝑐2),
𝑃3 =

1
16𝑥̄ 𝑦̄ 𝑧̄

(−8𝑥̄𝑏3𝑐4 + 8𝑥̄𝑏4𝑐3 + 8𝑦̄𝑎2𝑐4 − 8𝑦̄𝑎4𝑐2 + 32𝑧̄𝑎2𝑏3 − 8𝑧̄𝑎3𝑏2 − 4𝑎2𝑏3𝑐4 + 4𝑎2𝑏4𝑐3

+ 𝑎3𝑏2𝑐4 − 𝑎3𝑏4𝑐2 − 4𝑎4𝑏2𝑐3 + 4𝑎4𝑏3𝑐2),
𝑃4 =

1
16𝑥̄ 𝑦̄ 𝑧̄

(−4𝑥̄ 𝑦̄𝑐4 − 16𝑥̄ 𝑧̄𝑏3 + 4𝑥̄𝑏3𝑐4 − 4𝑥̄𝑏4𝑐3 + 16𝑦̄ 𝑧̄𝑎2 − 4𝑦̄𝑎2𝑐4 + 4𝑦̄𝑎4𝑐2 − 16𝑧̄𝑎2𝑏3 + 4𝑧̄𝑎3𝑏2)
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𝑃5 =
1

16𝑥̄ 𝑦̄ 𝑧̄
(4𝑥̄ 𝑦̄𝑐4 + 16𝑥̄ 𝑧̄𝑏3 − 16𝑦̄ 𝑧̄𝑎2).

Then, the unique positive equilibrium point(
𝑥̄ , 𝑦̄ , 𝑧̄

)
=

(
3𝑎1 + 𝑎2 + 𝑎3

2
+ 𝑎4 , 3𝑏1 + 𝑏2 + 𝑏3 + 𝑏4 , 3𝑐1 + 1

2 (𝑐2 + 𝑐3 + 𝑐4)
)
,

of System (2.1.1) is locally asymptotically stable.

Proof. We begin by evaluating the Jacobian matrix 𝐽𝐹 about the equilibrium point 𝑊̄ .
We get

𝐽𝐹 =

©­­­­­­­­­­«

𝑎2
𝑥̄

−𝑎2
𝑥̄

𝑎3
4𝑦̄

𝑎3
4𝑦̄

𝑎4
𝑧̄

−𝑎4
𝑧̄

1 0 0 0 0 0
−𝑏2
𝑥̄

𝑏2
𝑥̄

−𝑏3
𝑦̄

𝑏3
𝑦̄

−𝑏4
𝑧̄

𝑏4
𝑧̄

0 0 1 0 0 0
−𝑐2
4𝑥̄

𝑐2
4𝑥̄

−𝑐3
4𝑦̄

𝑐3
4𝑦̄

−𝑐4
4𝑧̄

𝑐4
4𝑧̄

0 0 0 0 1 0

ª®®®®®®®®®®¬
The characteristic polynomial of the Jacobian matrix 𝐽𝐹 is found to be

𝑃(𝜆) = 𝜆6 + 𝑃5𝜆
5 + 𝑃4𝜆

4 + 𝑃3𝜆
3 + 𝑃2𝜆

2 + 𝑃1𝜆 + 𝑃0 ,

such that

𝑃0 =
1

16𝑥̄ 𝑦̄ 𝑧̄ (4𝑎2𝑏3𝑐4 − 4𝑎2𝑏4𝑐3 − 𝑎3𝑏2𝑐4 + 𝑎3𝑏4𝑐2 + 4𝑎4𝑏2𝑐3 − 4𝑎4𝑏3𝑐2) ,

𝑃1 =
1

16𝑥̄ 𝑦̄ 𝑧̄ (−12𝑎2𝑏3𝑐4 + 12𝑎2𝑏4𝑐3 + 3𝑎3𝑏2𝑐4 − 3𝑎3𝑏4𝑐2 − 12𝑎4𝑏2𝑐3 + 12𝑎4𝑏3𝑐2) ,

𝑃2 =
1

16𝑥̄ 𝑦̄ 𝑧̄
(4𝑥̄𝑏3𝑐4 − 4𝑥̄𝑏4𝑐3 − 4𝑦̄𝑎2𝑐4 + 4𝑦̄𝑎4𝑐2 − 16𝑧̄𝑎2𝑏3 + 4𝑧̄𝑎3𝑏2 + 12𝑎2𝑏3𝑐4 − 12𝑎2𝑏4𝑐3

− 3𝑎3𝑏2𝑐4 + 3𝑎3𝑏4𝑐2 + 12𝑎4𝑏2𝑐3 − 12𝑎4𝑏3𝑐2),
𝑃3 =

1
16𝑥̄ 𝑦̄ 𝑧̄

(−8𝑥̄𝑏3𝑐4 + 8𝑥̄𝑏4𝑐3 + 8𝑦̄𝑎2𝑐4 − 8𝑦̄𝑎4𝑐2 + 32𝑧̄𝑎2𝑏3 − 8𝑧̄𝑎3𝑏2 − 4𝑎2𝑏3𝑐4 + 4𝑎2𝑏4𝑐3

+ 𝑎3𝑏2𝑐4 − 𝑎3𝑏4𝑐2 − 4𝑎4𝑏2𝑐3 + 4𝑎4𝑏3𝑐2),
𝑃4 =

1
16𝑥̄ 𝑦̄ 𝑧̄

(−4𝑥̄ 𝑦̄𝑐4 − 16𝑥̄ 𝑧̄𝑏3 + 4𝑥̄𝑏3𝑐4 − 4𝑥̄𝑏4𝑐3 + 16𝑦̄ 𝑧̄𝑎2 − 4𝑦̄𝑎2𝑐4 + 4𝑦̄𝑎4𝑐2 − 16𝑧̄𝑎2𝑏3 + 4𝑧̄𝑎3𝑏2)

𝑃5 =
1

16𝑥̄ 𝑦̄ 𝑧̄
(4𝑥̄ 𝑦̄𝑐4 + 16𝑥̄ 𝑧̄𝑏3 − 16𝑦̄ 𝑧̄𝑎2).

We define 𝜓(𝜆) = 𝜆6 and 𝜙(𝜆) = −∑5
0 𝑃𝑖𝜆

𝑖 . Assume that

5∑
0

|𝑝𝑖 | < 1.

Then, by Rouché’s theorem, we have all the roots of the polynomial 𝑃(𝜆) lie in the unit
disk. From Theorem 1.1, the equilibrium point 𝑊̄ of System (2.3.5) is locally asymp-
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totically stable. Therefore, the unique equilibrium point of system (2.1.1) is locally
asymptotically stable.

2.3.2 Global attractivity of the unique equilibrium point

In this part, we discuss the global attractivity of the unique equilibriumpoint of System
(2.1.1). We begin by defining the following constants.

𝑝1 =
𝑎3𝛽1𝛽2

2(𝑎1 − 𝑎2)𝛼2
, 𝑝2 =

2𝑎4𝛽1𝛽3

(𝑎1 − 𝑎2)𝛼2
3
, 𝑝3 =

2𝑏2𝛽1𝛽2

(𝑏1 − 𝑏3)𝛼2
1
,

𝑝4 =
2𝑏4𝛽2𝛽3

(𝑏1 − 𝑏3)𝛼2
3
, 𝑝5 =

𝑐2𝛽3

2𝑐1𝛼1
, 𝑝6 =

𝑐3𝛽3

2𝑐1𝛼2
,

𝑆 =
𝑝1(𝑝3 + 𝑝4𝑝5) + 𝑝2𝑝5(1 − 𝑝4𝑝6) + 𝑝6(𝑝3 + 𝑝4𝑝5)

1 − 𝑝4𝑝6
.

such that 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑖 ∈ {1, . . . , 4} are the parameters of System (2.1.1) and 𝛼 𝑗 , 𝛽 𝑗 , 𝑗 ∈
{1, 2, 3} are the bounds of the sequences (𝑥𝑛)𝑛≥−1 , (𝑦𝑛)𝑛≥−1 , (𝑧𝑛)𝑛≥−1 whichwere defined
previously in (2.2.2),(2.2.12) and (2.2.18). The lemma bellow will be useful in the
analysis that follows.
Lemma 2.3. Consider the functions 𝑓1 , 𝑔1 , ℎ1 , as defined in (2.3.1)-(2.3.3). Then we have

• The function 𝑓1 is increasing in 𝑢, 𝑤, 𝑟 and decreasing in 𝑣, 𝑡, 𝑠 for all values of other
variables.

• The functions 𝑔1 and ℎ1 are decreasing in 𝑢, 𝑤, 𝑟 and increasing in 𝑣, 𝑡, 𝑠 for all values
of other variables.

Proof. The proof follows directly from calculation of the parital derivatives of the func-
tions, 𝑓1 , 𝑔1 , ℎ1. We have

𝜕 𝑓1
𝜕𝑢

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑎2
𝑣

≥ 0,
𝜕 𝑓1
𝜕𝑣

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑎2𝑢
𝑣2 ≤ 0,

𝜕 𝑓1
𝜕𝑤

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑎3𝑡
(𝑤 + 𝑡)2 ≥ 0,

𝜕 𝑓1
𝜕𝑡

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑎3𝑤
(𝑤 + 𝑡)2 ≤ 0,

𝜕 𝑓1
𝜕𝑟

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑎2
𝑠

≥ 0,
𝜕 𝑓1
𝜕𝑠

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑎2𝑟
𝑠2 ≤ 0,

and

𝜕𝑔1

𝜕𝑢
(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑏2

𝑢2 ≤ 0,
𝜕𝑔1

𝜕𝑣
(𝑢, 𝑣) = 𝑏2

𝑢
≥ 0,

𝜕𝑔1

𝜕𝑢
(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑏3

𝑤2 ≤ 0,
𝜕𝑔1

𝜕𝑣
(𝑢, 𝑣) = 𝑏3

𝑡
≥ 0,

𝜕𝑔1

𝜕𝑢
(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑏4

𝑟2 ≤ 0,
𝜕𝑔1

𝜕𝑣
(𝑢, 𝑣) = 𝑏4

𝑠
≥ 0,

lastly,

𝜕ℎ1
𝜕𝑢

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑐2𝑣
(𝑢 + 𝑣)2 ≤ 0, 𝜕ℎ1

𝜕𝑣
(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑐2𝑢

(𝑢 + 𝑣)2 ≥ 0,
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𝜕ℎ1
𝜕𝑤

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑐3𝑡
(𝑤 + 𝑡)2 ≤ 0, 𝜕ℎ1

𝜕𝑡
(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑐3𝑤

(𝑤 + 𝑡)2 ≥ 0,

𝜕ℎ1
𝜕𝑟

(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = −𝑐4𝑠
(𝑟 + 𝑠)2 ≤ 0, 𝜕ℎ1

𝜕𝑠
(𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) = 𝑐4𝑢

(𝑟 + 𝑠)2 ≥ 0.

The following theorem establishes the global attractivity of the equilibrium point of
System (2.1.1).
Theorem 2.4. Consider System (2.1.1) such that 𝑎1 , 𝑏1 , 𝑐1 > 0. Let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 be a
solution for this system. We suppose, in addition, that the following statements hold.

• 𝑎2 , 𝑎3 < 𝑎1 and 𝑥0 , 𝑥−1 ∈ (𝑎2 ,+∞),
• 𝑏3 < 𝑏1 and 𝑦0 , 𝑦−1 ∈ (𝑚𝑎𝑥{𝑎3 , 𝑏3},+∞),
• 1 − 𝑝4𝑝6 > 0 and 1 − 𝑆 > 0.

Then, the unique equilibrium point of System (2.1.1) is a global attractor and we have

lim
𝑛→+∞ 𝑥𝑛 = 𝑥̄ , lim

𝑛→+∞ 𝑦𝑛 = 𝑦̄ , lim
𝑛→+∞ 𝑧𝑛 = 𝑧̄.

Proof. From the above assumptions, the conditions for Theorem2.1 are satisfied. There-
fore, the sequences (𝑥𝑛)𝑛≥−1, (𝑦𝑛)𝑛≥−1, (𝑧𝑛)𝑛≥−1 are bounded and their supremum and
infimum exist. Let

𝑚1 = lim inf
𝑛→+∞ 𝑥𝑛 , 𝑀1 = lim sup

𝑛→+∞
𝑥𝑛 , (2.3.6)

𝑚2 = lim inf
𝑛→+∞ 𝑦𝑛 , 𝑀2 = lim sup

𝑛→+∞
𝑦𝑛 , (2.3.7)

𝑚3 = lim inf
𝑛→+∞ 𝑧𝑛 , 𝑀3 = lim sup

𝑛→+∞
𝑧𝑛 . (2.3.8)

It is clear that we have for 𝑖 = 1, 2, 3

𝛼𝑖 ≤ 𝑚𝑖 ≤ 𝑀𝑖 ≤ 𝛽𝑖 . (2.3.9)

From the definition of the supremum and infimum, we have

∀𝜖 ∈ (0,min(𝑚1 , 𝑚2 , 𝑚3)) :∃𝑛1 ∈ N0 , ∀𝑛 ∈ N0 : 𝑛 ≥ 𝑛1 : 𝑚1 − 𝜖 ≤ 𝑥𝑛 ≤ 𝑀1 + 𝜖,

∃𝑛2 ∈ N0 , ∀𝑛 ∈ N0 : 𝑛 ≥ 𝑛2 : 𝑚2 − 𝜖 ≤ 𝑦𝑛 ≤ 𝑀2 + 𝜖,

∃𝑛3 ∈ N0 , ∀𝑛 ∈ N0 : 𝑛 ≥ 𝑛3 : 𝑚3 − 𝜖 ≤ 𝑧𝑛 ≤ 𝑀3 + 𝜖.

If we choose 𝑛0 = max(𝑛1 , 𝑛2 , 𝑛3), then for all 𝑛 ≥ 𝑛0, we have

𝑚1 − 𝜖 ≤ 𝑥𝑛 ≤ 𝑀1 + 𝜖, 𝑚2 − 𝜖 ≤ 𝑦𝑛 ≤ 𝑀2 + 𝜖, 𝑚3 − 𝜖 ≤ 𝑧𝑛 ≤ 𝑀3 + 𝜖. (2.3.10)

It is clear that we have for 𝑖 = 1, 2, 3

𝛼𝑖 ≤ 𝑚𝑖 ≤ 𝑀𝑖 ≤ 𝛽𝑖 . (2.3.11)
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From Lemma 2.3, for 𝑖 = 1, 2, 3, the functions 𝑓1 are increasing in 𝑢, 𝑤, 𝑟 and decreasing
in 𝑣, 𝑡, 𝑠 for all (𝑢, 𝑣, 𝑤, 𝑡, 𝑟 , 𝑠) ∈ (0,+∞)6, we have for all 𝑛 ≥ 0,

𝑥𝑛+1 ≥ 𝑓1(𝑚1 − 𝜖, 𝑀1 + 𝜖, 𝑚2 − 𝜖, 𝑀2 + 𝜖, 𝑚3 − 𝜖, 𝑀3 + 𝜖),
𝑥𝑛+1 ≤ 𝑓1(𝑀1 + 𝜖, 𝑚1 − 𝜖, 𝑀2 + 𝜖, 𝑚2 − 𝜖, 𝑀3 + 𝜖, 𝑚3 − 𝜖).

Using the continuity of the functions 𝑓1, we obtain

𝑓1(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3) ≤ 𝑥𝑛+1 ≤ 𝑓1(𝑀1 , 𝑚1 , 𝑀2 , 𝑚2 , 𝑀3 , 𝑚3),

It follows from (2.3.6)
𝑚1 ≥ 𝑓1(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3)

and
𝑀1 ≤ 𝑓1(𝑀1 , 𝑚1 , 𝑀2 , 𝑚2 , 𝑀3 , 𝑚3).

More precisely, we have

𝑚1 ≥ 𝑎1 + 𝑎2
𝑚1
𝑀1

+ 𝑎3
𝑚2

𝑚2 +𝑀2
+ 𝑎4

𝑚3
𝑀3

, (2.3.12)

𝑀1 ≤ 𝑎1 + 𝑎2
𝑀1
𝑚1

+ 𝑎3
𝑀2

𝑚2 +𝑀2
+ 𝑎4

𝑀3
𝑚3

, (2.3.13)

Now similarly, by using the fact that the functions 𝑔1 and ℎ1, are continuous, decreasing
in 𝑢, 𝑤, 𝑟 and increasing in 𝑣, 𝑡, 𝑠, we obtain for all 𝑛 ≥ 𝑛0 + 1,

𝑔1(𝑀1 , 𝑚1 , 𝑀2 , 𝑚2 , 𝑀3 , 𝑚3) ≤ 𝑦𝑛+1 ≤ 𝑔1(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3).

and
ℎ1(𝑀1 , 𝑚1 , 𝑀2 , 𝑚2 , 𝑀3 , 𝑚3) ≤ 𝑧𝑛+1 ≤ ℎ1(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑚3 , 𝑀3).

Then, It follows from (2.3.7) and (2.3.8) that

𝑚2 ≥ 𝑔1(𝑀1 , 𝑚1 , 𝑀2 , 𝑚2 , 𝑀3 , 𝑚3),

𝑀2 ≤ 𝑔1(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑀3 , 𝑚3),

𝑚3 ≥ ℎ1(𝑀1 , 𝑚1 , 𝑀2 , 𝑚2 , 𝑀3 , 𝑚3),
and

𝑀3 ≤ ℎ1(𝑚1 , 𝑀1 , 𝑚2 , 𝑀2 , 𝑀3 , 𝑚3).
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More precisely, we have

𝑚2 ≥ 𝑏1 + 𝑏2
𝑚1
𝑀1

+ 𝑏3
𝑚2
𝑀2

+ 𝑏4
𝑚3
𝑀3

, (2.3.14)

𝑀2 ≤ 𝑏1 + 𝑏2
𝑀1
𝑚1

+ 𝑏3
𝑀2
𝑚2

+ 𝑏4
𝑀3
𝑚3

, (2.3.15)

𝑚3 ≥ 𝑐1 + 𝑐2
𝑚1

𝑚1 +𝑀1
+ 𝑐3

𝑚2
𝑀2 + 𝑚2

+ 𝑐4
𝑚3

𝑀3 + 𝑚3
, (2.3.16)

𝑀3 ≤ 𝑐1 + 𝑐2
𝑀1

𝑚1 +𝑀1
+ 𝑐3

𝑀2
𝑀2 + 𝑚2

+ 𝑐4
𝑀3

𝑀3 + 𝑚3
. (2.3.17)

Now, we multiply the two inequalities (2.3.12) and (2.3.13) by 𝑀1 and (−𝑚1) respec-
tively, then we sum, we obtain

(𝑀1 − 𝑚1)(𝑎1 − 𝑎2) ≤ 𝑎3
𝑀2𝑚1 − 𝑚2𝑀1
𝑚2 +𝑀2

+ 𝑎4
𝑀2

3𝑚1 − 𝑚2
3𝑀1

𝑚3𝑀3
,

This implies that

(𝑀1 − 𝑚1)(𝑎1 − 𝑎2) ≤ 𝑎3𝛽1𝛽2

2𝛼2
(𝑀2 − 𝑚2) + 2𝑎4𝛽1𝛽3

𝛼2
3

(𝑀3 − 𝑚3).

Since 𝑎1 − 𝑎2 > 0, it follows

(𝑀1 − 𝑚1) ≤ 𝑎3𝛽1𝛽2

2𝛼2(𝑎1 − 𝑎2) (𝑀2 − 𝑚2) + 2𝑎4𝛽1𝛽3

𝛼2
3(𝑎1 − 𝑎2) (𝑀3 − 𝑚3).

Then
𝑀1 − 𝑚1 ≤ 𝑝1(𝑀2 − 𝑚2) + 𝑝2(𝑀3 − 𝑚3). (2.3.18)

Now, we multiply the inequalities (2.3.15) and (2.3.15) by 𝑀2 and (−𝑚2) respectively,
and we sum, we find

(𝑀2 − 𝑚2)(𝑏1 − 𝑏3) ≤ 𝑏2
𝑚2𝑀2

1 −𝑀2𝑚2
1

𝑚1𝑀1
+ 𝑏4

𝑚2𝑀2
3 −𝑀2𝑚2

3
𝑚3𝑀3

.

This implies

(𝑀2 − 𝑚2)(𝑏1 − 𝑏3) ≤ 2𝑏2𝛽1𝛽2

𝛼2
1

(𝑀1 − 𝑚1) + 2𝑏4𝛽2𝛽3

𝛼2
3

(𝑀3 − 𝑚3).

Since 𝑏1 − 𝑏3 > 0,

𝑀2 − 𝑚2 ≤ 2𝑏2𝛽1𝛽2

(𝑏1 − 𝑏3)𝛼2
1
(𝑀1 − 𝑚1) + 2𝑏4𝛽2𝛽3

(𝑏1 − 𝑏3)𝛼2
3
(𝑀3 − 𝑚3),

then
𝑀2 − 𝑚2 ≤ 𝑝3(𝑀1 − 𝑚1) + 𝑝4(𝑀3 − 𝑚3). (2.3.19)
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Similarly, we multiply the inequalities (2.3.16) and (2.3.17) by 𝑀3 and (−𝑚3), then we
sum, we obtain

𝑐1(𝑀3 − 𝑚3) ≤ 𝑐2
𝑀1𝑚3 − 𝑚1𝑀3
𝑚1 +𝑀1

+ 𝑐3
𝑀2𝑚3 − 𝑚2𝑀3
𝑚2 +𝑀2

,

this implies
(𝑀3 − 𝑚3) ≤ 𝑐2𝛽3

2𝑐1𝛼1
(𝑀1 − 𝑚1) + 𝑐3𝛽3

2𝑐1𝛼2
(𝑀2 − 𝑚2),

then
(𝑀3 − 𝑚3) ≤ 𝑝5(𝑀1 − 𝑚1) + 𝑝6(𝑀2 − 𝑚2). (2.3.20)

We substitue (2.3.20) in (2.3.19), we find

(𝑀2 − 𝑚2) ≤ 𝑝3(𝑀1 − 𝑚1) + 𝑝4(𝑝5(𝑀1 − 𝑚1) + 𝑝6(𝑀2 − 𝑚2)),

it follows that,
(𝑀2 − 𝑚2)(1 − 𝑝4𝑝6) ≤ (𝑝3 + 𝑝4𝑝5)(𝑀1 − 𝑚1),

since 1 − 𝑝4𝑝6 > 0, then

𝑀2 − 𝑚2 ≤ 𝑝3 + 𝑝4𝑝5

1 − 𝑝4𝑝6
(𝑀1 − 𝑚1).

We substitue in (2.3.20), we obtain

𝑀3 − 𝑚3 ≤ 𝑝5(𝑀1 − 𝑚1) + 𝑝6
𝑝3 + 𝑝4𝑝5

1 − 𝑝4𝑝6
(𝑀1 − 𝑚1),

which implies
𝑀3 − 𝑚3 ≤ (𝑝5 + 𝑝6

𝑝3 + 𝑝4𝑝5

1 − 𝑝4𝑝6
)(𝑀1 − 𝑚1).

Now, we substitue in (2.3.18), we find

𝑀1 − 𝑚1 ≤ 𝑝1
𝑝3 + 𝑝4𝑝5

1 − 𝑝4𝑝6
(𝑀1 − 𝑚1) + 𝑝2(𝑝5 + 𝑝6

𝑝3 + 𝑝4𝑝5

1 − 𝑝4𝑝6
)(𝑀1 − 𝑚1),

it implies
(𝑀1 − 𝑚1) ≤ 𝑆(𝑀1 − 𝑚1),

then
(𝑀1 − 𝑚1)(1 − 𝑆) ≤ 0.

From the hypothesis we have 1 − 𝑆 > 0, it follows that 𝑀1 − 𝑚1 ≤ 0, thus 𝑀1 = 𝑚1.
Using the previous inequalities, we obtain 𝑀2 = 𝑚2 and 𝑀3 = 𝑚3. Finally, by taking
the limits in the following equalities

lim
𝑛→∞ 𝑥𝑛+1 = lim

𝑛→∞ 𝑓1(𝑥𝑛 , 𝑥𝑛−1 , 𝑦𝑛 , 𝑦𝑛−1 , 𝑧𝑛 , 𝑧𝑛−1),
lim
𝑛→∞ 𝑦𝑛+1 = lim

𝑛→∞ 𝑔1(𝑥𝑛 , 𝑥𝑛−1 , 𝑦𝑛 , 𝑦𝑛−1 , 𝑧𝑛 , 𝑧𝑛−1),
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lim
𝑛→∞ 𝑧𝑛+1 = lim

𝑛→∞ ℎ1(𝑥𝑛 , 𝑥𝑛−1 , 𝑦𝑛 , 𝑦𝑛−1 , 𝑧𝑛 , 𝑧𝑛−1),

we get

𝑚1 = 𝑓1(𝑚1 , 𝑚1 , 𝑚2 , 𝑚2 , 𝑚3 , 𝑚3) = 𝑥̄ ,

𝑚2 = 𝑔1(𝑚2 , 𝑚2 , 𝑚2 , 𝑚2 , 𝑚3 , 𝑚3) = 𝑦̄ ,

𝑚3 = ℎ1(𝑚1 , 𝑚1 , 𝑚2 , 𝑚2 , 𝑚3 , 𝑚3) = 𝑧̄.

In summary, we have proven the following result on the global asymptotic behavior of
the positive solutions of System (2.1.1).
Theorem 2.5. Consider System (2.1.1) such that 𝑎1 , 𝑏1 , 𝑐1 > 0. Assume, in addition, that the
following conditions hold.

• ∑6
𝑖=1 |𝑃𝑖 | < 1,

• 𝑎2 , 𝑎3 < 𝑎1 and 𝑥0 , 𝑥−1 ∈ (𝑎2 ,+∞),
• 𝑏3 < 𝑏1 and 𝑦0 , 𝑦−1 ∈ (max{𝑎3 , 𝑏3},+∞),
• 1 − 𝑝4𝑝6 > 0 and 1 − 𝑆 > 0.

Then, the uniqe equilibrium point of System (2.1.1) is globally asymptotically stable.

2.4 Existence of positive periodic solutions

This section provides a characterization of positive prime period two solutions for Sys-
tem (2.1.1). In the following theorem, we establish necessary and sufficient condition
for which System (2.1.1) has positive periodic period prime two solutions.
Theorem 2.6. Let 𝛼, 𝛽, 𝜎, 𝑝, 𝑞 and 𝑟 be positive real numbers and assume that (𝛼 − 1)(𝛽 −
1)(𝜎 − 1) ≠ 0. Then, System (2.1.1) has a periodic solution with prime period 2 of the form

..., (𝛼𝑝, 𝛽𝑞, 𝜎𝑟), (𝑝, 𝑞, 𝑟), (𝛼𝑝, 𝛽𝑞, 𝜎𝑟), (𝑝, 𝑞, 𝑟), ...

if and only if

𝛼

(
𝑎1 + 𝑎1𝛼 + 𝑎3

𝛽

𝛽 + 1
+ 𝑎4𝜎

)
= 𝑎1 + 𝑎2

1
𝛼
+ 𝑎3

1
𝛽 + 1

+ 𝑎4
1
𝜎
,

𝛽(𝑏1 + 𝑏2
1
𝛼
+ 𝑏3

1
𝛽
+ 𝑏4

1
𝜎
) = 𝑏1 + 𝑏2𝛼 + 𝑏3𝛽 + 𝑏4𝜎,

and

𝜎(𝑐1 + 𝑐2
1

1 + 𝛼
+ 𝑐3

1
1 + 𝛽

+ 𝑐4
1

1 + 𝜎
) = 𝑐1 + 𝑐2

𝛼
1 + 𝛼

+ 𝑐3
𝛽

1 + 𝛽
+ 𝑐4

𝜎
1 + 𝜎

.
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Proof. Assume that

..., (𝛼𝑝, 𝛽𝑞, 𝜎𝑟), (𝑝, 𝑞, 𝑟), (𝛼𝑝, 𝛽𝑞, 𝜎𝑟), (𝑝, 𝑞, 𝑟), ...

is a solution for System (2.1.1). Then, we have

𝛼𝑝 = 𝑓1(𝑝, 𝛼𝑝, 𝑞, 𝛽𝑞, 𝑟, 𝜎𝑟) = 𝑎1 + 𝑎2
𝑝
𝛼𝑝

+ 𝑎3
𝑞

𝛽𝑞 + 𝑞 + 𝑎4
𝑟
𝜎𝑟
,

𝑝 = 𝑓1(𝛼𝑝, 𝑝, 𝛽𝑞, 𝑞, 𝜎𝑟, 𝑟) = 𝑎1 + 𝑎2
𝛼𝑝
𝑝

+ 𝑎3
𝛽𝑞

𝑞 + 𝛽𝑞
+ 𝑎4

𝜎𝑟
𝑟
,

𝛽𝑞 = 𝑔1(𝑝, 𝛼𝑝, 𝑞, 𝛽𝑞, 𝑟, 𝜎𝑟) = 𝑏1 + 𝑏2
𝛼𝑝
𝑝

+ 𝑏3
𝛽𝑞
𝑞

+ 𝑏4
𝜎𝑟
𝑟
,

𝑞 = 𝑔1(𝛼𝑝, 𝑝, 𝛽𝑞, 𝑞, 𝜎𝑟, 𝑟) = 𝑏1 + 𝑏2
𝑝
𝛼𝑝

+ 𝑏3
𝑞
𝛽𝑞

+ 𝑏4
𝑟
𝜎𝑟
,

𝜎𝑟 = ℎ1(𝑝, 𝛼𝑝, 𝑞, 𝛽𝑞, 𝑟, 𝜎𝑟) = 𝑐1 + 𝑐2
𝛼𝑝

𝑝 + 𝛼𝑝
+ 𝑐3

𝛽𝑞
𝑞 + 𝛽𝑞

+ 𝑐4
𝜎𝑟

𝑟 + 𝜎𝑟
,

𝑟 = ℎ1(𝛼𝑝, 𝑝, 𝛽𝑞, 𝑞, 𝜎𝑟, 𝑟) = 𝑐1 + 𝑐2
𝑝

𝛼𝑝 + 𝑝 + 𝑐3
𝑞

𝛽𝑞 + 𝑞 + 𝑐4
𝑟

𝜎𝑟 + 𝑟 ,

and so

𝛼𝑝 = 𝑎1 + 𝑎2
1
𝛼
+ 𝑎3

1
𝛽 + 1

+ 𝑎4
1
𝜎
, 𝑝 = 𝑎1 + 𝑎1𝛼 + 𝑎3

𝛽

1 + 𝛽
+ 𝑎4𝜎,

𝛽𝑞 = 𝑏1 + 𝑏2𝛼 + 𝑏3𝛽 + 𝑏4𝜎, 𝑞 = 𝑏1 + 𝑏2
1
𝛼
+ 𝑏3

1
𝛽
+ 𝑏4

1
𝜎
,

𝜎𝑟 = 𝑐1 + 𝑐2
𝛼

1 + 𝛼
+ 𝑐3

𝛽

1 + 𝛽
+ 𝑐4

𝜎
1 + 𝜎

, 𝑟 = 𝑐1 + 𝑐2
1

𝛼 + 1
+ 𝑐3

1
𝛽 + 1

+ 𝑐4
1

𝜎 + 1
.

These equalities imply that

𝛼

(
𝑎1 + 𝑎1𝛼 + 𝑎3

𝛽

𝛽 + 1
+ 𝑎4𝜎

)
= 𝑎1 + 𝑎2

1
𝛼
+ 𝑎3

1
𝛽 + 1

+ 𝑎4
1
𝜎
,

𝛽

(
𝑏1 + 𝑏2

1
𝛼
+ 𝑏3

1
𝛽
+ 𝑏4

1
𝜎

)
= 𝑏1 + 𝑏2𝛼 + 𝑏3𝛽 + 𝑏4𝜎,

𝜎

(
𝑐1 + 𝑐2

1
1 + 𝛼

+ 𝑐3
1

1 + 𝛽
+ 𝑐4

1
1 + 𝜎

)
= 𝑐1 + 𝑐2

𝛼
1 + 𝛼

+ 𝑐3
𝛽

1 + 𝛽
+ 𝑐4

𝜎
1 + 𝜎

.

Now, we assume that

𝛼

(
𝑎1 + 𝑎1𝛼 + 𝑎3

𝛽

𝛽 + 1
+ 𝑎4𝜎

)
= 𝑎1 + 𝑎2

1
𝛼
+ 𝑎3

1
𝛽 + 1

+ 𝑎4
1
𝜎
,

𝛽

(
𝑏1 + 𝑏2

1
𝛼
+ 𝑏3

1
𝛽
+ 𝑏4

1
𝜎

)
= 𝑏1 + 𝑏2𝛼 + 𝑏3𝛽 + 𝑏4𝜎,

𝜎

(
𝑐1 + 𝑐2

1
1 + 𝛼

+ 𝑐3
1

1 + 𝛽
+ 𝑐4

1
1 + 𝜎

)
= 𝑐1 + 𝑐2

𝛼
1 + 𝛼

+ 𝑐3
𝛽

1 + 𝛽
+ 𝑐4

𝜎
1 + 𝜎

.
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and let

𝑥−1 = 𝑎1 + 𝑎2
1
𝛼
+ 𝑎3

1
𝛽 + 1

+ 𝑎4
1
𝜎
, 𝑦−1 = 𝑏1 + 𝑏2𝛼 + 𝑏3𝛽 + 𝑏4𝜎,

𝑥0 = 𝑎1 + 𝑎1𝛼 + 𝑎3
𝛽

𝛽 + 1
+ 𝑎4𝜎, 𝑦0 = 𝑏1 + 𝑏2

1
𝛼
+ 𝑏3

1
𝛽
+ 𝑏4

1
𝜎
,

𝑧−1 = 𝑐1 + 𝑐2
𝛼

1 + 𝛼
+ 𝑐3

𝛽

1 + 𝛽
+ 𝑐4

𝜎
1 + 𝜎

,

𝑧0 = 𝑐1 + 𝑐2
1

1 + 𝛼
+ 𝑐3

1
1 + 𝛽

+ 𝑐4
1

1 + 𝜎
.

It is clear that, 𝑥−1 = 𝛼𝑥0 , 𝑦−1 = 𝛽𝑦0 and 𝑧−1 = 𝜎𝑧0.Then, from System (2.1.1), we have

𝑥1 = 𝑓1(𝑥0 , 𝑥−1 , 𝑦0 , 𝑦−1 , 𝑧0 , 𝑧−1)
= 𝑎1 + 𝑎2

𝑥0
𝑥−1

+ 𝑎3
𝑦0

𝑦−1 + 𝑦0
+ 𝑎4

𝑧0
𝑧−1

= 𝑎1 + 𝑎2
𝑥0
𝛼𝑥0

+ 𝑎3
𝑦0

𝛽𝑦0 + 𝑦0
+ 𝑎4

𝑧0
𝜎𝑧0

= 𝑎1 + 𝑎2
1
𝛼
+ 𝑎3

1
𝛽 + 1

+ 𝑎4
1
𝜎

= 𝑥−1 ,

𝑦1 = 𝑔1(𝑥0 , 𝑥−1 , 𝑦0 , 𝑦−1 , 𝑧0 , 𝑧−1)
= 𝑏1 + 𝑏2

𝑥−1
𝑥0

+ 𝑏3
𝑦−1

𝑦0
+ 𝑏4

𝑧−1
𝑧0

= 𝑏1 + 𝑏2
𝛼𝑥0
𝑥0

+ 𝑏3
𝛽𝑦0

𝑦0
+ 𝑏4

𝜎𝑧0
𝑧0

= 𝑏1 + 𝑏2𝛼 + 𝑏3𝛽 + 𝑏4𝜎 = 𝛽𝑦0

= 𝑦−1 ,

𝑧1 = ℎ1(𝑥0 , 𝑥−1 , 𝑦0 , 𝑦−1 , 𝑧0 , 𝑧−1)
= 𝑐1 + 𝑐2

𝑥−1
𝑥0 + 𝑥−1

+ 𝑐3
𝑦−1

𝑦0 + 𝑦−1
+ 𝑐4

𝑧−1
𝑧0 + 𝑧−1

= 𝑐1 + 𝑐2
𝛼𝑥0

𝑥0 + 𝛼𝑥0
+ 𝑐3

𝛽𝑦0

𝑦0 + 𝛽𝑦0
+ 𝑐4

𝜎𝑧0
𝑧0 + 𝜎𝑧0

= 𝑐1 + 𝑐2
𝛼

1 + 𝛼
+ 𝑐3

𝛽

1 + 𝛽
+ 𝑐4

𝜎
1 + 𝜎

= 𝑧−1.

By induction, one can prove that for all 𝑛 ≥ 0,

𝑥2𝑛−1 = 𝑥−1 , 𝑥2𝑛 = 𝑥0 , 𝑦2𝑛−1 = 𝑦−1 , 𝑦2𝑛 = 𝑦0 , 𝑧2𝑛−1 = 𝑧−1 , 𝑧2𝑛 = 𝑧0.
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2.5 Numerical examples

In this part, we present numerical examples to illustrate our results on the global be-
havior of positive solutions for System (2.1.1), including aspects of stability and peri-
odicity.
We start with the first example, which demonstrates the stability of the solutions.
Example 2.7. Consider System (2.1.1), with the following initial conditions

𝑥−1 = 125.24, 𝑥0 = 130.5, 𝑦−1 = 35.9, 𝑦0 = 35.75, 𝑧−1 = 25.6, 𝑧0 = 25.3,

and the parameters

𝑎1 = 15.24, 𝑎2 = 20, 𝑎4 = 10.2, 𝑏1 = 5.25, 𝑏3 = 5, 𝑏4 = 5, 𝑐1 = 1, 𝑐4 = 5, ,

𝑎3 = 𝑏2 = 𝑐2 = 𝑐3 = 0.

We obtain the following system

𝑥𝑛+1 = 15.24 + 20 𝑥𝑛
𝑥𝑛−1

+ 10.2 𝑧𝑛
𝑧𝑛−1

,

𝑦𝑛+1 = 5.25 + 5
𝑦𝑛−1

𝑦𝑛
+ 5 𝑧𝑛−1

𝑧𝑛
, (2.5.1)

𝑧𝑛+1 = 1 + 5 𝑧𝑛−1
𝑧𝑛 + 𝑧𝑛−1

.

The unique equilibrium point of System (2.5.1) is given by

(𝑥̄ , 𝑦̄ , 𝑧̄) = (45.44, 15.25, 6).

Also, after calculating, we find
6∑
𝑖=1

|𝑃𝑖 | = 0.862 < 1,

𝛼1 = 15.24, 𝛽1 = 125, 𝛼2 = 5.25, 𝛽2 = 103.337, 𝛼3 = 1, 𝛽3 = 25.6,

and
𝑝1 = 𝑝3 = 𝑝5 = 𝑝6 = 0, 𝑝2 = −2.55, 𝑝3 = 0, 𝑝4 = 1.05 × 105 , , 𝑆 = 1.

It’s easy to verify that the conditions of Theorem 2.5 are satisfied. Then the unique equilibrium
point of System (2.5.1) is globally asymptotically stable. We visualize the solutions of the above
system in Figure 2.1.
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Figure 2.1: The plots of the sequences (𝑥𝑛), (𝑦𝑛) and (𝑧𝑛) of the solution of system (2.5.1).

Now, we present an example with parameters and initial values that satisfy the condi-
tions for the existence of periodic solutions.
Example 2.8. Consider System (2.1.1). If we choose 𝛼 = 1

2 , 𝛽 = 1
4 , 𝜎 = 2 and the initial

conditions

𝑥−1 = 24, 𝑥0 = 48, 𝑦−1 = 9.5, 𝑦0 = 38, 𝑧−1 = 0.667, 𝑧0 = 0.333,

then, the conditions of Theorem 2.6 become

1
2
(𝑎1 + 1

2
𝑎2 + 1

4
𝑎3 + 2𝑎4) = 𝑎1 + 2𝑎2 + 4𝑎3 + 1

2
𝑎4 ,

1
4
(𝑏1 + 2𝑏2 + 4𝑏3 + 𝑏4

1
2
) = 𝑏1 + 1

2
𝑏2 + 1

4
𝑏3 + 2𝑏4 ,

2(𝑐1 + 2
3
𝑐2 + 4

5
𝑐3 + 1

3
𝑐4) = 𝑐1 + 𝑐2

1
3
+ 𝑐3

1
5
+ 𝑐4

2
3
.

Or simply
3𝑎1 + 7

2
𝑎2 + 31

4
𝑎3 − 𝑎4 = 0,

9𝑏1 − 3𝑏3 + 15
2
𝑏4 = 0,

3𝑐1 + 𝑐2 + 7
5
𝑐3 = 0.

These conditions are satisfied for the choice of parameters:

𝑎1 = 1, 𝑎2 = 1, 𝑎3 = 2, 𝑎4 = 22,
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𝑏1 = 1, 𝑏2 = 1, 𝑏3 = 8, 𝑏4 = 2,

𝑐1 = 0, 𝑐2 = 0, 𝑐3 = 0, 𝑐4 = 2.

We have then the following system

𝑥𝑛+1 = 3 + 𝑥𝑛
𝑥𝑛−1

+ 𝑦𝑛
𝑦𝑛−1

+ 22 𝑧𝑛
𝑧𝑛−1

, 𝑦𝑛+1 = 3 + 𝑥𝑛−1
𝑥𝑛

+ 8
𝑦𝑛−1

𝑦𝑛
2 + 𝑧𝑛−1

𝑧𝑛
, 𝑧𝑛+1 =

2𝑧𝑛
𝑧𝑛 + 𝑧𝑛−1

.

(2.5.2)

Then, the corresponding prime period two solution becomes

𝑥2𝑛−1 = 𝑥−1 = 24, 𝑥2𝑛 = 𝑥0 = 48,

𝑦2𝑛−1 = 𝑦−1 =
19
2
, 𝑦2𝑛 = 𝑦0 = 38,

𝑧2𝑛−1 = 𝑧−1 =
2
3
, 𝑧2𝑛 = 𝑧0 =

1
3
,

that is,
{...,

(
24, 19

2
,
2
3

)
,
(
48, 38, 1

3

)
,
(
24, 19

2
,
2
3

)
,
(
48, 38, 1

3

)
, ...}.

The illustration of the above periodic solution is in Figure 2.2, 2.3 and 2.4.

Figure 2.2: Plot of 𝑥𝑛 as given in (2.8). Figure 2.3: Plot of 𝑦𝑛 as given in (2.8).
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Figure 2.4: Plot of 𝑧𝑛 as given in (2.8).



3
On the solvability in

closed-form of some systems of
difference equations

3.1 Introduction

This chapter is devoted to the closed-form solvability analysis of several classes of ratio-
nal difference equations and systems. Studying the qualitative behavior of difference
equations systems is a central topic in research, but finding explicit solutions is just as
important. Closed-form solutions help us understand the systems more deeply and
allow us to predict their behavior. This has attracted the interest of many researchers
since the early 1990s.
Solving these systems in closed form can be difficult due to their complex structure.
One effective method is to simplify the equations through a change of variables, which
can lead to simpler forms that are easier to solve.
In this chapter, we focus on non linear systems, we provide explicit formulaes of the
solutions for different classes of systems of rational difference equations.
The first section begins with an analysis of the following general form of a higher-order
non-autonomous difference equation

𝑥𝑛+1 = 𝛼𝑛𝑥𝑛−𝑘 + 𝛽𝑛
𝑥𝑛𝑥𝑛−1...𝑥𝑛−𝑘+1

, 𝑛 ∈ N0 (3.1.1)

where 𝑘 ∈ N, the sequences (𝛼𝑛)𝑛∈N0 ,
(
𝛽𝑛

)
𝑛∈N0

are real and the initial values 𝑥−𝑘 ,
𝑥−𝑘+1,...𝑥0 are non-zero real numbers. Wefirst present explicit formulas forwell-defined
solutions, followed by a result concerning the periodicity of these solutions. In the sec-
ond part of this section,we focus on solving two three-dimensional systems of differ-

68
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ence equations. The first system is of second order and is given by

𝑥𝑛+1 =
𝑎1𝑦𝑛−1𝑧𝑛−1

𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1
, 𝑦𝑛+1 =

𝑎2𝑥𝑛−1𝑧𝑛−1
𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1

, 𝑧𝑛+1 =
𝑎3𝑥𝑛−1𝑦𝑛−1

𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1
, 𝑛 ∈ N0 ,

(3.1.2)
the second system is of first order and is defined by

𝑥𝑛+1 =
𝑎1𝑦𝑛𝑧𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑦𝑛+1 =
𝑎2𝑥𝑛𝑧𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑧𝑛+1 =
𝑎3𝑥𝑛𝑦𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑛 ∈ N0

(3.1.3)
where the parameters 𝑎, 𝑏, 𝑐, 𝑎1, 𝑎2, 𝑎3 are real numbers, and the initial values 𝑥−1, 𝑥0,
𝑦1, 𝑦0, 𝑧−1, 𝑧0 are non-zero real numbers.
In the second section, we solve in closed form the following third dimensional system
of non linear difference equations, considering the special cases 𝑘 = 0, 1.

𝑥𝑛+1 =
𝑎1𝑥𝑛−𝑘𝑦𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑦𝑛+1 =
𝑎2𝑦𝑛−𝑘𝑧𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑧𝑛+1 =
𝑎3𝑥𝑛−𝑘𝑧𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑛 ∈ N0 ,

(3.1.4)
where 𝑛, 𝑘 ∈ N0, the parameters 𝑎1 , 𝑎2 , 𝑎3 , 𝑎, 𝑏, 𝑐 are real numbers and initial values
𝑥−𝑘 , . . . , 𝑥0 , 𝑦−𝑘 , . . . , 𝑦0 , 𝑧−𝑘 , . . . , 𝑧0 are non negative real numbers.
The final section investigates another class of rational difference equation systems with
arbitrary powers and derives a closed-form solution for the system

𝑥𝑛+1 =
𝑥𝑛𝑦

𝑝
𝑛−1𝑧

𝑝𝑞
𝑛−2

𝑦𝑝𝑛𝑧
𝑝𝑞
𝑛−1(𝑎 + 𝑏𝑥𝑛𝑦𝑝𝑛−1𝑧

𝑝𝑞
𝑛−2)

, 𝑦𝑛+1 =
𝑦𝑛𝑧

𝑞
𝑛−1𝑥

𝑞𝑟
𝑛−2

𝑧𝑞𝑛𝑥
𝑞𝑟
𝑛−1(𝛼 + 𝛽𝑦𝑛𝑧

𝑞
𝑛−1𝑥

𝑞𝑟
𝑛−2)

,

𝑧𝑛+1 =
𝑧𝑛𝑥𝑟𝑛−1𝑦

𝑝𝑟
𝑛−2

𝑥𝑟𝑛𝑦
𝑝𝑟
𝑛−1(𝜎 + 𝜆𝑧𝑛𝑥𝑟𝑛−1𝑦

𝑝𝑟
𝑛−2)

, 𝑛 ∈ N0. (3.1.5)

The analysis then focuses on the qualitative behavior of the solutions to gain a pre-
cise understanding of how the initial conditions and parameters influence the system’s
dynamics.

3.2 Closed-Form Solutions for the Non-Autonomous Differ-
ence Equation (3.1.1)

Non autonomous difference equations are essential for modeling real-world phenom-
ena influenced by external or time-dependent factors. Such models are widely applied
in fields like physics, biology, economics, and engineering, where systems are often
subject to varying environmental or external conditions (see [2]-[12]).
In [50], the authors examined the following system of difference equations

𝑢𝑛+1 =
𝑎
𝑢𝑛

+ 𝑏
𝑣𝑛
, 𝑣𝑛+1 =

𝑎
𝑢𝑛
, 𝑛 ∈ N0. (3.2.1)



70 3. On the solvability in closed-form of some systems of difference equations

By substituting the second equation of System (3.2.1) into the first one, we obtain

𝑢𝑛+2 =
𝑎

𝑢𝑛+1
+ 𝑏
𝑣𝑛+1

=
𝑎

𝑢𝑛+1
+ 𝑏

𝑎
𝑢𝑛

=
𝑎

𝑢𝑛+1
+ 𝑏
𝑎
𝑢𝑛 , 𝑛 ∈ N0.

This leads to the following second-order difference equation

𝑥𝑛+1 =
𝛼
𝑥𝑛

+ 𝛽𝑥𝑛−1 , 𝑛 ∈ N0 , (3.2.2)

where 𝑥−1 and 𝑥0 are the initial values and 𝛼 and 𝛽 are some parameters.
Motivated by this equation, we now consider the more general class of higher-order
difference equations introduced in (3.1.1). In what follows, we focus on deriving ex-
plicit formulas for well-defined solutions of this equation, with particular emphasis
on the autonomous case. To begin, we first introduce the definition of a well-defined
solution.
Definition 3.1. A well defined solution (𝑥𝑛)+∞𝑛=−𝑘of Equation (3.1.1), is a solution such that

𝑥𝑛 ≠ 0, 𝑛 = −𝑘,−𝑘 + 1, · · · .

The next result provides the closed form of the solutions of Equation (3.1.1).
Theorem 3.2. Let (𝑥𝑛)+∞𝑛=−𝑘 be a well defined solution of Equation (3.1.1). Then, we have for
𝑛 = 0, 1, ...,

𝑥(𝑘+1)𝑛+𝑙+1 =
©­­«
𝑛∏
𝑟=0

(∏(𝑘+1)𝑟+𝑙
𝑖=0 𝛼𝑖

)
𝑥0𝑥−1...𝑥−𝑘 +∑(𝑘+1)𝑟+𝑙

𝑗=0

(∏(𝑘+1)𝑟+𝑙
𝑖=𝑗+1 𝛼𝑖

)
𝛽 𝑗(∏(𝑘+1)𝑟+𝑙−1

𝑖=0 𝛼𝑖
)
𝑥0𝑥−1...𝑥−𝑘 +∑(𝑘+1)𝑟+𝑙−1

𝑗=0

(∏(𝑘+1)𝑟+𝑙−1
𝑖=𝑗+1 𝛼𝑖

)
𝛽 𝑗

ª®®¬ 𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘.

and in the autonomous case, that is when 𝛼𝑛 = 𝛼, 𝛽𝑛 = 𝛽, we have
• If 𝛼 ≠ 1, we get

𝑥(𝑘+1)𝑛+𝑙+1 =
©­­«
𝑛∏
𝑟=0

𝛼(𝑘+1)𝑟+𝑙+1𝑥0𝑥−1...𝑥−𝑘 +
(
𝛼(𝑘+1)𝑟+𝑙+1−1

𝛼−1

)
𝛽

𝛼(𝑘+1)𝑟+𝑙𝑥0𝑥−1...𝑥−𝑘 +
(
𝛼(𝑘+1)𝑟+𝑙−1

𝛼−1

)
𝛽

ª®®¬ 𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘.

• If 𝛼 = 1, we get

𝑥(𝑘+1)𝑛+𝑙+1 =

(
𝑛∏
𝑟=0

𝑥0𝑥−1...𝑥−𝑘 + ((𝑘 + 1)𝑟 + 𝑙 + 1) 𝛽
𝑥0𝑥−1...𝑥−𝑘 + ((𝑘 + 1)𝑟 + 𝑙) 𝛽

)
𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘.

Proof. For any well-defined solution (𝑥𝑛)+∞𝑛=−𝑘 satisfying Equation (3.1.1), we have

𝑥𝑛𝑥𝑛−1...𝑥𝑛−𝑘+1𝑥𝑛+1 = 𝛼𝑛𝑥𝑛𝑥𝑛−1...𝑥𝑛−𝑘+1𝑥𝑛−𝑘 + 𝛽𝑛 , (3.2.3)

Setting
𝑦𝑛 = 𝑥𝑛𝑥𝑛−1...𝑥𝑛−𝑘+1𝑥𝑛−𝑘 , 𝑛 = 0, 1, ..., (3.2.4)
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then from (3.2.3), we obtain the following well known non autonomous first order
linear difference equation

𝑦𝑛+1 = 𝛼𝑛𝑦𝑛 + 𝛽𝑛 , 𝑛 = 0, 1, ..., (3.2.5)

the solutions of Equation (3.2.5), see for example [21], are given by

𝑦𝑛 =

(
𝑛−1∏
𝑖=0

𝛼𝑖

)
𝑦0 +

𝑛−1∑
𝑗=0

©­«
𝑛−1∏
𝑖=𝑗+1

𝛼𝑖
ª®¬ 𝛽 𝑗 . (3.2.6)

where
𝑦0 = 𝑥0𝑥−1...𝑥−𝑘 . (3.2.7)

From (3.2.4), we get
𝑥𝑛+1 =

𝑦𝑛+1

𝑦𝑛
𝑥𝑛−𝑘 , 𝑛 = 0, 1, ..., (3.2.8)

it follows that,

𝑥(𝑘+1)𝑛+𝑙+1 =

(
𝑛∏
𝑟=0

𝑦(𝑘+1)𝑟+𝑙+1

𝑦(𝑘+1)𝑟+𝑙

)
𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘. (3.2.9)

From (3.2.6) and (3.2.7), Equation (3.2.9) becomes

𝑥(𝑘+1)𝑛+𝑙+1 =
©­­«
𝑛∏
𝑟=0

(∏(𝑘+1)𝑟+𝑙
𝑖=0 𝛼𝑖

)
𝑥0𝑥−1...𝑥−𝑘 +∑(𝑘+1)𝑟+𝑙

𝑗=0

(∏(𝑘+1)𝑟+𝑙
𝑖=𝑗+1 𝛼𝑖

)
𝛽 𝑗(∏(𝑘+1)𝑟+𝑙−1

𝑖=0 𝛼𝑖
)
𝑥0𝑥−1...𝑥−𝑘 +∑(𝑘+1)𝑟+𝑙−1

𝑗=0

(∏(𝑘+1)𝑟+𝑙−1
𝑖=𝑗+1 𝛼𝑖

)
𝛽 𝑗

ª®®¬ 𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘.

(3.2.10)
Now, if 𝛼𝑛 = 𝛼, 𝛽𝑛 = 𝛽, then by replacing in (3.2.10), we get

𝑥(𝑘+1)𝑛+𝑙+1 =
©­­«
𝑛∏
𝑟=0

𝛼(𝑘+1)𝑟+𝑙+1𝑥0𝑥−1...𝑥−𝑘 +
(
𝛼(𝑘+1)𝑟+𝑙+1−1

𝛼−1

)
𝛽

𝛼(𝑘+1)𝑟+𝑙𝑥0𝑥−1...𝑥−𝑘 +
(
𝛼(𝑘+1)𝑟+𝑙−1

𝛼−1

)
𝛽

ª®®¬ 𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘, (3.2.11)

if 𝛼 ≠ 1, and

𝑥(𝑘+1)𝑛+𝑙+1 =

(
𝑛∏
𝑟=0

𝑥0𝑥−1...𝑥−𝑘 + ((𝑘 + 1)𝑟 + 𝑙 + 1) 𝛽
𝑥0𝑥−1...𝑥−𝑘 + ((𝑘 + 1)𝑟 + 𝑙) 𝛽

)
𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘, (3.2.12)

if 𝛼 = 1.

The next result establishes the periodicity of well defined solutions of the autonomous
equation.
Corollory 3.3. Assume that 𝛼𝑛 = 𝛼, 𝛽𝑛 = 𝛽, 𝛼 ≠ 1, 𝑥0𝑥−1...𝑥−𝑘 = 𝛽

1−𝛼 . Then every well
defined solution of Equation (3.1.1) is periodic with period 𝑘 + 1.

Proof. Substituting 𝑥0𝑥−1...𝑥−𝑘 =
𝛽

1−𝛼 into (3.2.11), we obtain that for 𝑛 = 0, 1, · · · ,

𝑥(𝑘+1)𝑛+𝑙+1 = 𝑥−𝑘+𝑙 , 𝑙 = 0, ..., 𝑘,
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Hence, the solution is periodic of period 𝑘 + 1 and takes the form:

𝑥−𝑘 , 𝑥−𝑘+1 , ..., 𝑥0 , 𝑥−𝑘 , 𝑥−𝑘+1 , . . . .

3.3 Closed-form Solutions of Two Systems of Rational Differ-
ence Equations

In this section, we are interested in solving in closed form the systems of rational dif-
ference equations given by (3.1.2) and (3.1.3).

3.3.1 The system 𝑥𝑛+1 = 𝑎1𝑦𝑛−1𝑧𝑛−1
𝑎𝑥𝑛−1+𝑏𝑦𝑛−1+𝑐𝑧𝑛−1

, 𝑦𝑛+1 = 𝑎2𝑥𝑛−1𝑧𝑛−1
𝑎𝑥𝑛−1+𝑏𝑦𝑛−1+𝑐𝑧𝑛−1

, 𝑧𝑛+1 =
𝑎3𝑥𝑛−1𝑦𝑛−1

𝑎𝑥𝑛−1+𝑏𝑦𝑛−1+𝑐𝑧𝑛−1

We now turn our attention to System (3.1.2), which represents a generalization of the
model investigated by Elsayed in [26], where the parameters satisfy 𝑎 = 𝑏 = 𝑐 = 1. We
begin by introducing the following definition.
Definition 3.4. A well defined-solution

(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−1 of System (3.1.2), is a solution such

that:
𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1 ≠ 0, 𝑛 ∈ N0.

Based on the definition above, we now establish the following result.
Lemma 3.5. Let

(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−1 be a well defined solution of System (3.1.2). Then,

𝑥𝑛 .𝑦𝑛 .𝑧𝑛 ≠ 0, 𝑛 = −1, 0, · · · .

Proof. We can easily prove this by contradiction. Suppose that there exists 𝑛0 ≥ −1
such that 𝑥𝑛0 = 0. Then from the equations of System (3.1.2), we obtain

𝑦𝑛0+2 = 0, 𝑧𝑛0+2 = 0.

Consequently,

𝑥𝑛0+4 = 0, 𝑦𝑛0+4 = 0, 𝑧𝑛0+4 = 0.

Substituting these values into the system, we obtain

𝑥𝑛0+6 =
0
0
, 𝑦𝑛0+6 =

0
0
, 𝑧𝑛0+6 =

0
0
.

which implies that the terms 𝑥𝑛0+6 , 𝑦𝑛0+6 , 𝑧𝑛0+6 are undefined.

Now, in order to solve in closed form System (3.1.2), we apply a suitable change of
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variables that transforms it into a system with simpler equations. From (3.1.2), we get

𝑥𝑛+1
𝑦𝑛+1

=
𝑦𝑛−1

𝑥𝑛−1
,
𝑦𝑛+1

𝑧𝑛+1
=
𝑧𝑛−1
𝑦𝑛−1

,
𝑧𝑛+1
𝑥𝑛+1

=
𝑥𝑛−1
𝑧𝑛−1

. (3.3.1)

Using the following change of variables

𝑢𝑛 =
𝑥𝑛
𝑦𝑛
, 𝑣𝑛 =

𝑦𝑛
𝑧𝑛
, 𝑤𝑛 =

𝑧𝑛
𝑥𝑛
, 𝑛 ∈ N0. (3.3.2)

We obtain, from (3.3.1) and (3.3.2), the following three independent equations

𝑢𝑛+1 =
𝑎1

𝑎2𝑢𝑛−1
, 𝑣𝑛+1 =

𝑎2
𝑎3𝑣𝑛−1

, 𝑤𝑛+1 =
𝑎1

𝑎3𝑤𝑛−1
, 𝑛 ∈ N0.

It is not difficult to verify that the sequences (𝑢𝑛)𝑛≥−1 , (𝑣𝑛)𝑛≥−1 and (𝑤𝑛)𝑛≥−1 are periodic
of period four and that for 𝑛 ∈ N0, we have

𝑢4𝑛−1 = 𝑢−1 , 𝑢4𝑛 = 𝑢0 , 𝑢4𝑛+1 =
𝑎1

𝑎2𝑢−1
, 𝑢4𝑛+2 =

𝑎1
𝑎2𝑢0

, (3.3.3)

𝑣4𝑛−1 = 𝑣−1 , 𝑣4𝑛 = 𝑣0 , 𝑣4𝑛+1 =
𝑎2

𝑎3𝑣−1
, 𝑣4𝑛+2 =

𝑎2
𝑎3𝑣0

, (3.3.4)

𝑤4𝑛−1 = 𝑤−1 , 𝑤4𝑛 = 𝑤0 , 𝑤4𝑛+1 =
𝑎3

𝑎1𝑤−1
, 𝑤4𝑛+2 =

𝑎3
𝑎1𝑤0

. (3.3.5)

Now, using equations in (3.1.2) and the change of variable in (3.3.2), we get for 𝑛 =

0, 1, · · · ,
𝑥𝑛+1 =

𝑎1𝑤𝑛−1
𝑎𝑢𝑛−1 + 𝑏 + 𝑐𝑢𝑛−1𝑤𝑛−1

𝑥𝑛−1 , (3.3.6)

𝑦𝑛+1 =
𝑎2𝑢𝑛−1

𝑎𝑢𝑛−1𝑣𝑛−1 + 𝑏𝑣𝑛−1 + 𝑐 𝑦𝑛−1 , (3.3.7)

𝑧𝑛+1 =
𝑎3𝑣𝑛−1

𝑎 + 𝑏𝑤𝑛−1𝑣𝑛−1 + 𝑐𝑤𝑛−1
𝑧𝑛−1. (3.3.8)

By applying the formulas of the sequences (𝑢𝑛)𝑛≥−1, (𝑣𝑛)𝑛≥−1 and (𝑤𝑛)𝑛≥−1 given in
(3.3.3)-(3.3.5), it follows from (3.3.6)-(3.3.8), that for 𝑛 ∈ N0, we have

𝑥4𝑛+1 = 𝛼0𝑥4𝑛−1 , 𝛼0 =
𝑎1𝑤−1

𝑎𝑢−1 + 𝑐𝑢−1𝑤−1 + 𝑏 , (3.3.9)

𝑥4𝑛+2 = 𝛼1𝑥4𝑛 , 𝛼1 =
𝑎1𝑤0

𝑎𝑢0 + 𝑐𝑢0𝑤0 + 𝑏 , (3.3.10)

𝑥4𝑛+3 = 𝛼2𝑥4𝑛+1 , 𝛼2 =
𝑎2𝑎3𝑢−1

𝑎𝑎1𝑤−1 + 𝑏𝑎2𝑤−1𝑢−1 + 𝑐𝑎3
, (3.3.11)

𝑥4𝑛+4 = 𝛼3𝑥4𝑛+2 , 𝛼3 =
𝑎2𝑎3𝑢0

𝑎𝑎1𝑤0 + 𝑏𝑎2𝑤0𝑢−1 + 𝑐𝑎3
. (3.3.12)

By substituting (3.3.9) into (3.3.11), we get

𝑥4𝑛+3 = 𝛼0𝛼2𝑥4𝑛−1 , 𝛼2 =
𝑎2𝑎3𝑢−1

𝑎𝑎1𝑤−1 + 𝑏𝑎2𝑤−1𝑢−1 + 𝑐𝑎3
. (3.3.13)
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and by substituting (3.3.10) into (3.3.12), we obtain

𝑥4𝑛+4 = 𝛼1𝛼3𝑥4𝑛 , 𝛼3 =
𝑎2𝑎3𝑢0

𝑎𝑎1𝑤0 + 𝑏𝑎2𝑤0𝑢−1 + 𝑐𝑎3
. (3.3.14)

We also have,

𝑦4𝑛+1 = 𝛽0𝑦4𝑛−1 , 𝛽0 =
𝑎2𝑢−1

𝑎𝑢−1𝑣−1 + 𝑏𝑣−1 + 𝑐 , (3.3.15)

𝑦4𝑛+2 = 𝛽1𝑦4𝑛 , 𝛽1 =
𝑎2𝑢0

𝑎𝑢0𝑣0 + 𝑏𝑣0 + 𝑐 , (3.3.16)

𝑦4𝑛+3 = 𝛽2𝑦4𝑛+1 , 𝛽2 =
𝑎1𝑎3𝑣−1

𝑐𝑎3𝑣−1𝑢−1 + 𝑏𝑎2𝑢−1 + 𝑎𝑎1
, (3.3.17)

𝑦4𝑛+4 = 𝛽3𝑦4𝑛+2 , 𝛽3 =
𝑎1𝑎3𝑣0

𝑐𝑎3𝑣0𝑢0 + 𝑏𝑎2𝑢0 + 𝑎𝑎1
. (3.3.18)

We substitue (3.3.15) into (3.3.17) we get

𝑦4𝑛+3 = 𝛽0𝛽2𝑦4𝑛−1 , 𝛽2 =
𝑎1𝑎3𝑣−1

𝑐𝑎3𝑣−1𝑢−1 + 𝑏𝑎2𝑢−1 + 𝑎𝑎1
(3.3.19)

from (3.3.16) and (3.3.18), we obtain

𝑦4𝑛+4 = 𝛽1𝛽3𝑦4𝑛 , 𝛽3 =
𝑎1𝑎3𝑣0

𝑐𝑎3𝑣0𝑢0 + 𝑏𝑎2𝑢0 + 𝑎𝑎1
(3.3.20)

Similarly, we have

𝑧4𝑛+1 = 𝛾0𝑧4𝑛−1 , 𝛾0 =
𝑎3𝑣−1

𝑎 + 𝑏𝑤−1𝑣−1 + 𝑐𝑤−1
, (3.3.21)

𝑧4𝑛+2 = 𝛾1𝑧4𝑛 , 𝛾1 =
𝑎3𝑣0

𝑎 + 𝑏𝑤0𝑣0 + 𝑐𝑤0
, (3.3.22)

𝑧4𝑛+3 = 𝛾2𝑧4𝑛+1 , 𝛾2 =
𝑎2𝑎1𝑤−1

𝑎𝑎1𝑣−1𝑤−1 + 𝑐𝑎3𝑣−1 + 𝑏𝑎2
, (3.3.23)

𝑧4𝑛+4 = 𝛾3𝑧4𝑛+2 , 𝛾3 =
𝑎2𝑎1𝑤0

𝑎𝑎1𝑣0𝑤0 + 𝑐𝑎3𝑣0 + 𝑏𝑎2
, (3.3.24)

from (3.3.21), we get

𝑧4𝑛+3 = 𝛾0𝛾2𝑥4𝑛−1 , 𝛾2 =
𝑎2𝑎1𝑤−1
𝑎𝑎1𝑣−1𝑤−1

, (3.3.25)

and by (3.3.22), we obtain

𝑧4𝑛+4 = 𝛾1𝛾3𝑧4𝑛 , 𝛾3 =
𝑎2𝑎1𝑤0

𝑎𝑎1𝑣0𝑤0 + 𝑐𝑎3𝑣0 + 𝑏𝑎2
. (3.3.26)

The sequences (𝑥𝑛)𝑛≥−1,
(
𝑦𝑛

)
𝑛≥−1 and (𝑧𝑛)𝑛≥−1 can be determined by solving the set of

Equations (3.3.9)-(3.3.26).
Let

𝑋1
𝑛 = 𝑥4𝑛 , 𝑛 ∈ N0 ,
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then we have 𝑋1
0 = 𝑥0 and Equation (3.3.14) becomes

𝑋1
𝑛+1 = 𝛼1𝛼3𝑋1

𝑛 ,

which is a first order linear (homogeneous) difference equation, its solution is given
by

𝑋1
𝑛 = (𝛼1𝛼3)𝑛𝑋1

0 , 𝑛 ∈ N0 ,

this implies that

𝑥4𝑛 =

[
𝑎1𝑎2𝑎3𝑢0𝑤0

((𝑎 + 𝑐𝑤0)𝑢0 + 𝑏) ((𝑎𝑎1 + 𝑏𝑎2𝑢0)𝑤0 + 𝑐𝑎3)
]𝑛
𝑥0.

Finally, using the fact that

𝑢0 =
𝑥0
𝑦0
, 𝑣0 =

𝑦0

𝑧0
, 𝑤0 =

𝑧0
𝑥0
, (3.3.27)

we get

𝑥4𝑛 =

[
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0(

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
) ((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑧0

) ]𝑛 𝑥0. (3.3.28)

Now, let
𝑋2
𝑛 = 𝑥4𝑛−1 , 𝑛 ∈ N0 ,

then we have 𝑋2
0 = 𝑥−1 and Equation (3.3.13) becomes

𝑋2
𝑛+1 = 𝛼0𝛼2𝑋2

𝑛 , 𝑛 ∈ N0 ,

which is first order linear (homogenous) difference equation, its solution is given by

𝑋2
𝑛 = (𝛼0𝛼2)𝑛𝑋2

0 , 𝑛 ∈ N0 ,

this implies that

𝑥4𝑛−1 =

[
𝑎1𝑎2𝑎3𝑢−1𝑤−1

((𝑎 + 𝑐𝑤−1)𝑢−1 + 𝑏) ((𝑎𝑎1 + 𝑏𝑎2𝑢−1)𝑤−1 + 𝑐𝑎3)
]𝑛
𝑥−1.

Finally, using the fact that

𝑢−1 =
𝑥−1
𝑦−1

, 𝑣−1 =
𝑦−1

𝑧−1
, 𝑤−1 =

𝑧−1
𝑥−1

, (3.3.29)

we get

𝑥4𝑛−1 =

[
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1(

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
) ((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1

) ]𝑛 𝑥−1. (3.3.30)
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From (3.3.9), (3.3.29) and (3.3.30), we get

𝑥4𝑛+1 =

[
𝑎1𝑦−1𝑧−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1

] [
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1(

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
) ((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1

) ]𝑛 .
(3.3.31)

Finally, from (3.3.10), (3.3.27) and (3.3.28), we get

𝑥4𝑛+2 =

[
𝑎1𝑦0𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

] [
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0(

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
) ((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑧0

) ]𝑛 .
(3.3.32)

Using the same approach as for the sequences (𝑥𝑛)𝑛≥−1, we obtain

𝑦4𝑛−1 =

[
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1(

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
) ((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1

) ]𝑛 𝑦−1 , (3.3.33)

𝑦4𝑛 =

[
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0(

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
) ((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0

) ]𝑛 𝑦0 , (3.3.34)

𝑦4𝑛+1 =

[
𝑎2𝑥−1𝑧−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1

] [
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1(

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
) ((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1

) ]𝑛 ,
(3.3.35)

𝑦4𝑛+2 =

[
𝑎2𝑥0𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

] [
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0(

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
) ((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0

) ]𝑛 ,
(3.3.36)

𝑧4𝑛−1 =

[
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1

(𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1)((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1)
]𝑛
𝑧−1 , (3.3.37)

𝑧4𝑛 =

[
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
, (3.3.38)

𝑧4𝑛+1 =

[
𝑎3𝑥−1𝑦−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1

] [
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1

(𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1)((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1)
]𝑛
,

(3.3.39)

𝑧4𝑛+2 =

[
𝑎3𝑥0𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

] [
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
.

(3.3.40)
In summary, after some rearrangement, the explicit formulas for the solutions of Sys-
tem (3.1.2) are presented in the following result.
Theorem 3.6. Let

(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−1 be a solution for System (3.1.2), then for 𝑛 = 0, 1, · · · , we

have

𝑥4𝑛−1 = 𝑥𝑛+1
−1

[
𝑎1𝑎2𝑎3𝑦−1𝑧−1

(𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1)((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1)
]𝑛
,

𝑥4𝑛 = 𝑥𝑛+1
0

[
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑧0)
]𝑛
,

𝑥4𝑛+1 =

[
𝑎2𝑎3𝑥−1

(𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1

]𝑛 [
𝑎1𝑦−1𝑧−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1

]𝑛+1

,
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𝑥4𝑛+2 =

[
𝑎2𝑎3𝑥0

(𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑧0

]𝑛 [
𝑎1𝑦0𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

]𝑛+1

,

𝑦4𝑛−1 = 𝑦𝑛+1
−1

[
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1(

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
) ((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1

) ]𝑛 ,
𝑦4𝑛 = 𝑦𝑛+1

0

[
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0(

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
) ((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0

) ]𝑛 ,
𝑦4𝑛+1 =

[
𝑎1𝑎3𝑦−1

(𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1

]𝑛 [
𝑎2𝑥−1𝑧−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1

]𝑛+1

,

𝑦4𝑛+2 =

[
𝑎1𝑎3𝑦0

(𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0

]𝑛 [
𝑎2𝑥0𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

]𝑛+1

,

𝑧4𝑛−1 = 𝑧𝑛+1
−1

[
𝑎1𝑎2𝑎3𝑥−1𝑦−1𝑧−1

(𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1)((𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1)
]𝑛
,

𝑧4𝑛 = 𝑧𝑛+1
0

[
𝑎1𝑎2𝑎3𝑥0𝑦0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)((𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
,

𝑧4𝑛+1 =

[
𝑎1𝑎2𝑧−1

(𝑎𝑎1𝑦−1 + 𝑏𝑎2𝑥−1)𝑧−1 + 𝑐𝑎3𝑥−1𝑦−1

]𝑛 [
𝑎3𝑥−1𝑦−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1

]𝑛+1

,

𝑧4𝑛+2 =

[
𝑎1𝑎2𝑧0

(𝑎𝑎1𝑦0 + 𝑏𝑎2𝑥0)𝑧0 + 𝑐𝑎3𝑥0𝑦0

]𝑛 [
𝑎3𝑥0𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

]𝑛+1

.

Remark 3.7. The formulas of the solutions of the following particular system

𝑥𝑛+1 =
𝑎1𝑦𝑛−1𝑧𝑛−1

𝑥𝑛−1 + 𝑦𝑛−1 + 𝑧𝑛−1
, 𝑦𝑛+1 =

𝑎2𝑥𝑛−1𝑧𝑛−1
𝑥𝑛−1 + 𝑦𝑛−1 + 𝑧𝑛−1

, 𝑧𝑛+1 =
𝑎3𝑥𝑛−1𝑦𝑛−1

𝑥𝑛−1 + 𝑦𝑛−1 + 𝑧𝑛−1
,

can be obtained from Theorem 3.6 by taking 𝑎 = 𝑏 = 𝑐 = 1, and the obtained formulas in this
case are the same as those given by Elsayed and al. in Theorem 3 of [26].

3.3.2 The system 𝑥𝑛+1 = 𝑎1𝑦𝑛𝑧𝑛
𝑎𝑥𝑛+𝑏𝑦𝑛+𝑐𝑧𝑛 , 𝑦𝑛+1 = 𝑎2𝑥𝑛𝑧𝑛

𝑎𝑥𝑛+𝑏𝑦𝑛+𝑐𝑧𝑛 , 𝑧𝑛+1 = 𝑎3𝑥𝑛𝑦𝑛
𝑎𝑥𝑛+𝑏𝑦𝑛+𝑐𝑧𝑛 .

Following the closed-form analysis of System (3.1.2) in the previous part, we now shift
our focus to the three-dimensional first-order system of difference equations defined
by (3.1.3) and derive its explicit solutions.
Definition 3.8. A solution

(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−1 of System (3.1.3), is said to be well defined if

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 ≠ 0, 𝑛 ∈ N0.

Remark 3.9. For every well-defined solution
(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥0 of System (3.1.3), we have

𝑥𝑛 .𝑦𝑛 .𝑧𝑛 ≠ 0, 𝑛 = 0, 1, · · · .

Now, to find the explicit formulas of the solutions for System (3.1.3), we apply the same
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method used previously for System (3.1.2). From the equations in (3.1.3), we have

𝑥𝑛+1
𝑦𝑛+1

=
𝑦𝑛
𝑥𝑛
,
𝑦𝑛+1

𝑧𝑛+1
=
𝑧𝑛
𝑦𝑛
,
𝑧𝑛+1
𝑥𝑛+1

=
𝑥𝑛
𝑧𝑛
. (3.3.41)

and by using of the following change of variables,

𝑢𝑛 =
𝑥𝑛
𝑦𝑛
, 𝑣𝑛 =

𝑦𝑛
𝑧𝑛
, 𝑤𝑛 =

𝑧𝑛
𝑥𝑛
, 𝑛 ∈ N0. (3.3.42)

we obtain the following three independent equations

𝑢𝑛+1 =
𝑎1
𝑎2𝑢𝑛

, 𝑣𝑛+1 =
𝑎2
𝑎3𝑣𝑛

, 𝑤𝑛+1 =
𝑎1
𝑎3𝑤𝑛

, 𝑛 ∈ N0.

It is straightforward to verify that the sequences (𝑢𝑛)𝑛≥0 , (𝑣𝑛)𝑛≥0 and (𝑣𝑛)𝑛≥0 are peri-
odic of period two and that their terms are given for 𝑛 ∈ N0 by

𝑢2𝑛 = 𝑢0 , 𝑢2𝑛+1 =
𝑎1
𝑎2𝑢0

, (3.3.43)

𝑣2𝑛 = 𝑣0 , 𝑣2𝑛+1 =
𝑎2
𝑎3𝑣0

, (3.3.44)

𝑤2𝑛 = 𝑤0 , 𝑤2𝑛+1 =
𝑎3
𝑎1𝑤0

. (3.3.45)

By applying the equations in (3.1.3) and the change of variable in (3.3.42), we get for
𝑛 = 0, 1, · · · ,

𝑥𝑛+1 =
𝑎1𝑤𝑛

𝑎𝑢𝑛 + 𝑏 + 𝑐𝑢𝑛𝑤𝑛 𝑥𝑛 , (3.3.46)

𝑦𝑛+1 =
𝑎2𝑢𝑛

𝑎𝑢𝑛𝑣𝑛 + 𝑏𝑣𝑛 + 𝑐 𝑦𝑛 , (3.3.47)

𝑧𝑛+1 =
𝑎3𝑣𝑛

𝑎 + 𝑏𝑤𝑛𝑣𝑛 + 𝑐𝑤𝑛 𝑧𝑛 . (3.3.48)

From the formulas of the sequences (𝑢𝑛)𝑛≥0, (𝑣𝑛)𝑛≥0 and (𝑤𝑛)𝑛≥0 given in (3.3.43)-
(3.3.45), together with Equations (3.3.46)-(3.3.48), we obtain for 𝑛 ∈ N0,

𝑥2𝑛+1 = 𝛼0𝑥2𝑛 , 𝛼0 =
𝑎1𝑤0

𝑎𝑢0 + 𝑐𝑢0𝑤0 + 𝑏 . (3.3.49)

𝑥2𝑛+2 = 𝛼1𝛼0𝑥2𝑛 , 𝛼1 =
𝑎2𝑎3𝑢0

𝑎𝑎1𝑤0 + 𝑏𝑎2𝑤0𝑢0 + 𝑐𝑎3
. (3.3.50)

𝑦2𝑛+1 = 𝛽0𝑦2𝑛 , 𝛽0 =
𝑎2𝑢0

𝑎𝑢0𝑣0 + 𝑏𝑣0 + 𝑐 . (3.3.51)

𝑦2𝑛+2 = 𝛽1𝛽0𝑦2𝑛 , 𝛽1 =
𝑎1𝑎3𝑣0

𝑐𝑎3𝑣0𝑢0 + 𝑏𝑎2𝑢0 + 𝑎𝑎1
. (3.3.52)

𝑧2𝑛+1 = 𝛾0𝑧2𝑛 , 𝛾0 =
𝑎3𝑣0

𝑎 + 𝑏𝑤0𝑣0 + 𝑐𝑤0
. (3.3.53)

𝑧2𝑛+2 = 𝛾1𝛾0𝑧2𝑛 , 𝛾1 =
𝑎2𝑎1𝑤0

𝑎𝑎1𝑣0𝑤0 + 𝑐𝑎3𝑣0 + 𝑏𝑎2
. (3.3.54)
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To derive the explicit formulas of the sequences (𝑥𝑛)𝑛≥0,
(
𝑦𝑛

)
𝑛≥0 and (𝑧𝑛)𝑛≥0 we solve

the equations (3.3.49)-(3.3.54).
Let

𝑋𝑛 = 𝑥2𝑛 , 𝑛 ∈ N0 ,

we obtain 𝑋0 = 𝑥0 and Equation (3.3.50) can be rewritten as

𝑋𝑛+1 = 𝛼0𝛼1𝑋𝑛 .

This is a first order linear (homogeneous) difference equation. Its solution is given by

𝑋𝑛 = (𝛼0𝛼1)𝑛𝑋0 , 𝑛 ∈ N0.

Consequently

𝑥2𝑛 =

[
𝑎1𝑎2𝑎3𝑢0𝑤0

(𝑎𝑢0 + 𝑐𝑢0𝑤0 + 𝑏)(𝑎𝑎1𝑤0 + 𝑏𝑎2𝑢0𝑤0 + 𝑐𝑎3)
]𝑛
𝑥0.

Finally, since we have
𝑢0 =

𝑥0
𝑦0
, 𝑣0 =

𝑦0

𝑧0
, 𝑤0 =

𝑧0
𝑥0
, (3.3.55)

we get

𝑥2𝑛 = 𝑥𝑛+1
0

[
𝑎1𝑎2𝑎3𝑦0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)(𝑎𝑎1𝑦0𝑧0 + 𝑏𝑎2𝑥0𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
. (3.3.56)

From (3.3.49), we have 𝑥2𝑛+1 = 𝛼0𝑥2𝑛 . Using (3.3.56) and (3.3.55), we get,

𝑥2𝑛+1 = 𝑥𝑛0

[
𝑎1𝑦0𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

] [
𝑎1𝑎2𝑎3𝑦0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)(𝑎𝑎1𝑦0𝑧0 + 𝑏𝑎2𝑥0𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
.

(3.3.57)
Applying the same procedure as for the sequence (𝑥𝑛)𝑛≥0, we obtain

𝑦2𝑛 = 𝑦𝑛+1
0

[
𝑎1𝑎2𝑎3𝑥0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)(𝑎𝑎1𝑦0𝑧0 + 𝑏𝑎2𝑥0𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
, (3.3.58)

𝑦2𝑛+1 = 𝑦𝑛0

[
𝑎2𝑥0𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

] [
𝑎1𝑎2𝑎3𝑥0𝑧0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)(𝑎𝑎1𝑦0𝑧0 + 𝑏𝑎2𝑥0𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
,

(3.3.59)

𝑧2𝑛 = 𝑧𝑛+1
0

[
𝑎1𝑎2𝑎3𝑥0𝑦0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)(𝑎𝑎1𝑦0𝑧0 + 𝑏𝑎2𝑥0𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
, (3.3.60)

𝑧2𝑛+1 = 𝑧𝑛0

[
𝑎2𝑥0𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

] [
𝑎1𝑎2𝑎3𝑥0𝑦0

(𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)(𝑎𝑎1𝑦0𝑧0 + 𝑏𝑎2𝑥0𝑧0 + 𝑐𝑎3𝑥0𝑦0)
]𝑛
.

(3.3.61)
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3.4 On the solvability in closed-form of a three-dimensional
system of rational difference equations

In line with the previous solvability analysis, and motivated by the findings in [56],
we consider in this part, the three-dimensional system of rational difference equations
defined by (3.1.4). First, we transform System (3.1.4) to a 6𝑘 + 6-periodic system of
difference equations, and reduce it to three independents linear difference equations
of order 𝑘 + 1. Then, we derive explicit formuals for the solutions in the cases 𝑘 = 0
and 𝑘 = 1. The technique developed here could be applied to deal with the cases
𝑘 = 2, 3, · · · .
Definition 3.10. A well defined-solution

(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−𝑘 of System (3.1.4),is one that satis-

fies:
𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 ≠ 0, 𝑛 ∈ N0.

Lemma 3.11. Let
(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−𝑘 be a well defined solution of System (3.1.4). Then,

𝑥𝑛 .𝑦𝑛 .𝑧𝑛 ≠ 0, 𝑛 = −𝑘,−𝑘 + 1, · · · .

Proof. Suppose that there exists 𝑛0 ≥ −𝑘 such that 𝑥𝑛0 = 0. It follows directly that

𝑥𝑛0+𝑘+1 = 0, 𝑧𝑛0+𝑘+1 = 0.

Consequently, we obtain

𝑥𝑛0+2𝑘+2 = 0, 𝑦𝑛0+2𝑘+2 = 0, 𝑧𝑛0+2𝑘+2 = 0.

From these last equalities, it follows that

𝑥𝑛0+3𝑘+3 =
0
0
, 𝑦𝑛0+3𝑘+3 =

0
0
, 𝑧𝑛0+3𝑘+3 =

0
0
.

Hence, the terms 𝑥𝑛0+3𝑘+3, 𝑦𝑛0+3𝑘+3, and 𝑧𝑛0+3𝑘+3 are undefined.

In what follows, by a solution of (3.1.4), we refer to a well-defined solution.
Lemma 3.12. By applying the following change of variables

𝑢𝑛 =
𝑥𝑛
𝑦𝑛
, 𝑣𝑛 =

𝑦𝑛
𝑧𝑛
, 𝑤𝑛 =

𝑧𝑛
𝑥𝑛
, 𝑛 = −𝑘,−𝑘 + 1, · · · , (3.4.1)

System (3.1.4), is transformable to the following system

𝑢𝑛+1 =
𝑎1

𝑎2𝑤𝑛−𝑘
, 𝑣𝑛+1 =

𝑎2
𝑎3𝑢𝑛−𝑘

, 𝑤𝑛+1 =
𝑎3

𝑎1𝑣𝑛−𝑘
, 𝑛 = 0, 1, · · · , (3.4.2)

and, we get System (3.1.4) reduced to three independents linear difference equations

𝑥𝑛+1 =
𝑎1

𝑎𝑢𝑛−𝑘 + 𝑐𝑢𝑛−𝑘𝑤𝑛−𝑘 + 𝑏 𝑥𝑛−𝑘 , 𝑛 ∈ N0 , (3.4.3)
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𝑦𝑛+1 =
𝑎2

𝑎𝑢𝑛−𝑘𝑣𝑛−𝑘 + 𝑏𝑣𝑛−𝑘 + 𝑐 𝑦𝑛−𝑘 , 𝑛 ∈ N0 , (3.4.4)

𝑧𝑛+1 =
𝑎3

𝑏𝑣𝑛−𝑘𝑤𝑛−𝑘 + 𝑐𝑤𝑛−𝑘 + 𝑎 𝑧𝑛−𝑘 , 𝑛 ∈ N0. (3.4.5)

Proof. From the equations in System (3.1.4), we obtain

𝑥𝑛+1
𝑦𝑛+1

=
𝑎1𝑥𝑛−𝑘
𝑎2𝑧𝑛−𝑘

,
𝑦𝑛+1

𝑧𝑛+1
=
𝑎2𝑦𝑛−𝑘
𝑎3𝑥𝑛−𝑘

,
𝑧𝑛+1
𝑥𝑛+1

=
𝑎3𝑧𝑛−𝑘
𝑎1𝑦𝑛−𝑘

,

Applying the change of variables (3.4.1), we get

𝑢𝑛+1 =
𝑎1

𝑎2𝑤𝑛−𝑘
, 𝑣𝑛+1 =

𝑎2
𝑎3𝑢𝑛−𝑘

, 𝑤𝑛+1 =
𝑎3

𝑎1𝑣𝑛−𝑘
.

Consequently, the formulas (3.4.3), (3.4.4) and (3.4.5), follow directly from (3.1.4) and
(3.4.1).

To solve System (3.1.4), it’s sufficient to solve System (3.4.2) and Equations (3.4.3),
(3.4.4) and (3.4.5). In the following result, we show that every solution of System
(3.4.2) is periodic with period 6𝑘 + 6.
Lemma 3.13. Let (𝑢𝑛 , 𝑣𝑛 , 𝑤𝑛)𝑛≥−𝑘 be a solution of System (3.4.2), then

𝑢𝑛+6𝑘+6 = 𝑢𝑛 , 𝑣𝑛+6𝑘+6 = 𝑣𝑛 , 𝑤𝑛+6𝑘+6 = 𝑤𝑛 , 𝑛 = −𝑘,−𝑘 + 1, · · · ,

that is the solution is periodic of period 6𝑘 + 6.

Proof. From (3.4.2), we have

𝑢𝑛+6𝑘+6 =
𝑎1

𝑎2𝑤𝑛+5𝑘+5
, 𝑣𝑛+6𝑘+6 =

𝑎2
𝑎3𝑢𝑛+5𝑘+5

, 𝑤𝑛+6𝑘+6 =
𝑎3

𝑎1𝑣𝑛+5𝑘+5
, (3.4.6)

𝑢𝑛+5𝑘+5 =
𝑎1

𝑎2𝑤𝑛+4𝑘+4
, 𝑣𝑛+5𝑘+5 =

𝑎2
𝑎3𝑢𝑛+4𝑘+4

, 𝑤𝑛+5𝑘+5 =
𝑎3

𝑎1𝑣𝑛+4𝑘+4
, (3.4.7)

𝑢𝑛+4𝑘+4 =
𝑎1

𝑎2𝑤𝑛+3𝑘+3
, 𝑣𝑛+4𝑘+4 =

𝑎2
𝑎3𝑢𝑛+3𝑘+3

, 𝑤𝑛+4𝑘+4 =
𝑎3

𝑎1𝑣𝑛+3𝑘+3
, (3.4.8)

𝑢𝑛+3𝑘+3 =
𝑎1

𝑎2𝑤𝑛+2𝑘+2
, 𝑣𝑛+3𝑘+3 =

𝑎2
𝑎3𝑢𝑛+2𝑘+2

, 𝑤𝑛+3𝑘+3 =
𝑎3

𝑎1𝑣𝑛+2𝑘+2
, (3.4.9)

𝑢𝑛+2𝑘+2 =
𝑎1

𝑎2𝑤𝑛+𝑘+1
, 𝑣𝑛+2𝑘+2 =

𝑎2
𝑎3𝑢𝑛+1𝑘+1

, 𝑤𝑛+2𝑘+2 =
𝑎3

𝑎1𝑣𝑛+𝑘+1
, (3.4.10)

𝑢𝑛+𝑘+1 =
𝑎1
𝑎2𝑤𝑛

, 𝑣𝑛+𝑘+1 =
𝑎2
𝑎3𝑢𝑛

, 𝑤𝑛+𝑘+1 =
𝑎3
𝑎1𝑣𝑛

. (3.4.11)

From (3.4.6)-(3.4.11), we get

𝑢𝑛+6𝑘+6 =
𝑎1

𝑎2𝑤𝑛+5𝑘+5
=

𝑎2
1

𝑎2𝑎3
𝑣𝑛+4𝑘+4

=
𝑎2

1

𝑎2
3𝑢𝑛+3𝑘+3

=
𝑎1𝑎2

𝑎2
3
𝑤𝑛+2𝑘+2

=
𝑎2

𝑎3𝑣𝑛+𝑘+1
= 𝑢𝑛 .
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Similarly, we prove that
𝑣𝑛+6𝑘+6 = 𝑣𝑛 , 𝑤𝑛+6𝑘+6 = 𝑤𝑛 .

Lemma 3.14. Let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−𝑘 be a solution of System (3.1.4). Assume that the parameters
𝑎1, 𝑎2, 𝑎3, 𝑎, 𝑏, 𝑐 and the initial values 𝑥−𝑘 , ..., 𝑥0, 𝑦−𝑘 , ..., 𝑦0, 𝑧−𝑘 , ..., 𝑧0 are positive and
assume that 𝑎1 < 𝑏, 𝑎2 < 𝑐, 𝑎3 < 𝑎, then for every solution of (3.1.4), we have

lim
𝑛→+∞(𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛) = (0, 0, 0).

Proof. Since the parameters and the initial values are positive and we have, then every
solution of System (3.1.4) is positive, it follows that

𝑥𝑛+1 ≤ 𝑎1
𝑏
𝑥𝑛−𝑘 , 𝑦𝑛+1 ≤ 𝑎2

𝑐
𝑦𝑛−𝑘 , 𝑧𝑛+1 ≤ 𝑎3

𝑎
𝑧𝑛−𝑘 , 𝑛 ∈ N0 ,

from which, we get that

𝑥(𝑘+1)𝑛+𝑖 ≤
( 𝑎1
𝑏

)𝑛+1
𝑥𝑖−𝑘−1 , 𝑦(𝑘+1)𝑛+𝑖 ≤

( 𝑎2
𝑐

)𝑛+1
𝑦𝑖−𝑘−1 , 𝑧(𝑘+1)𝑛+𝑖 ≤

( 𝑎3
𝑎

)𝑛+1
𝑧𝑖−𝑘−1 , 𝑖 = 1, 2, · · · , 𝑘+1.

Using the fact that 𝑎1 < 𝑏, 𝑎2 < 𝑐, 𝑎3 < 𝑎, the desired result follows.

In order to solve the special cases of System (3.1.4) when 𝑘 = 0 and 𝑘 = 1, we need
to solve the corresponding System (3.4.2) and the corresponding equations (3.4.3),
(3.4.4) and (3.4.5) in each case.

3.4.1 The case 𝑘 = 0.

In this case, System (3.1.4) takes the form

𝑥𝑛+1 =
𝑎1𝑥𝑛𝑦𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑦𝑛+1 =
𝑎2𝑦𝑛𝑧𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 , 𝑧𝑛+1 =
𝑎3𝑥𝑛𝑧𝑛

𝑎𝑥𝑛 + 𝑏𝑦𝑛 + 𝑐𝑧𝑛 . (3.4.12)

For System (3.4.12), the corresponding System (3.4.2), will be

𝑢𝑛+1 =
𝑎1
𝑎2𝑤𝑛

, 𝑣𝑛+1 =
𝑎2
𝑎3𝑢𝑛

, 𝑤𝑛+1 =
𝑎3
𝑎1𝑣𝑛

. (3.4.13)

FromLemma (3.13), we get that the sequences (𝑢𝑛)𝑛≥0 , (𝑣𝑛)𝑛≥0 and (𝑤𝑛)𝑛≥0 are periodic
of period 6 and we have

𝑢6𝑛 = 𝑢0 , 𝑢6𝑛+1 =
𝑎1
𝑎2𝑤0

, 𝑢6𝑛+2 =
𝑎2

1
𝑎2𝑎3

𝑣0 , 𝑢6𝑛+3 =
𝑎2

1

𝑎2
3𝑢0

, 𝑢6𝑛+4 =
𝑎1𝑎2

𝑎2
3
𝑤0 , 𝑢6𝑛+5 =

𝑎2
𝑎3𝑣0

,

(3.4.14)

𝑣6𝑛 = 𝑣0 , 𝑣6𝑛+1 =
𝑎2
𝑎3𝑢0

, 𝑣6𝑛+2 =
𝑎2

2
𝑎1𝑎3

𝑤0 , 𝑣6𝑛+3 =
𝑎2

2

𝑎2
1𝑣0

, 𝑣6𝑛+4 =
𝑎2𝑎3

𝑎2
1
𝑢0 , 𝑣6𝑛+5 =

𝑎3
𝑎1𝑤0

,

(3.4.15)
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𝑤6𝑛 = 𝑤0 , 𝑤6𝑛+1 =
𝑎3
𝑎1𝑣0

, 𝑤6𝑛+2 =
𝑎2

3
𝑎1𝑎2

𝑢0 , 𝑤6𝑛+3 =
𝑎2

3

𝑎2
2𝑤0

, 𝑤6𝑛+4 =
𝑎1𝑎3

𝑎2
2
𝑣0 , 𝑤6𝑛+5 =

𝑎1
𝑎2𝑢0

.

(3.4.16)
Also for System (3.4.12), the corresponding Equations (3.4.3), (3.4.4) and (3.4.5) will
be

𝑥𝑛+1 =
𝑎1

𝑎𝑢𝑛 + 𝑐𝑢𝑛𝑤𝑛 + 𝑏 𝑥𝑛 , 𝑛 ∈ N0 , (3.4.17)

𝑦𝑛+1 =
𝑎2

𝑎𝑢𝑛𝑣𝑛 + 𝑏𝑣𝑛 + 𝑐 𝑦𝑛 , 𝑛 ∈ N0 , (3.4.18)

𝑧𝑛+1 =
𝑎3

𝑏𝑣𝑛𝑤𝑛 + 𝑐𝑤𝑛 + 𝑎 𝑧𝑛 , 𝑛 ∈ N0. (3.4.19)

The formulas of well defined solutions of System (3.1.4) when 𝑘 = 0 are presented in
the following result.
Theorem 3.15. Consider System (3.4.12) and let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥0 be a solution of (3.4.12).
Then, for 𝑛 = 0, 1, · · · , we have

𝑥6𝑛 = (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , 𝑦6𝑛 =
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 ,

𝑥6𝑛+1 = 𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , 𝑦6𝑛+1 = 𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 ,

𝑥6𝑛+2 = 𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , 𝑦6𝑛+2 = 𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 ,

𝑥6𝑛+3 = 𝛼2𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , 𝑦6𝑛+3 = 𝛽2𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 ,

𝑥6𝑛+4 = 𝛼3𝛼2𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , 𝑦6𝑛+4 = 𝛽3𝛽2𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 ,

𝑥6𝑛+5 = 𝛼4𝛼3𝛼2𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , 𝑦6𝑛+5 = 𝛽4𝛽3𝛽2𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 ,

𝑧6𝑛 = (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 ,

𝑧6𝑛+1 = 𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 ,

𝑧6𝑛+2 = 𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 ,

𝑧6𝑛+3 = 𝛾2𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 ,

𝑧6𝑛+4 = 𝛾3𝛾2𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 ,

𝑧6𝑛+5 = 𝛾4𝛾3𝛾2𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0

where
𝛼0 =

𝑎1𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
, 𝛼1 =

𝑎1𝑎2𝑦0𝑧0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛼2 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

, 𝛼3 =
𝑎1𝑎2

2𝑎
2
3𝑥0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛼4 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

, 𝛼5 =
𝑎1𝑎3𝑥0𝑦0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛽0 =
𝑎2𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
, 𝛽1 =

𝑎2𝑎3𝑥0𝑧0
𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0

,
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𝛽2 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

, 𝛽3 =
𝑎2

1𝑎2𝑎2
3𝑥0𝑦0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛽4 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

, 𝛽5 =
𝑎1𝑎2𝑦0𝑧0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛾0 =
𝑎3𝑥0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
, 𝛾1 =

𝑎1𝑎3𝑥0𝑦0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛾2 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

, 𝛾3 =
𝑎2

1𝑎
2
2𝑎3𝑦0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛾4 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

, 𝛾5 =
𝑎2𝑎3𝑥0𝑧0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
.

Proof. From the change of variables in (3.4.1), and Equations (3.4.14)-(3.4.16) and
(3.4.17)-(3.4.19), we get

𝑥6𝑛+1 = 𝛼0𝑥6𝑛 , (3.4.20)

𝑥6𝑛+2 = 𝛼1𝛼0𝑥6𝑛 , (3.4.21)

𝑥6𝑛+3 = 𝛼2𝛼1𝛼0𝑥6𝑛 , (3.4.22)

𝑥6𝑛+4 = 𝛼3𝛼2𝛼1𝛼0𝑥6𝑛 , (3.4.23)

𝑥6𝑛+5 = 𝛼4𝛼3𝛼2𝛼1𝛼0𝑥6𝑛 , (3.4.24)

𝑥6𝑛+6 = 𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0𝑥6𝑛 , (3.4.25)

𝑦6𝑛+1 = 𝛽0𝑦6𝑛 , (3.4.26)

𝑦6𝑛+2 = 𝛽1𝛽0𝑦6𝑛 , (3.4.27)

𝑦6𝑛+3 = 𝛽2𝛽1𝛽0𝑦6𝑛 , (3.4.28)

𝑦6𝑛+4 = 𝛽3𝛽2𝛽1𝛽0𝑦6𝑛 , (3.4.29)

𝑦6𝑛+5 = 𝛽4𝛽3𝛽2𝛽1𝛽0𝑦6𝑛 , (3.4.30)

𝑦6𝑛+6 = 𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0𝑦6𝑛 , (3.4.31)

𝑧6𝑛+1 = 𝛾0𝑧6𝑛 , (3.4.32)

𝑧6𝑛+2 = 𝛾1𝛾0𝑧6𝑛 , (3.4.33)

𝑧6𝑛+3 = 𝛾2𝛾1𝛾0𝑧6𝑛 , (3.4.34)

𝑧6𝑛+4 = 𝛾3𝛾2𝛾1𝛾0𝑧6𝑛 , (3.4.35)

𝑧6𝑛+5 = 𝛾4𝛾3𝛾2𝛾1𝛾0𝑧6𝑛 , (3.4.36)

𝑧6𝑛+6 = 𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0𝑧6𝑛 , (3.4.37)
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where
𝛼0 =

𝑎1𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
, 𝛼1 =

𝑎1𝑎2𝑦0𝑧0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛼2 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

, 𝛼3 =
𝑎1𝑎2

2𝑎
2
3𝑥0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛼4 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

, 𝛼5 =
𝑎1𝑎3𝑥0𝑦0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛽0 =
𝑎2𝑧0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
, 𝛽1 =

𝑎2𝑎3𝑥0𝑧0
𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0

,

𝛽2 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

, 𝛽3 =
𝑎2

1𝑎2𝑎2
3𝑥0𝑦0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛽4 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

, 𝛽5 =
𝑎1𝑎2𝑦0𝑧0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛾0 =
𝑎3𝑥0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
, 𝛾1 =

𝑎1𝑎3𝑥0𝑦0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛾2 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

, 𝛾3 =
𝑎2

1𝑎
2
2𝑎3𝑦0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛾4 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

, 𝛾5 =
𝑎2𝑎3𝑥0𝑧0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
.

Now, we will solve Equations (3.4.20)-(3.4.37). We have (𝑥6𝑛)𝑛≥0 is the solution of the
first-order linear homogenous difference equation given in (3.4.25), from which

𝑥6𝑛 = (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛𝑥0. (3.4.38)

Hence, from (3.4.38) and (3.4.20)-(3.4.24) it follows that

𝑥6𝑛+1 = 𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , (3.4.39)

𝑥6𝑛+2 = 𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , (3.4.40)

𝑥6𝑛+3 = 𝛼2𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , (3.4.41)

𝑥6𝑛+4 = 𝛼3𝛼2𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0 , (3.4.42)

𝑥6𝑛+5 = 𝛼4𝛼3𝛼2𝛼1𝛼0 (𝛼5𝛼4𝛼3𝛼2𝛼1𝛼0)𝑛 𝑥0. (3.4.43)

Similarly, (𝑦6𝑛)𝑛≥0 is the solution of the first-order linear homogenous difference equa-
tion (3.4.31), and we have

𝑦6𝑛 = (𝛽0𝛽1𝛽2𝛽3𝛽4𝛽5)𝑛𝑦0. (3.4.44)
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Thus, from (3.4.44) and (3.4.26)-(3.4.30), we get

𝑦6𝑛+1 = 𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 , (3.4.45)

𝑦6𝑛+2 = 𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 , (3.4.46)

𝑦6𝑛+3 = 𝛽2𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 , (3.4.47)

𝑦6𝑛+4 = 𝛽3𝛽2𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0 , (3.4.48)

𝑦6𝑛+5 = 𝛽4𝛽3𝛽2𝛽1𝛽0
(
𝛽5𝛽4𝛽3𝛽2𝛽1𝛽0

)𝑛 𝑦0. (3.4.49)

Also, (𝑧6𝑛)𝑛≥0 is the solution of the first-order linear homogenous difference equation
(3.4.37), and we have

𝑧6𝑛 = (𝛾1𝛾2𝛾3𝛾4𝛾5)𝑛𝑧0 (3.4.50)

From (3.4.50) and (3.4.32)-(3.4.36), we obtain

𝑧6𝑛+1 = 𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 , (3.4.51)

𝑧6𝑛+2 = 𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 , (3.4.52)

𝑧6𝑛+3 = 𝛾2𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 , (3.4.53)

𝑧6𝑛+4 = 𝛾3𝛾2𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0 , (3.4.54)

𝑧6𝑛+5 = 𝛾4𝛾3𝛾2𝛾1𝛾0 (𝛾5𝛾4𝛾3𝛾2𝛾1𝛾0)𝑛 𝑧0. (3.4.55)

3.4.2 The case 𝑘 = 1

For 𝑘 = 1, System (3.1.4) takes the form

𝑥𝑛+1 =
𝑎1𝑥𝑛−1𝑦𝑛−1

𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1
, 𝑦𝑛+1 =

𝑎2𝑦𝑛−1𝑧𝑛−1

𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1
, 𝑧𝑛+1 =

𝑎3𝑥𝑛−1𝑧𝑛−1
𝑎𝑥𝑛−1 + 𝑏𝑦𝑛−1 + 𝑐𝑧𝑛−1

,

(3.4.56)

and the corresponding System (3.4.2) will be

𝑢𝑛+1 =
𝑎1

𝑎2𝑤𝑛−1
, 𝑣𝑛+1 =

𝑎2
𝑎3𝑢𝑛−1

, 𝑤𝑛+1 =
𝑎3

𝑎1𝑣𝑛−1
. (3.4.57)

From Lemma 3.13, it follows that the sequences (𝑢𝑛)𝑛≥−1, (𝑣𝑛)𝑛≥−1 and (𝑤𝑛)𝑛≥−1 are
periodic of period 12 and we have

𝑢12𝑛−1 = 𝑤−1 , 𝑢12𝑛 = 𝑢0 , 𝑢12𝑛+1 =
𝑎1

𝑎2𝑤−1
, 𝑢12𝑛+2 =

𝑎1
𝑎2𝑤0

, (3.4.58)

𝑢12𝑛+3 =
𝑎2

1
𝑎2𝑎3

𝑣−1 , 𝑢12𝑛+4 =
𝑎2

1
𝑎2𝑎3

𝑣0 , 𝑢12𝑛+5 =
𝑎2

1

𝑎2
3𝑤−1

, 𝑢12𝑛+6 =
𝑎2

1

𝑎2
3𝑢0

, (3.4.59)
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𝑢12𝑛+7 =
𝑎1𝑎2

𝑎2
3
𝑤−1 , 𝑢12𝑛+8 =

𝑎1𝑎2

𝑎2
3
𝑤0 , 𝑢12𝑛+9 =

𝑎2
𝑎3𝑣−1

, 𝑢12𝑛+10 =
𝑎2
𝑎3𝑣0

, (3.4.60)

𝑣12𝑛−1 = 𝑣−1 , 𝑣12𝑛 = 𝑣0 , 𝑣12𝑛+1 =
𝑎2

𝑎3𝑢−1
, 𝑣12𝑛+2 =

𝑎2
𝑎3𝑢0

, (3.4.61)

𝑣12𝑛+3 =
𝑎2

2
𝑎1𝑎3

𝑤−1 , 𝑣12𝑛+4 =
𝑎2

2
𝑎1𝑎3

𝑤0 , 𝑣12𝑛+5 =
𝑎2

2

𝑎2
1𝑣−1

, 𝑣12𝑛+6 =
𝑎2

2

𝑎2
1𝑣0

, (3.4.62)

𝑣12𝑛+7 =
𝑎2𝑎3

𝑎2
1
𝑤−1 , 𝑣12𝑛+8 =

𝑎2𝑎3

𝑎2
1
𝑤0 , 𝑣12𝑛+9 =

𝑎3
𝑎1𝑤−1

, 𝑣12𝑛+10 =
𝑎3
𝑎1𝑤0

, (3.4.63)

𝑤12𝑛−1 = 𝑤−1 , 𝑤12𝑛 = 𝑤0 , 𝑤12𝑛+1 =
𝑎3

𝑎1𝑣−1
, 𝑤12𝑛+2 =

𝑎3
𝑎1𝑣0

, (3.4.64)

𝑤12𝑛+3 =
𝑎2

3
𝑎1𝑎2

𝑤−1 , 𝑤12𝑛+4 =
𝑎2

3
𝑎1𝑎2

𝑢0 , 𝑤12𝑛+5 =
𝑎2

3

𝑎2
2𝑤−1

, 𝑤12𝑛+6 =
𝑎2

3

𝑎2
2𝑤0

, (3.4.65)

𝑤12𝑛+7 =
𝑎1𝑎3

𝑎2
2
𝑣−1 , 𝑤12𝑛+8 =

𝑎1𝑎3

𝑎2
2
𝑣0 , 𝑤12𝑛+9 =

𝑎1
𝑎2𝑤−1

, 𝑤12𝑛+10 =
𝑎1
𝑎2𝑤0

. (3.4.66)

For System (3.4.56), the corresponding Equations (3.4.3)-(3.4.5) will be

𝑥𝑛+1 =
𝑎1

𝑎𝑢𝑛−1 + 𝑐𝑢𝑛−1𝑤𝑛−1 + 𝑏 𝑥𝑛−1 , 𝑛 ∈ N0 , (3.4.67)

𝑦𝑛+1 =
𝑎2

𝑎𝑢𝑛−1𝑣𝑛−1 + 𝑏𝑣𝑛−1 + 𝑐 𝑦𝑛−1 , 𝑛 ∈ N0 , (3.4.68)

𝑧𝑛+1 =
𝑎3

𝑏𝑣𝑛−1𝑤𝑛−1 + 𝑐𝑤𝑛−1 + 𝑎 𝑧𝑛−1 , 𝑛 ∈ N0. (3.4.69)

Next, we have the following result.
Theorem 3.16. Let (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−1 be a solution of System (3.4.56), then for 𝑛 = 0, 1, · · · ,
we have

𝑥12𝑛−1 = (𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , 𝑦12𝑛−1 = (𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 ,

𝑥12𝑛 = (𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , 𝑦12𝑛 = (𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 ,

𝑥12𝑛+1 = 𝛼0(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , 𝑦12𝑛+1 = 𝛽0(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 ,

𝑥12𝑛+2 = 𝛼1(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , 𝑦12𝑛+2 = 𝛽1(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 ,

𝑥12𝑛+3 = 𝛼0𝛼2(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , 𝑦12𝑛+3 = 𝛽0𝛽2(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 ,

𝑥12𝑛+4 = 𝛼1𝛼3(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , 𝑦12𝑛+4 = 𝛽1𝛽3(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 ,

𝑥12𝑛+5 = 𝛼0𝛼2𝛼4(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , 𝑦12𝑛+5 = 𝛽0𝛽2𝛽4(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 ,

𝑥12𝑛+6 = 𝛼1𝛼3𝛼5(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , 𝑦12𝑛+6 = 𝛽1𝛽3𝛽5(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 ,

𝑥12𝑛+7 = 𝛼0𝛼2𝛼4𝛼6(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , 𝑦12𝑛+7 = 𝛽0𝛽2𝛽4𝛽6(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 ,

𝑥12𝑛+8 = 𝛼1𝛼3𝛼5𝛼7(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , 𝑦12𝑛+8 = 𝛽1𝛽3𝛽5𝛽7(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 ,

𝑥12𝑛+9 = 𝛼0𝛼2𝛼4𝛼6𝛼8(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , 𝑦12𝑛+9 = 𝛽0𝛽2𝛽4𝛽6𝛽8(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 ,

𝑥12𝑛+10 = 𝛼1𝛼3𝛼5𝛼7𝛼9(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , 𝑦12𝑛+10 = 𝛽1𝛽3𝛽5𝛽7𝛽9(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 ,



88 3. On the solvability in closed-form of some systems of difference equations

𝑧12𝑛−1 = (𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 ,

𝑧12𝑛 = (𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 ,

𝑧12𝑛+1 = 𝛾0(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 ,

𝑧12𝑛+2 = 𝛾1(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 ,

𝑧12𝑛+3 = 𝛾0𝛾2(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 ,

𝑧12𝑛+4 = 𝛾1𝛾3(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 ,

𝑧12𝑛+5 = 𝛾0𝛾2𝛾4(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 ,

𝑧12𝑛+6 = 𝛾1𝛾3𝛾5(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 ,

𝑧12𝑛+7 = 𝛾0𝛾2𝛾4𝛾6(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 ,

𝑧12𝑛+8 = 𝛾1𝛾3𝛾5𝛾7(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 ,

𝑧12𝑛+9 = 𝛾0𝛾2𝛾4𝛾6𝛾8(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 ,

𝑧12𝑛+10 = 𝛾1𝛾3𝛾5𝛾7𝛾9(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 ,

where
𝛼0 =

𝑎1𝑦−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
, 𝛼1 =

𝑎1𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
,

𝛼2 =
𝑎1𝑎2𝑦−1𝑧−1

𝑎𝑎1𝑥−1𝑦−1 + 𝑏𝑎2𝑦−1𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1
, 𝛼3 =

𝑎1𝑎2𝑦0𝑧0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛼4 =
𝑎1𝑎2

2𝑎3𝑧−1

𝑎𝑎2
1𝑎2𝑦−1 + 𝑏𝑎2

2𝑎3𝑧−1 + 𝑐𝑎1𝑎2
3𝑥−1

, 𝛼5 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

,

𝛼6 =
𝑎1𝑎2

2𝑎
2
3𝑥−1𝑧−1

𝑎𝑎2
1𝑎

2
2𝑦−1𝑧−1 + 𝑏𝑎2

2𝑎
2
3𝑥−1𝑧−1 + 𝑐𝑎2

1𝑎
2
3𝑥−1𝑦−1

, 𝛼7 =
𝑎1𝑎2

2𝑎
2
3𝑥0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛼8 =
𝑎1𝑎2𝑎2

3𝑥−1

𝑎𝑎1𝑎2
2𝑧−1 + 𝑏𝑎2𝑎2

3𝑥−1 + 𝑐𝑎2
1𝑎3𝑦−1

, 𝛼9 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

,

𝛼10 =
𝑎1𝑎3𝑥−1𝑦−1

𝑎𝑎2𝑥−1𝑧−1 + 𝑏𝑎3𝑥−1𝑦−1 + 𝑐𝑎1𝑦−1𝑧−1
, 𝛼11 =

𝑎1𝑎3𝑥0𝑦0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛽0 =
𝑎2𝑧−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
, 𝛽1 =

𝑎2𝑧0
𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

,

𝛽2 =
𝑎2𝑎3𝑥−1𝑧−1

𝑎𝑎1𝑥−1𝑦−1 + 𝑏𝑎2𝑦−1𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1
, 𝛽3 =

𝑎2𝑎3𝑥0𝑧0
𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0

,

𝛽4 =
𝑎1𝑎2𝑎2

3𝑥−1

𝑎𝑎2
1𝑎2𝑦−1 + 𝑏𝑎2

2𝑎3𝑧−1 + 𝑐𝑎1𝑎2
3𝑥−1

, 𝛽5 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

,
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𝛽6 =
𝑎2

1𝑎2𝑎2
3𝑥−1𝑦−1

𝑎𝑎2
1𝑎

2
2𝑦−1𝑧−1 + 𝑏𝑎2

2𝑎
2
3𝑥−1𝑧−1 + 𝑐𝑎2

1𝑎
2
3𝑥−1𝑦−1

, 𝛽7 =
𝑎2

1𝑎2𝑎2
3𝑥0𝑦0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛽8 =
𝑎2

1𝑎2𝑎3𝑦−1

𝑎𝑎1𝑎2
2𝑧−1 + 𝑏𝑎2𝑎2

3𝑥−1 + 𝑐𝑎2
1𝑎3𝑦−1

, 𝛽9 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

,

𝛽10 =
𝑎1𝑎2𝑦−1𝑧−1

𝑎𝑎2𝑥−1𝑧−1 + 𝑏𝑎3𝑥−1𝑦−1 + 𝑐𝑎1𝑦−1𝑧−1
, 𝛽11 =

𝑎1𝑎2𝑦0𝑧0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛾0 =
𝑎3𝑥−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
, 𝛾1 =

𝑎3𝑥0
𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

,

𝛾2 =
𝑎1𝑎3𝑥−1𝑦−1

𝑎𝑎1𝑥−1𝑦−1 + 𝑏𝑎2𝑦−1𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1
, 𝛾3 =

𝑎1𝑎3𝑥0𝑦0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛾4 =
𝑎2

1𝑎2𝑎3𝑦−1

𝑎𝑎2
1𝑎2𝑦−1 + 𝑏𝑎2

2𝑎3𝑧−1 + 𝑐𝑎1𝑎2
3𝑥−1

, 𝛾5 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

,

𝛾6 =
𝑎2

1𝑎
2
2𝑎3𝑦−1𝑧−1

𝑎𝑎2
1𝑎

2
2𝑦−1𝑧−1 + 𝑏𝑎2

2𝑎
2
3𝑥−1𝑧−1 + 𝑐𝑎2

1𝑎
2
3𝑥−1𝑦−1

, 𝛾7 =
𝑎2

1𝑎
2
2𝑎3𝑦0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛾8 =
𝑎1𝑎2

2𝑎3𝑧−1

𝑎𝑎1𝑎2
2𝑧−1 + 𝑏𝑎2𝑎2

3𝑥−1 + 𝑐𝑎2
1𝑎3𝑦−1

, 𝛾9 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

,

𝛾10 =
𝑎2𝑎3𝑥−1𝑧−1

𝑎𝑎2𝑥−1𝑧−1 + 𝑏𝑎3𝑥−1𝑦−1 + 𝑐𝑎1𝑦−1𝑧−1
, 𝛾11 =

𝑎2𝑎3𝑧0𝑥0
𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0

.

Proof. From the change of variables in (3.4.1), and Equations (3.4.58)-(3.4.66) and
(3.4.67)-(3.4.69), we obtain

•
𝑥12𝑛+1 = 𝛼0𝑥12𝑛−1 , (3.4.70)

•
𝑥12𝑛+2 = 𝛼1𝑥12𝑛 , (3.4.71)

•
𝑥12𝑛+3 = 𝛼0𝛼2𝑥12𝑛−1 , (3.4.72)

•
𝑥12𝑛+4 = 𝛼1𝛼3𝑥12𝑛 , (3.4.73)

•
𝑥12𝑛+5 = 𝛼0𝛼2𝛼4𝑥12𝑛−1 , (3.4.74)
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•
𝑥12𝑛+6 = 𝛼1𝛼3𝛼5𝑥12𝑛 , (3.4.75)

•
𝑥12𝑛+7 = 𝛼0𝛼2𝛼4𝛼6𝑥12𝑛−1 , (3.4.76)

•
𝑥12𝑛+8 = 𝛼1𝛼3𝛼5𝛼7𝑥12𝑛 , (3.4.77)

•
𝑥12𝑛+9 = 𝛼0𝛼2𝛼4𝛼6𝛼8𝑥12𝑛−1 , (3.4.78)

•
𝑥12𝑛+10 = 𝛼1𝛼3𝛼5𝛼7𝛼9𝑥12𝑛 , (3.4.79)

•
𝑥12𝑛+11 = 𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10𝑥12𝑛−1 , (3.4.80)

•
𝑥12𝑛+12 = 𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11𝑥12𝑛 , (3.4.81)

•
𝑦12𝑛+1 = 𝛽0𝑦12𝑛−1 , (3.4.82)

•
𝑦12𝑛+2 = 𝛽1𝑦12𝑛 , (3.4.83)

•
𝑦12𝑛+3 = 𝛽0𝛽2𝑦12𝑛−1 , (3.4.84)

•
𝑦12𝑛+4 = 𝛽3𝛽1𝑦12𝑛 , (3.4.85)

•
𝑦12𝑛+5 = 𝛽0𝛽2𝛽4𝑦12𝑛−1 , (3.4.86)

•
𝑦12𝑛+6 = 𝛽1𝛽3𝛽5𝑦12𝑛 , (3.4.87)

•
𝑦12𝑛+7 = 𝛽0𝛽2𝛽4𝛽6𝑦12𝑛−1 , (3.4.88)

•
𝑦12𝑛+8 = 𝛽1𝛽3𝛽5𝛽7𝑦12𝑛 , (3.4.89)

•
𝑦12𝑛+9 = 𝛽0𝛽2𝛽4𝛽6𝛽8𝑦12𝑛−1 , (3.4.90)

•
𝑦12𝑛+10 = 𝛽1𝛽3𝛽5𝛽7𝛽9𝑦12𝑛 , (3.4.91)
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•
𝑦12𝑛+11 = 𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10𝑦12𝑛−1 , (3.4.92)

•
𝑦12𝑛+12 = 𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11𝑦12𝑛 , (3.4.93)

•
𝑧12𝑛+1 = 𝛾0𝑧12𝑛−1 , (3.4.94)

•
𝑧12𝑛+2 = 𝛾1𝑧12𝑛 , (3.4.95)

•
𝑧12𝑛+3 = 𝛾0𝛾2𝑧12𝑛−1 , (3.4.96)

•
𝑧12𝑛+4 = 𝛾3𝛾1𝑧12𝑛 , (3.4.97)

•
𝑧12𝑛+5 = 𝛾4𝛾2𝛾0𝑧12𝑛−1 , (3.4.98)

•
𝑧12𝑛+6 = 𝛾5𝛾3𝛾1𝑧12𝑛 , (3.4.99)

•
𝑧12𝑛+7 = 𝛾0𝛾2𝛾4𝛾6𝑧12𝑛−1 , (3.4.100)

•
𝑧12𝑛+8 = 𝛾1𝛾3𝛾5𝛾7𝑧12𝑛 , (3.4.101)

•
𝑧12𝑛+9 = 𝛾0𝛾2𝛾4𝛾6𝛾8𝑧12𝑛−1 , (3.4.102)

•
𝑧12𝑛+10 = 𝛾1𝛾3𝛾5𝛾7𝛾9𝑧12𝑛 , (3.4.103)

•
𝑧12𝑛+11 = 𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10𝑧12𝑛−1 , (3.4.104)

•
𝑧12𝑛+12 = 𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11𝑧12𝑛 , (3.4.105)

where
𝛼0 =

𝑎1𝑦−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
, 𝛼1 =

𝑎1𝑦0

𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0
,

𝛼2 =
𝑎1𝑎2𝑦−1𝑧−1

𝑎𝑎1𝑥−1𝑦−1 + 𝑏𝑎2𝑦−1𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1
, 𝛼3 =

𝑎1𝑎2𝑦0𝑧0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,
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𝛼4 =
𝑎1𝑎2

2𝑎3𝑧−1

𝑎𝑎2
1𝑎2𝑦−1 + 𝑏𝑎2

2𝑎3𝑧−1 + 𝑐𝑎1𝑎2
3𝑥−1

, 𝛼5 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

,

𝛼6 =
𝑎1𝑎2

2𝑎
2
3𝑥−1𝑧−1

𝑎𝑎2
1𝑎

2
2𝑦−1𝑧−1 + 𝑏𝑎2

2𝑎
2
3𝑥−1𝑧−1 + 𝑐𝑎2

1𝑎
2
3𝑥−1𝑦−1

, 𝛼7 =
𝑎1𝑎2

2𝑎
2
3𝑥0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛼8 =
𝑎1𝑎2𝑎2

3𝑥−1

𝑎𝑎1𝑎2
2𝑧−1 + 𝑏𝑎2𝑎2

3𝑥−1 + 𝑐𝑎2
1𝑎3𝑦−1

, 𝛼9 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

,

𝛼10 =
𝑎1𝑎3𝑥−1𝑦−1

𝑎𝑎2𝑥−1𝑧−1 + 𝑏𝑎3𝑥−1𝑦−1 + 𝑐𝑎1𝑦−1𝑧−1
, 𝛼11 =

𝑎1𝑎3𝑥0𝑦0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛽0 =
𝑎2𝑧−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
, 𝛽1 =

𝑎2𝑧0
𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

,

𝛽2 =
𝑎2𝑎3𝑥−1𝑧−1

𝑎𝑎1𝑥−1𝑦−1 + 𝑏𝑎2𝑦−1𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1
, 𝛽3 =

𝑎2𝑎3𝑥0𝑧0
𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0

,

𝛽4 =
𝑎1𝑎2𝑎2

3𝑥−1

𝑎𝑎2
1𝑎2𝑦−1 + 𝑏𝑎2

2𝑎3𝑧−1 + 𝑐𝑎1𝑎2
3𝑥−1

, 𝛽5 =
𝑎1𝑎2𝑎2

3𝑥0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

,

𝛽6 =
𝑎2

1𝑎2𝑎2
3𝑥−1𝑦−1

𝑎𝑎2
1𝑎

2
2𝑦−1𝑧−1 + 𝑏𝑎2

2𝑎
2
3𝑥−1𝑧−1 + 𝑐𝑎2

1𝑎
2
3𝑥−1𝑦−1

, 𝛽7 =
𝑎2

1𝑎2𝑎2
3𝑥0𝑦0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,

𝛽8 =
𝑎2

1𝑎2𝑎3𝑦−1

𝑎𝑎1𝑎2
2𝑧−1 + 𝑏𝑎2𝑎2

3𝑥−1 + 𝑐𝑎2
1𝑎3𝑦−1

, 𝛽9 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

,

𝛽10 =
𝑎1𝑎2𝑦−1𝑧−1

𝑎𝑎2𝑥−1𝑧−1 + 𝑏𝑎3𝑥−1𝑦−1 + 𝑐𝑎1𝑦−1𝑧−1
, 𝛽11 =

𝑎1𝑎2𝑦0𝑧0

𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0
,

𝛾0 =
𝑎3𝑥−1

𝑎𝑥−1 + 𝑏𝑦−1 + 𝑐𝑧−1
, 𝛾1 =

𝑎3𝑥0
𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0

,

𝛾2 =
𝑎1𝑎3𝑥−1𝑦−1

𝑎𝑎1𝑥−1𝑦−1 + 𝑏𝑎2𝑦−1𝑧−1 + 𝑐𝑎3𝑥−1𝑧−1
, 𝛾3 =

𝑎1𝑎3𝑥0𝑦0

𝑎𝑎1𝑥0𝑦0 + 𝑏𝑎2𝑦0𝑧0 + 𝑐𝑎3𝑥0𝑧0
,

𝛾4 =
𝑎2

1𝑎2𝑎3𝑦−1

𝑎𝑎2
1𝑎2𝑦−1 + 𝑏𝑎2

2𝑎3𝑧−1 + 𝑐𝑎1𝑎2
3𝑥−1

, 𝛾5 =
𝑎2

1𝑎2𝑎3𝑦0

𝑎𝑎2
1𝑎2𝑦0 + 𝑏𝑎2

2𝑎3𝑧0 + 𝑐𝑎1𝑎2
3𝑥0

,

𝛾6 =
𝑎2

1𝑎
2
2𝑎3𝑦−1𝑧−1

𝑎𝑎2
1𝑎

2
2𝑦−1𝑧−1 + 𝑏𝑎2

2𝑎
2
3𝑥−1𝑧−1 + 𝑐𝑎2

1𝑎
2
3𝑥−1𝑦−1

, 𝛾7 =
𝑎2

1𝑎
2
2𝑎3𝑦0𝑧0

𝑎𝑎2
1𝑎

2
2𝑦0𝑧0 + 𝑏𝑎2

2𝑎
2
3𝑥0𝑧0 + 𝑐𝑎2

1𝑎
2
3𝑥0𝑦0

,
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𝛾8 =
𝑎1𝑎2

2𝑎3𝑧−1

𝑎𝑎1𝑎2
2𝑧−1 + 𝑏𝑎2𝑎2

3𝑥−1 + 𝑐𝑎2
1𝑎3𝑦−1

, 𝛾9 =
𝑎1𝑎2

2𝑎3𝑧0

𝑎𝑎1𝑎2
2𝑧0 + 𝑏𝑎2𝑎2

3𝑥0 + 𝑐𝑎2
1𝑎3𝑦0

,

𝛾10 =
𝑎2𝑎3𝑥−1𝑧−1

𝑎𝑎2𝑥−1𝑧−1 + 𝑏𝑎3𝑥−1𝑦−1 + 𝑐𝑎1𝑦−1𝑧−1
, 𝛾11 =

𝑎2𝑎3𝑧0𝑥0
𝑎𝑎2𝑥0𝑧0 + 𝑏𝑎3𝑥0𝑦0 + 𝑐𝑎1𝑦0𝑧0

.

Now, we will solve Equations (3.4.70)-(3.4.81). Equation (3.4.81), satisfies a first order
homogenous difference equation, and its general solution is given by

𝑥12𝑛 = (𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.106)

Equation (3.4.80), can be written as

𝑥12𝑛+11 = 𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10𝑥12(𝑛−1)+11 ,

which is also a first-order homogenous linear difference equation, and its general so-
lution is

𝑥12𝑛−1 = (𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1. (3.4.107)

It follows from (3.4.106) and (3.4.107) and Equations (3.4.70)-(3.4.80), that we have
for all 𝑛 ∈ N0:

𝑥12𝑛−1 = (𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , (3.4.108)

𝑥12𝑛 = (𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.109)

𝑥12𝑛+1 = 𝛼0(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , (3.4.110)

𝑥12𝑛+2 = 𝛼1(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.111)

𝑥12𝑛+3 = 𝛼0𝛼2(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , (3.4.112)

𝑥12𝑛+4 = 𝛼1𝛼3(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.113)

𝑥12𝑛+5 = 𝛼0𝛼2𝛼4(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , (3.4.114)

𝑥12𝑛+6 = 𝛼1𝛼3𝛼5(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.115)

𝑥12𝑛+7 = 𝛼0𝛼2𝛼4𝛼6(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , (3.4.116)

𝑥12𝑛+8 = 𝛼1𝛼3𝛼5𝛼7(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.117)

𝑥12𝑛+9 = 𝛼0𝛼2𝛼4𝛼6𝛼8(𝛼0𝛼2𝛼4𝛼6𝛼8𝛼10)𝑛𝑥−1 , (3.4.118)

𝑥12𝑛+10 = 𝛼1𝛼3𝛼5𝛼7𝛼9(𝛼1𝛼3𝛼5𝛼7𝛼9𝛼11)𝑛𝑥0 , (3.4.119)

Now, we move to Equations (3.4.82)-(3.4.93). Similarly, (3.4.93) and (3.4.92) are first-
order linear homogeneous difference equations and their general solutions are as fol-
lows

𝑦12𝑛−1 = (𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 , (3.4.120)
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𝑦12𝑛 = (𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 , (3.4.121)

From (3.4.120) and (3.4.121) and Equations (3.4.82)-(3.4.91), we get that

𝑦12𝑛+1 = 𝛽0(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 , (3.4.122)

𝑦12𝑛+2 = 𝛽1(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 , (3.4.123)

𝑦12𝑛+3 = 𝛽0𝛽2(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 , (3.4.124)

𝑦12𝑛+4 = 𝛽1𝛽3(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 , (3.4.125)

𝑦12𝑛+5 = 𝛽0𝛽2𝛽4(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 , (3.4.126)

𝑦12𝑛+6 = 𝛽1𝛽3𝛽5(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 , (3.4.127)

𝑦12𝑛+7 = 𝛽0𝛽2𝛽4𝛽6(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 , (3.4.128)

𝑦12𝑛+8 = 𝛽1𝛽3𝛽5𝛽7(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 , (3.4.129)

𝑦12𝑛+9 = 𝛽0𝛽2𝛽4𝛽6𝛽8(𝛽0𝛽2𝛽4𝛽6𝛽8𝛽10)𝑛𝑦−1 , (3.4.130)

𝑦12𝑛+10 = 𝛽1𝛽3𝛽5𝛽7𝛽9(𝛽1𝛽3𝛽5𝛽7𝛽9𝛽11)𝑛𝑦0 , (3.4.131)

To conclude, we solve Equations (3.4.94) and (3.4.105). We begin with the first-order
linear homogeneous difference equations (3.4.104) and (3.4.105). We have,

𝑧12𝑛−1 = (𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 , (3.4.132)

𝑧12𝑛 = (𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 , (3.4.133)

From (3.4.132) and (3.4.133), and Equations (3.4.94)-(3.4.103), we get

𝑧12𝑛+1 = 𝛾0(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 , (3.4.134)

𝑧12𝑛+2 = 𝛾1(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 , (3.4.135)

𝑧12𝑛+3 = 𝛾0𝛾2(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 , (3.4.136)

𝑧12𝑛+4 = 𝛾1𝛾3(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 , (3.4.137)

𝑧12𝑛+5 = 𝛾0𝛾2𝛾4(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 , (3.4.138)

𝑧12𝑛+6 = 𝛾1𝛾3𝛾5(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 , (3.4.139)

𝑧12𝑛+7 = 𝛾0𝛾2𝛾4𝛾6(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 , (3.4.140)

𝑧12𝑛+8 = 𝛾1𝛾3𝛾5𝛾7(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 , (3.4.141)

𝑧12𝑛+9 = 𝛾0𝛾2𝛾4𝛾6𝛾8(𝛾1𝛾3𝛾5𝛾7𝛾9𝛾11)𝑛𝑧−1 , (3.4.142)

𝑧12𝑛+10 = 𝛾1𝛾3𝛾5𝛾7𝛾9(𝛾0𝛾2𝛾4𝛾6𝛾8𝛾10)𝑛𝑧0 , (3.4.143)
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3.5 Solvability analysis of a three dimensional system of dif-
ference equationswith arbitrary powers andqualitative be-
havior of some particular cases

Continuing our focus on the solvability of systems of difference equations, we now ex-
amine a new class of such systems, defined by (3.1.5) that involves powers of variables.
In what follows, we will determine explicit solutions for System (3.1.5) and study the
behavior of some special cases.
Definition 3.17. Awell defined solution of System (3.1.5), is a solution (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−2 which
verifies the following condition

𝑦𝑛−1𝑧𝑛−1𝑥𝑛−1(𝑎 + 𝑏𝑥𝑛𝑦𝑝𝑛−1𝑧
𝑝𝑞
𝑛−2)(𝛼 + 𝛽𝑦𝑛𝑧

𝑞
𝑛−1𝑥

𝑞𝑟
𝑛−2)(𝜎 + 𝜆𝑧𝑛𝑥𝑟𝑛−1𝑦

𝑝𝑟
𝑛−2) ≠ 0, 𝑛 = 0, 1, · · · .

Remark 3.18. From the previous definition, and knowing that the initial values are non-zero
real numbers, it follows that for every well defined solution of System (3.1.5), we have

𝑥𝑛𝑦𝑛𝑧𝑛 ≠ 0, 𝑛 = −2,−1, 0, · · · . (3.5.1)

In the following, a solution of System (3.1.5), is considered a well defined solution.

3.5.1 Explicit formulas for the solutions of system (3.1.5)

In order to solve System (3.1.5), we first convert it into a simpler linear system of dif-
ference equations. Suppose that (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−2 is a solution of System (3.1.5). Now,
we multiply the first equation in System (3.1.5) by 𝑦𝑝𝑛𝑧

𝑝𝑞
𝑛−1, the second one by 𝑧𝑞𝑛𝑥

𝑞𝑟
𝑛−1

and the third one by 𝑥𝑟𝑛𝑦
𝑝𝑟
𝑛−1, and we apply the following change of variables

𝑢𝑛 =
1

𝑥𝑛𝑦
𝑝
𝑛−1𝑧

𝑝𝑞
𝑛−2

, 𝑣𝑛 =
1

𝑦𝑛𝑧
𝑞
𝑛−1𝑥

𝑞𝑟
𝑛−2

, 𝑤𝑛 =
1

𝑧𝑛𝑥𝑟𝑛−1𝑦
𝑝𝑟
𝑛−2

, 𝑛 ∈ N0 , (3.5.2)

then System (3.1.5) is transformed into the following first order linear difference equa-
tions

𝑢𝑛+1 = 𝑎𝑢𝑛 + 𝑏, 𝑣𝑛+1 = 𝛼𝑣𝑛 + 𝛽, 𝑤𝑛+1 = 𝜎𝑤𝑛 + 𝜆, 𝑛 ∈ N0. (3.5.3)

Solving these equations, we obtain

𝑢𝑛 =


𝑎𝑛𝑢0 + 𝑏 𝑎𝑛−1

𝑎−1 , if 𝑎 ≠ 1,

𝑢0 + 𝑏𝑛, if 𝑎 = 1,
(3.5.4)
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𝑣𝑛 =


𝛼𝑛𝑣0 + 𝛽 𝛼𝑛−1

𝛼−1 if 𝛼 ≠ 1,

𝑣0 + 𝛽𝑛 if 𝛼 = 1,
(3.5.5)

𝑤𝑛 =


𝜎𝑛𝑤0 + 𝜆 𝜎𝑛−1

𝜎−1 if 𝜎 ≠ 1,

𝑤0 + 𝜆𝑛 if 𝜎 = 1,
(3.5.6)

where
𝑢0 =

1
𝑥0𝑦

𝑝
−1𝑧

𝑝𝑞
−2
, 𝑣0 =

1
𝑦0𝑧

𝑞
−1𝑥

𝑞𝑟
−2
, 𝑤0 =

1
𝑧0𝑥𝑟−1𝑦

𝑝𝑟
−2
.

Using (3.5.2), we get for 𝑛 = 0, 1, · · · ,

𝑥𝑛+2 =
𝑣𝑝𝑛+1
𝑢𝑛+2

𝑥𝑝𝑞𝑟𝑛−1 , 𝑦𝑛+2 =
𝑤𝑞
𝑛+1
𝑣𝑛+2

𝑦𝑝𝑞𝑟𝑛−1 , 𝑧𝑛+2 =
𝑢𝑟𝑛+1
𝑤𝑛+2

𝑧𝑝𝑞𝑟𝑛−1 , (3.5.7)

This implies that



𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

(
𝑣𝑝3𝑖−1
𝑢3𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

(
𝑣𝑝3𝑖
𝑢3𝑖+1

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=0

(
𝑣𝑝3𝑖+1
𝑢3𝑖+2

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.8)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

(
𝑤𝑞

3𝑖−1
𝑣3𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

(
𝑤𝑞

3𝑖
𝑣3𝑖+1

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=0

(
𝑤𝑞

3𝑖+1
𝑣3𝑖+2

) (𝑝𝑞𝑟)𝑛−𝑖
(3.5.9)

and 

𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

(
𝑢𝑟3𝑖−1
𝑤3𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

(
𝑢𝑟3𝑖
𝑤3𝑖+1

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=0

(
𝑢𝑟3𝑖+1
𝑤3𝑖+2

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.10)

where

𝑥1 =
𝑥0𝑦

𝑝
−1𝑧

𝑝𝑞
−2

𝑦𝑝0 𝑧
𝑝𝑞
−1(𝑎 + 𝑏𝑥0𝑦−1𝑧

𝑝𝑞
−2)

, 𝑦1 =
𝑦0𝑧

𝑞
−1𝑥

𝑞𝑟
−2

𝑧0𝑞𝑥−1𝑞𝑟(𝛼 + 𝛽𝑦0𝑧
𝑞
−1𝑥

𝑞𝑟
−2)

, 𝑧1 =
𝑧0𝑥𝑟−1𝑦

𝑝𝑟
−2

𝑥0𝑟𝑦−1𝑝𝑟(𝜎 + 𝜆𝑧0𝑥𝑟−1𝑦
𝑝𝑟
−2)

.
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By substituing the equations (3.5.4)-(3.5.6) in (3.5.8)-(3.5.10), we get for 𝑛 ∈ N0 that
• If 𝑎 ≠ 1, 𝛼 ≠ 1, 𝜎 ≠ 1

𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[
(1−𝑎)(𝛽+𝛼3𝑖−1((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[
(1−𝑎)(𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=1

[
(1−𝑎)(𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑏+𝑎3𝑖+2((1−𝑎)𝑢0−𝑏))

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.11)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[
(1−𝛼)(𝜆+𝜎3𝑖−1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[
(1−𝛼)(𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=1

[
(1−𝛼)(𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝛽+𝛼3𝑖+2((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.12)



𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑏+𝑎3𝑖−1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝜆+𝜎3𝑖+2((1−𝜎)𝑤0−𝜆))

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.13)

• if 𝑎 = 1, 𝛼 ≠ 1, 𝜎 ≠ 1, then



𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝛽+𝛼3𝑖−1(1−𝛼)𝑣0−𝛽)𝑝
(1−𝛼)𝑝(𝑢0+3𝑖𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝛽+𝛼3𝑖(1−𝛼)𝑣0−𝛽)𝑝
(1−𝛼)𝑝(𝑢0+(3𝑖+1)𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=0

[ (𝛽+𝛼3𝑖+1(1−𝛼)𝑣0−𝛽)𝑝
(1−𝛼)𝑝(𝑢0+(3𝑖+2)𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.14)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝜆+𝜎3𝑖−1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=1

[ (1−𝛼)(𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝛽+𝛼3𝑖+2((1−𝛼)𝑣0−𝛽))

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.15)
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

𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑢0+(3𝑖−1)𝑏)𝑟
𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑢0+3𝑖𝑏)𝑟
𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=0

[ (1−𝜎)(𝑢0+(3𝑖+1)𝑏)𝑟
𝜆+𝜎3𝑖+2((1−𝜎)𝑤0−𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.16)

• if 𝑎 ≠ 1, 𝛼 = 1, 𝜎 ≠ 1, then



𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝑣0+𝛽(3𝑖−1))𝑝
𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝑣0+𝛽(3𝑖))𝑝
𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝑣0+𝛽(3𝑖+1))𝑝
𝑏+𝑎3𝑖+2((1−𝑎)𝑢0−𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.17)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝜆+𝜎3𝑖−1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝑣0+3𝛽𝑖)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝑣0+(3𝑖+1)𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝑣0+(3𝑖+2)𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.18)



𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑏+𝑎3𝑖−1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝜆+𝜎3𝑖+2((1−𝜎)𝑤0−𝜆))

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.19)

• if 𝑎 ≠ 1, 𝛼 ≠ 1, 𝜎 = 1, then

𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝛽+𝛼3𝑖−1((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑏+𝑎3𝑖+2((1−𝑎)𝑢0−𝑏))

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.20)
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

𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝑤0+𝜆(3𝑖−1))𝑞
𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝑤0+3𝜆𝑖)𝑞
𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝑤0+𝜆(3𝑖+1))𝑞
𝛽+𝛼3𝑖+2((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.21)



𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝑏+𝑎3𝑖−1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝑤0+3𝜆𝑖)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝑤0+(3𝑖+1)𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝑤0+(3𝑖+2)𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.22)

• if 𝑎 = 𝛼 = 1 and 𝜎 ≠ 1, then



𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑣0+𝛽(3𝑖−1))𝑝
𝑢0+𝑏(3𝑖)

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑣0+𝛽(3𝑖))𝑝
𝑢0+𝑏(3𝑖+1)

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑣0+𝛽(3𝑖+1))𝑝
𝑢0+𝑏(3𝑖+2)

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.23)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝜆+𝜎3𝑖−1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝑣0+3𝛽𝑖)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝑣0+(3𝑖+1)𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆))𝑞
(1−𝜎)𝑞(𝑣0+(3𝑖+2)𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.24)



𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑢0+𝑏(3𝑖−1))𝑟
𝜆+𝜎3𝑖((1−𝜎)𝑤0−𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑢0+3𝑏𝑖)𝑟
𝜆+𝜎3𝑖+1((1−𝜎)𝑤0−𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝜎)(𝑢0+𝑏(3𝑖+1))𝑟
𝜆+𝜎3𝑖+2((1−𝜎)𝑤0−𝜆)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.25)

• if 𝑎 ≠ 1, 𝛼 = 𝜎 = 1, then
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

𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝑣0+𝛽(3𝑖−1))𝑝
𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝑣0+3𝛽𝑖)𝑝
𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝑎)(𝑣0+𝛽(3𝑖+1))𝑝
𝑏+𝑎3𝑖+2((1−𝑎)𝑢0−𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.26)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑤0+𝜆(3𝑖−1))𝑞
𝑣0+3𝛽𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑤0+𝜆(3𝑖))𝑞
𝑣0+𝛽(3𝑖+1)

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑤0+𝜆(3𝑖+1))𝑞
𝑣0+𝛽(3𝑖+2)

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.27)



𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝑏+𝑎3𝑖−1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝑤0+3𝜆𝑖)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝑏+𝑎3𝑖((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝑤0+𝜆(3𝑖+1))

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝑏+𝑎3𝑖+1((1−𝑎)𝑢0−𝑏))𝑟
(1−𝑎)𝑟 (𝑤0+𝜆(3𝑖+2))

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.28)

• if 𝑎 = 𝜎 = 1, 𝛼 ≠ 1, then



𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝛽+𝛼3𝑖−1((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑢0+3𝑏𝑖)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑢0+(3𝑖+1)𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽))𝑝
(1−𝛼)𝑝(𝑢0+(3𝑖+2)𝑏)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.29)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝑤0+𝜆(3𝑖−1))𝑞
𝛽+𝛼3𝑖((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝑤0+𝜆(3𝑖))𝑞
𝛽+𝛼3𝑖+1((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

[ (1−𝛼)(𝑤0+𝜆(3𝑖+1))𝑞
𝛽+𝛼3𝑖+2((1−𝛼)𝑣0−𝛽)

] (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.30)
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

𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑢0+𝑏(3𝑖−1))𝑟
𝑤0+3𝜆𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑢0+𝑏(3𝑖))𝑟
𝑤0+𝜆(3𝑖+1)

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑢0+𝑏(3𝑖+1))𝑟
𝑤0+𝜆(3𝑖+2)

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.31)

• if 𝑎 = 𝛼 = 𝜎 = 1, then



𝑥3𝑛 = (𝑥0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑣0+𝛽(3𝑖−1))𝑝
𝑢0+3𝑏𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+1 = (𝑥1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑣0+𝛽(3𝑖))𝑝
𝑢0+𝑏(3𝑖+1)

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑥3𝑛+2 = (𝑥−1)(𝑝𝑞𝑟)𝑛+1 ∏𝑛
𝑖=0

( (𝑣0+𝛽(3𝑖+1))𝑝
𝑢0+𝑏(3𝑖+2)

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.32)



𝑦3𝑛 = (𝑦0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑤0+𝜆(3𝑖−1))𝑞
𝑣0+3𝛽𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+1 = (𝑦1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑤0+𝜆(3𝑖))𝑞
𝑣0+𝛽(3𝑖+1)

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑦3𝑛+2 = (𝑦−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑤0+𝜆(3𝑖+1))𝑞
𝑣0+𝛽(3𝑖+2)

) (𝑝𝑞𝑟)𝑛−𝑖
,

(3.5.33)



𝑧3𝑛 = (𝑧0)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑢0+𝑏(3𝑖−1))𝑟
𝑤0+3𝜆𝑖

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+1 = (𝑧1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑢0+𝑏(3𝑖))𝑟
𝑤0+(3𝑖+1)𝜆

) (𝑝𝑞𝑟)𝑛−𝑖
,

𝑧3𝑛+2 = (𝑧−1)(𝑝𝑞𝑟)𝑛 ∏𝑛
𝑖=1

( (𝑢0+𝑏(3𝑖+1))𝑟
𝑤0+(3𝑖+2)𝜆

) (𝑝𝑞𝑟)𝑛−𝑖
.

(3.5.34)

From the above equations, we obtain the following result.
Theorem3.19. Consider System (3.1.5), where 𝑎, 𝑏, 𝛼, 𝛽, 𝜎,𝜆 and the initial conditions 𝑥−𝑖 , 𝑦−𝑖 , 𝑧−𝑖 ,
for 𝑖 ∈ {0, 1}, are positive real numbers and 𝑝, 𝑞, 𝑟 are non-negative integers. Then the following
statements are hold.

a) If 𝑎 ≠ 1, 𝛼 ≠ 1, 𝜎 ≠ 1, then the general solution of system (3.1.5) is given by Formulas
(3.5.11)-(3.5.13).

b) If 𝑎 = 1, 𝛼 ≠ 1, 𝜎 ≠ 1, then the general solution of system (3.1.5) is given by Formulas
(3.5.14)-(3.5.16).

c) If 𝑎 ≠ 1, 𝛼 = 1, 𝜎 ≠ 1, then the general solution of system (3.1.5) is given by Formulas
(3.5.17)-(3.5.19).

d) If 𝑎 ≠ 1, 𝛼 ≠ 1, 𝜎 = 1, then the general solution of system (3.1.5) is given by Formulas
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(3.5.20)-(3.5.22).
e) If 𝑎 = 𝛼 = 1, 𝜎 ≠ 1, then the general solution of system (3.1.5) is given by Formulas

(3.5.23)-(3.5.25).
f) If 𝑎 ≠ 1, 𝛼 = 𝜎 = 1, then the general solution of system (3.1.5) is given by Formulas

(3.5.26)-(3.5.28).
g) If 𝑎 = 𝜎 = 1, 𝛼 ≠ 1, then the general solution of system (3.1.5) is given by Formulas

(3.5.29)-(3.5.31).
h) If 𝑎 = 𝛼 = 𝜎 = 1, then the general solution of system (3.1.5) is given by Formulas

(3.5.32)-(3.5.34).

3.5.2 Asymptotic behavior of the solutions in some particular cases

In this section, and based on the results we obtained in (3.19), wewill study the asymp-
totic behavior of the solutions of System (3.1.5) for some special cases.

3.5.3 The case 𝑝 = 𝑞 = 𝑟 = 0

In this case, System (3.1.5) is equivalent to the following three independents well
known Riccati difference equations

𝑥𝑛+1 =
𝑥𝑛

𝑎 + 𝑏𝑥𝑛 , 𝑦𝑛+1 =
𝑦𝑛

𝛼 + 𝛽𝑦𝑛
, 𝑧𝑛+1 =

𝑧𝑛
𝜎 + 𝜆𝑧𝑛

, 𝑛 ∈ N0. (3.5.35)

The change of variables (3.5.2), will be

𝑢𝑛 =
1
𝑥𝑛
, 𝑣𝑛 =

1
𝑦𝑛
, 𝑤𝑛 =

1
𝑧𝑛
, 𝑛 ∈ N0 , (3.5.36)

where the sequences (𝑢𝑛)𝑛∈N0 , (𝑣𝑛)𝑛∈N0 and (𝑤𝑛)𝑛∈N0 are given by Formulas (3.5.4),
(3.5.5) and (3.5.6). Then we get

𝑥𝑛 =


(1−𝑎)𝑥0

𝑏𝑥0+𝑎𝑛
(
1−𝑎−𝑏𝑥0

) , if 𝑎 ≠ 1,

𝑥0
1+𝑏𝑛𝑥0

, if 𝑎 = 1,
𝑛 ∈ N0 , (3.5.37)

𝑦𝑛 =


(1−𝛼)𝑦0

𝛽𝑦0+𝛼𝑛
(
1−𝛼−𝛽𝑦0

) , if 𝛼 ≠ 1,
𝑦0

1+𝛽𝑛𝑦0
, if 𝛼 = 1,

𝑛 ∈ N0 , (3.5.38)

and

𝑧𝑛 =


(1−𝜎)𝑧0

𝜆𝑧0+𝜎𝑛
(
1−𝜎−𝜆𝑧0

) , if 𝜎 ≠ 1,

𝑧0
+𝜆𝑛𝑧0

, if 𝜎 = 1,
𝑛 ∈ N0. (3.5.39)

Theorem 3.20. Consider the equations given in (3.5.35). Then, the following statements are
true:

a) If 𝑎 = 𝛼 = 𝜎 = 1 and 𝑏 = 𝛽 = 𝜆 = 0, then the sequences (𝑥𝑛)𝑛∈N0 ,
(
𝑦𝑛

)
𝑛∈N0

and
(𝑧𝑛)𝑛∈N0 are constant.
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b) If 𝑎 = 𝛼 = 𝜎 = 1 and 𝑏𝛽𝜆 ≠ 0, then the sequences (𝑥𝑛)𝑛∈N0 ,
(
𝑦𝑛

)
𝑛∈N0

and (𝑧𝑛)𝑛∈N0 are
convergent.

c) If max{|𝑎|, |𝛼|, |𝜎|} < 1 and 𝑏 = 𝛽 = 𝜆 = 0, then |𝑥𝑛 | → ∞, |𝑦𝑛 | → ∞ and |𝑧𝑛 | → ∞, as
𝑛 → ∞.

d) If max{|𝑎|, |𝛼|, |𝜎|} < 1 and 𝑏𝛽𝜆 ≠ 0, then the sequences (𝑥𝑛)𝑛∈N0 ,
(
𝑦𝑛

)
𝑛∈N0

and
(𝑧𝑛)𝑛∈N0 are convergent.

e) If max{|𝑎|, |𝛼|, |𝜎|} > 1, then the sequences (𝑥𝑛)𝑛∈N0 ,
(
𝑦𝑛

)
𝑛∈N0

and (𝑧𝑛)𝑛∈N0 are conver-
gent to (0, 0, 0).

Proof. From (3.5.37)-(3.5.39), the proof is easily seen.

3.5.4 The case 𝑝 = 𝑞 = 𝑟 = 1

In this part, we present the asymptotic behavior of the solutions to System (3.1.5) when
𝑝 = 𝑞 = 𝑟 = 1. In this case, System (3.1.5) is equivalent to the following system


𝑥𝑛+1 = 𝑥𝑛 𝑦𝑛−1𝑧𝑛−2

𝑦𝑛𝑧𝑛−1(𝑎+𝑏𝑥𝑛 𝑦𝑛−1𝑧𝑛−2) ,

𝑦𝑛+1 = 𝑦𝑛𝑧𝑛−1𝑥𝑛−2
𝑧𝑛𝑥𝑛−1(𝛼+𝛽𝑦𝑛𝑧𝑛−1𝑥𝑛−2) ,

𝑧𝑛+1 = 𝑧𝑛𝑥𝑛−1𝑦𝑛−2
𝑥𝑛 𝑦𝑛−1(𝜎+𝜆𝑧𝑛𝑥𝑛−1𝑦𝑛−2) ,

𝑛 ∈ N0. (3.5.40)

Applying the formulas given in (3.5.11)-(3.5.13) and (3.5.32)-(3.5.34) for the case 𝑝 =

𝑞 = 𝑟 = 1, the general solution of System (3.5.40) is as follows
• If 𝑎 ≠ 1, 𝛼 ≠ 1 and 𝜎 ≠ 1,

𝑥3𝑛+𝑠 = 𝑥 𝑗(𝑠)
𝑛∏
𝑖=1

(1 − 𝑎)
(
𝛽 + 𝛼3𝑖+𝑠−1

(
(1 − 𝛼) 𝑣0 − 𝛽

) )
(1 − 𝛼)

(
𝑏 + 𝑎3𝑖+𝑠

(
(1 − 𝑎) 𝑢0 − 𝑏

) ) ,

𝑦3𝑛+𝑠 = 𝑦 𝑗(𝑠)
𝑛∏
𝑖=1

(1 − 𝛼)
(
𝜆 + 𝜎3𝑖+𝑠−1

(
(1 − 𝜎)𝑤0 − 𝜆

) )
(1 − 𝜎)

(
𝛽 + 𝛼3𝑖+𝑠

(
(1 − 𝛼) 𝑣0 − 𝛽

) ) , (3.5.41)

𝑧3𝑛+𝑠 = 𝑧 𝑗(𝑠)
𝑛∏
𝑖=1

(1 − 𝜎)
(
𝑏 + 𝑎3𝑖+𝑠−1

(
(1 − 𝑎) 𝑢0 − 𝑏

) )
(1 − 𝑎)

(
𝜆 + 𝜎3𝑖+𝑠

(
(1 − 𝜎)𝑤0 − 𝜆

) ) ,
• If 𝑎 = 𝛼 = 𝜎 = 1,

𝑥3𝑛+𝑠 = 𝑥 𝑗(𝑠)
𝑛∏
𝑖=1

𝑣0 + 𝛽 (3𝑖 + 𝑠 − 1)
𝑢0 + 𝑏 (3𝑖 + 𝑠) ,

𝑦3𝑛+𝑠 = 𝑦 𝑗(𝑠)
𝑛∏
𝑖=1

𝑤0 + 𝜆 (3𝑖 + 𝑠 − 1)
𝑣0 + 𝛽 (3𝑖 + 𝑠) , (3.5.42)

𝑧3𝑛+𝑠 = 𝑧 𝑗(𝑠)
𝑛∏
𝑖=1

𝑢0 + 𝑏 (3𝑖 + 𝑠 − 1)
𝑤0 + 𝜆 (3𝑖 + 𝑠) ,
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where 𝑛 ∈ N0 , 𝑠 ∈ {0, 1, 2} and

𝑗(𝑠) =


0, if 𝑠 = 0,

1, if 𝑠 = 1,

−1, if 𝑠 = 2.

The following theorem gives us the asymptotic behavior of the solution of System
(3.5.40) for the case 𝑎 ≠ 1, 𝛼 ≠ 1 and 𝜎 ≠ 1. Before this, we define the following
constants

𝐾𝑠 =
(1−𝑎)𝑣0−𝛽
𝑎((1−𝑎)𝑢0−𝑏) , 𝐿𝑠 =

(1−𝛼)𝑤0−𝜆
𝛼((1−𝛼)𝑣0−𝛽) , 𝑀𝑠 =

(1−𝜎)𝑢0−𝑏
𝜎((1−𝜎)𝑤0−𝜆) ,

𝐾𝑠 =
(1−𝑎)(−1)𝑠−1

(
(1+𝑎)𝑣0−𝛽

)
(1+𝑎)𝑎((1−𝑎)𝑢0−𝑏) , 𝐿𝑠 =

(1−𝛼)(−1)𝑠−1
(
(1+𝛼)𝑤0−𝜆

)
(1+𝛼)𝛼

(
(1−𝛼)𝑣0−𝛽

) , 𝑀̂𝑠 =
(1−𝜎)(−1)𝑠−1

(
(1+𝜎)𝑢0−𝑏

)
(1+𝜎)𝜎

(
(1−𝜎)𝑤0−𝜆

) .

where 𝑠 ∈ {0, 1, 2}. For 𝑚 ∈ N and 𝑠 ∈ {0, 1, 2}, we set

𝑝𝑠𝑚 =
(1 − 𝑎)

(
𝛽 + 𝛼3𝑚+𝑠−1

(
(1 − 𝛼) 𝑣0 − 𝛽

) )
(1 − 𝛼)

(
𝑏 + 𝑎3𝑚+𝑠

(
(1 − 𝑎) 𝑢0 − 𝑏

) ) , (3.5.43)

𝑞𝑠𝑚 =
(1 − 𝛼)

(
𝜆 + 𝜎3𝑚+𝑠−1

(
(1 − 𝜎)𝑤0 − 𝜆

) )
(1 − 𝜎)

(
𝛽 + 𝛼3𝑚+𝑠

(
(1 − 𝛼) 𝑣0 − 𝛽

) ) , (3.5.44)

and

𝑟𝑠𝑚 =
(1 − 𝜎)

(
𝑏 + 𝑎3𝑚+𝑠−1

(
(1 − 𝑎) 𝑢0 − 𝑏

) )
(1 − 𝑎)

(
𝜆 + 𝜎3𝑚+𝑠

(
(1 − 𝜎)𝑤0 − 𝜆

) ) . (3.5.45)

Theorem 3.21. Assume that 𝑎 ≠ 1, 𝛼 ≠ 1, 𝜎 ≠ 1, and that
(
𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛

)
𝑛≥−2 is well-defined

solution of System (3.5.40). Then the following statements are true.
a) If |𝑎| > max{|𝛼|, |𝜎|, 1} and 𝑢0 ≠ 𝑏

1−𝑎 , then 𝑥3𝑛+𝑠 → 0, |𝑧3𝑛+𝑠 | → ∞, as 𝑛 → ∞.
b) If |𝛼| > max{|𝑎|, |𝜎|, 1} and 𝑣0 ≠ 𝛽

1−𝛼 , then |𝑥3𝑛+𝑠 | → ∞, 𝑦3𝑛+𝑠 → 0, as 𝑛 → ∞.
c) If |𝜎| > max{|𝑎|, |𝛼|, 1} and 𝑤0 ≠ 𝜆

1−𝜎 , then |𝑦3𝑛+𝑠 | → ∞, 𝑧3𝑛+𝑠 → 0, as 𝑛 → ∞.
d) If 𝑚𝑎𝑥{|𝛼|, |𝑎|} < 1 or 𝑣0 = 𝛽

1−𝛼 and 𝑢0 = 𝑏
1−𝑎 , and | (1 − 𝑎) 𝛽| < | (1 − 𝛼) 𝑏|, (or

| (1 − 𝛼) 𝑏| < | (1 − 𝑎) 𝛽| ), then 𝑥3𝑛+𝑠 → 0 (or |𝑥3𝑛+𝑠 | → ∞), as 𝑛 → ∞.
e) If 𝑚𝑎𝑥{|𝛼|, |𝜎|} < 1 or 𝑣0 = 𝛽

1−𝛼 and 𝑤0 = 𝜆
1−𝜎 , and | (1 − 𝛼)𝜆| < | (1 − 𝜎) 𝛽|, (or

| (1 − 𝜎) 𝛽| < | (1 − 𝛼)𝜆| ), then 𝑦3𝑛+𝑠 → 0 (or |𝑦3𝑛+𝑠 | → ∞), as 𝑛 → ∞.
f) If 𝑚𝑎𝑥{|𝑎|, |𝜎|} < 1 or 𝑢0 = 𝑏

1−𝑎 and 𝑤0 = 𝜆
1−𝜎 , and | (1 − 𝜎) 𝑏| < | (1 − 𝑎)𝜆|, (or

| (1 − 𝑎)𝜆| < | (1 − 𝜎) 𝑏| ), then 𝑧𝑛 → 0 (or |𝑧𝑛 | → ∞), as 𝑛 → ∞.
g) If 𝑚𝑎𝑥{|𝛼|, |𝑎|, |𝜎|} < 1, (1 − 𝑎) 𝛽 = (1 − 𝛼) 𝑏, (1 − 𝛼)𝜆 = (1 − 𝜎) 𝛽 and (1 − 𝜎) 𝑏 =

(1 − 𝑎)𝜆, then (
𝑥3𝑛+𝑠 , 𝑦3𝑛+𝑠 , 𝑧3𝑛+𝑠

)
𝑛≥−2 converges to a not necessarily prime 3-periodic

solution of system (3.5.40).
h) If 𝑣0 = 𝛽

1−𝛼 , 𝑢0 = 𝑏
1−𝑎 , 𝑤0 = 𝜆

1−𝜎 , (1 − 𝑎) 𝛽 = (1 − 𝛼) 𝑏, (1 − 𝛼)𝜆 = (1 − 𝜎) 𝛽 and
(1 − 𝜎) 𝑏 = (1 − 𝑎)𝜆, then (

𝑥3𝑛+𝑠 , 𝑦3𝑛+𝑠 , 𝑧3𝑛+𝑠
)
𝑛≥−2 is a not necessarily prime 3-periodic
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solution of system (3.5.40).
i) If 𝑚𝑎𝑥{|𝛼|, |𝑎|, |𝜎|} < 1, (1 − 𝑎) 𝛽 = − (1 − 𝛼) 𝑏, (1 − 𝛼)𝜆 = − (1 − 𝜎) 𝛽 and (1 − 𝜎) 𝑏 =

− (1 − 𝑎)𝜆, then (
𝑥3𝑛+𝑠 , 𝑦3𝑛+𝑠 , 𝑧3𝑛+𝑠

)
𝑛≥−2 converges to a not necessarily prime 6-periodic

solution of system (3.5.40).
j) If 𝑣0 = 𝛽

1−𝛼 , 𝑢0 = 𝑏
1−𝑎 , 𝑤0 = 𝜆

1−𝜎 , (1 − 𝑎) 𝛽 = (1 − 𝛼) 𝑏, (1 − 𝛼)𝜆 = (1 − 𝜎) 𝛽 and
(1 − 𝜎) 𝑏 = (1 − 𝑎)𝜆, then (

𝑥3𝑛+𝑠 , 𝑦3𝑛+𝑠 , 𝑧3𝑛+𝑠
)
𝑛≥−2 is a not necessarily prime 3-periodic

solution of system (3.5.40).
k) If 𝑎 = 𝛼, |𝑎| > 1 and |𝐾𝑠 | < 1, for some 𝑠 ∈ {0, 1, 2}, then 𝑥3𝑛+𝑠 → 0, as 𝑛 → ∞.
l) If 𝜎 = 𝛼, |𝛼| > 1 and |𝐿𝑠 | < 1, for some 𝑠 ∈ {0, 1, 2}, then 𝑦3𝑛+𝑠 → 0, as 𝑛 → ∞.

m) If 𝑎 = 𝜎, |𝜎| > 1 and |𝑀𝑠 | < 1, for some 𝑠 ∈ {0, 1, 2}, then 𝑧3𝑛+𝑠 → 0, as 𝑛 → ∞.
n) If 𝑎 = 𝛼, |𝑎| > 1 and |𝐾𝑠 | > 1, for some 𝑠 ∈ {0, 1, 2}, then |𝑥3𝑛+𝑠 | → ∞, as 𝑛 → ∞.
o) If 𝜎 = 𝛼, |𝛼| > 1 and |𝐿𝑠 | > 1, for some 𝑠 ∈ {0, 1, 2}, then |𝑦3𝑛+𝑠 | → ∞, as 𝑛 → ∞.
p) If 𝑎 = 𝜎, |𝜎| > 1 and |𝑀𝑠 | > 1, for some 𝑠 ∈ {0, 1, 2}, then |𝑧3𝑛+𝑠 | → ∞, as 𝑛 → ∞.
q) If 𝑎 = 𝛼, |𝑎| > 1 and 𝐾𝑠 = 1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑥3𝑛+𝑠 , for some

𝑠 ∈ {0, 1, 2}, are convergent.
r) If 𝜎 = 𝛼, |𝛼| > 1 and 𝐿𝑠 = 1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑦3𝑛+𝑠 , for some

𝑠 ∈ {0, 1, 2}, are convergent.
s) If 𝑎 = 𝜎, |𝜎| > 1 and 𝑀𝑠 = 1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑧3𝑛+𝑠 , for some

𝑠 ∈ {0, 1, 2}, are convergent.
t) If 𝑎 = 𝛼, |𝑎| > 1 and 𝐾𝑠 = −1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑥6𝑛+𝑠 and
𝑥6𝑛+3+𝑠 , for some 𝑠 ∈ {0, 1, 2}, are convergent.

u) If 𝜎 = 𝛼, |𝛼| > 1 and 𝐿𝑠 = −1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑦6𝑛+𝑠 and
𝑦6𝑛+3+𝑠 , for some 𝑠 ∈ {0, 1, 2}, are convergent.

v) If 𝑎 = 𝜎, |𝜎| > 1 and 𝑀𝑠 = −1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑧6𝑛+𝑠 and
𝑧6𝑛+3+𝑠 , for some 𝑠 ∈ {0, 1, 2}, are convergent.

w) If 𝑎 = −𝛼, |𝑎| > 1, 𝑛 is even and |𝐾𝑠 | < 1, for some 𝑠 ∈ {0, 1, 2}, then 𝑥3𝑛+𝑠 → 0, as
𝑛 → ∞.

x) If 𝜎 = −𝛼, |𝛼| > 1, 𝑛 is even and |𝐿𝑠 | < 1, for some 𝑠 ∈ {0, 1, 2}, then 𝑦3𝑛+𝑠 → 0, as
𝑛 → ∞.

y) If 𝑎 = −𝜎, |𝜎| > 1,𝑛 is even and |𝑀̂𝑠 | < 1, for some 𝑠 ∈ {0, 1, 2}, then 𝑧3𝑛+𝑠 → 0, as
𝑛 → ∞.

z) If 𝑎 = −𝛼, |𝑎| > 1, 𝑛 is even and |𝐾𝑠 | > 1, for some 𝑠 ∈ {0, 1, 2}, then |𝑥3𝑛+𝑠 | → ∞, as
𝑛 → ∞.

aa) If 𝜎 = −𝛼, |𝛼| > 1, n is even and |𝐿𝑠 | > 1, for some 𝑠 ∈ {0, 1, 2}, then |𝑦3𝑛+𝑠 | → ∞, as
𝑛 → ∞.

ab) If 𝑎 = −𝜎, |𝜎| > 1, n is even and |𝑀̂𝑠 | > 1, for some 𝑠 ∈ {0, 1, 2}, then |𝑧3𝑛+𝑠 | → ∞, as
𝑛 → ∞.

ac) If 𝑎 = −𝛼, |𝑎| > 1, n is even and 𝐾𝑠 = 1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑥3𝑛+𝑠 ,
for some 𝑠 ∈ {0, 1, 2}, are convergent.

ad) If 𝜎 = −𝛼, |𝛼| > 1, n is even and 𝐿𝑠 = 1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑦3𝑛+𝑠 ,
for some 𝑠 ∈ {0, 1, 2}, are convergent.

ae) If 𝑎 = −𝜎, |𝜎| > 1, n is even and 𝑀̂𝑠 = 1, for some 𝑠 ∈ {0, 1, 2}, then the sequences 𝑧3𝑛+𝑠 ,
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for some 𝑠 ∈ {0, 1, 2}, are convergent.
af) If 𝑎 = −𝛼, |𝑎| > 1, n is even and 𝐾𝑠 = −1, for some 𝑠 ∈ {0, 1, 2}, then the sequences

𝑥6𝑛+𝑠 and 𝑥6𝑛+3+𝑠 , for some 𝑠 ∈ {0, 1, 2}, are convergent.
ag) If 𝜎 = −𝛼, |𝛼| > 1, n is even and 𝐿𝑠 = −1, for some 𝑠 ∈ {0, 1, 2}, then the sequences

𝑦6𝑛+𝑠 and 𝑦6𝑛+3+𝑠 , for some 𝑠 ∈ {0, 1, 2}, are convergent.
ah) If 𝑎 = −𝜎, |𝜎| > 1, m is even and 𝑀̂𝑠 = −1, for some 𝑠 ∈ {0, 1, 2}, then the sequences

𝑧6𝑛+𝑠 and 𝑧6𝑛+3+𝑠 , for some 𝑠 ∈ {0, 1, 2}, are convergent.
Proof. (a): Observe that in this case, we have

lim
𝑛→∞ 𝑥3𝑛+𝑠 = lim

𝑛→∞ 𝑥 𝑗(𝑠)
𝑛∏

𝑚=1
𝑝𝑠𝑚 = 𝑥 𝑗(𝑠) lim

𝑛→∞

𝑛∏
𝑚=1

𝑝𝑠𝑚 ,

lim
𝑛→∞ 𝑧3𝑛+𝑠 = lim

𝑛→∞ 𝑧 𝑗(𝑠)
𝑛∏

𝑚=1
𝑟𝑠𝑚 = 𝑧 𝑗(𝑠) lim

𝑛→∞

𝑛∏
𝑚=1

𝑟𝑠𝑚 ,

It suffices to verify the limits of 𝑝𝑠𝑚 and 𝑟𝑠𝑚 when 𝑚 tends to ∞.
Since we have |𝑎| > max{|𝛼|, |𝜎|, 1}, then

lim
𝑚→∞ 𝑝

𝑠
𝑚 = ( 1 − 𝑎

1 − 𝛼
) lim
𝑚→∞

(
𝛽 + 𝛼3𝑚+𝑠−1

(
(1 − 𝛼) 𝑣0 − 𝛽

) )(
𝑏 + 𝑎3𝑚+𝑠

(
(1 − 𝑎) 𝑢0 − 𝑏

) ) = 0,

lim
𝑚→∞ |𝑟𝑠𝑚 | = (1 − 𝜎

1 − 𝑎 ) lim
𝑚→∞

(
𝑏 + 𝑎3𝑚+𝑠−1

(
(1 − 𝑎) 𝑢0 − 𝑏

) )(
𝜆 + 𝜎3𝑚+𝑠

(
(1 − 𝜎)𝑤0 − 𝜆

) ) = ∞,

for each 𝑠 ∈ {0, 1, 2}, from which the result can be seen abundantly.
(b): Similarly to the previous case, we have

lim
𝑚→∞ |𝑝𝑠𝑚 | = ∞, lim

𝑚→∞ 𝑞
𝑠
𝑚 = 0,

for each 𝑠 ∈ {0, 1, 2}, from which along with the first and second formulas in (3.5.41),
the statement appears straightforward in this case.
(c): Observe that in this case

lim
𝑚→∞ |𝑞𝑠𝑚 | = ∞, lim

𝑚→∞ 𝑟
𝑠
𝑚 = 0,

for each 𝑠 ∈ {0, 1, 2}, from which along with the second and third formulas in (3.5.41),
the statement immediately follows in this case.
(d)-(f): In this case we have

lim
𝑚→∞ |𝑝𝑠𝑚 | =

��(1 − 𝑎)𝛽��
|(1 − 𝛼)𝑏| , lim

𝑚→∞ |𝑞𝑠𝑚 | = |(1 − 𝛼)𝜆|��(1 − 𝜎)𝛽�� , lim
𝑚→∞ |𝑟𝑠𝑚 | = |(1 − 𝜎)𝑏|

|(1 − 𝑎)𝜆|

for each 𝑠 ∈ {0, 1, 2}, from which along with the assumptions in (d), (e) and (f) the
results easily follow.
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(g): Applying the Taylor expansion for 1
1+𝑥 on the interval (−𝜖, 𝜖), where 𝜖 > 0, we

have, for sufficiently large 𝑚 and for each 𝑠 ∈ {0, 1, 2},

𝑝𝑠𝑚 =
(1 − 𝑎)

(
𝛽 + 𝛼3𝑚+𝑠−1

(
(1 − 𝛼) 𝑣0 − 𝛽

) )
(1 − 𝛼)

(
𝑏 + 𝑎3𝑚+𝑠

(
(1 − 𝑎) 𝑢0 − 𝑏

) )
=

(1 − 𝑎)𝛽
(
1 + 𝛼3𝑚+𝑠−1

(
(1−𝛼)𝑣0−𝛽

)
𝛽

)
(1 − 𝛼)𝑏

(
1 + 𝑎3𝑚+𝑠

(
(1−𝑎)𝑢0−𝑏

)
𝑏

)
= 1 + 𝛼3𝑚+𝑠−1

( (1 − 𝛼) 𝑣0 − 𝛽
)

𝛽
− 𝑎3𝑚+𝑠

( (1 − 𝑎) 𝑢0 − 𝑏)
𝑏

+ 𝒪 (
𝑎3𝑚 )

,(3.5.46)

𝑞𝑠𝑚 =
(1 − 𝛼)

(
𝜆 + 𝜎3𝑚+𝑠−1

(
(1 − 𝜎)𝑤0 − 𝜆

) )
(1 − 𝜎)

(
𝛽 + 𝛼3𝑚+𝑠

(
(1 − 𝛼) 𝑣0 − 𝛽

) ) ,

=
(1 − 𝛼)𝜆

(
1 + 𝜎3𝑚+𝑠−1

(
(1−𝜎)𝑤0−𝜆

)
𝜆

)
(1 − 𝜎) 𝛽

(
1 + 𝛼3𝑚+𝑠

(
(1−𝛼)𝑣0−𝛽

)
𝛽

) ,

= 1 + 𝜎3𝑚+𝑠−1
( (1 − 𝜎)𝑤0 − 𝜆

)
𝜆

− 𝛼3𝑚+𝑠
( (1 − 𝛼) 𝑣0 − 𝛽

)
𝛽

+ 𝒪 (
𝛼3𝑚 )

(3.5.47)

and

𝑟𝑠𝑚 =
(1 − 𝜎)

(
𝑏 + 𝑎3𝑚+𝑠−1

(
(1 − 𝑎) 𝑢0 − 𝑏

) )
(1 − 𝑎)

(
𝜆 + 𝜎3𝑚+𝑠

(
(1 − 𝜎)𝑤0 − 𝜆

) )
=

(1 − 𝜎) 𝑏
(
1 + 𝑎3𝑚+𝑠−1

(
(1−𝑎)𝑢0−𝑏

)
𝑏

)
(1 − 𝑎)𝜆

(
1 + 𝜎3𝑚+𝑠

(
(1−𝜎)𝑤0−𝜆

)
𝜆

)
= 1 + 𝑎3𝑚+𝑠−1

( (1 − 𝑎) 𝑢0 − 𝑏
)

𝑏
− 𝜎3𝑚+𝑠

( (1 − 𝜎)𝑤0 − 𝜆
)

𝜆
+ 𝒪 (

𝜎3𝑚 )
.(3.5.48)
(3.5.49)

Using (3.5.46)-(3.5.49) in (3.5.41) and the assumption 𝑚𝑎𝑥{|𝛼|, |𝑎|, |𝜎|} < 1, we obtain

lim
𝑛→+∞ 𝑥3𝑛+𝑠 = 𝑥 𝑗(𝑠) lim

𝑛→+∞

𝑛∏
𝑚=1

𝑝𝑠𝑚

= 𝑥 𝑗(𝑠) lim
𝑛→+∞

𝑛∏
𝑚=1

(
1 + 𝛼3𝑚+𝑠−1

( (1 − 𝛼) 𝑣0 − 𝛽
)

𝛽
− 𝑎3𝑚+𝑠

( (1 − 𝑎) 𝑢0 − 𝑏)
𝑏

+ 𝒪 (
𝑎3𝑚 ) )

,

= 𝑥 𝑗(𝑠).
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The sequences 𝑥3𝑛+𝑠 , 𝑦3𝑛+𝑠 and 𝑧3𝑛+𝑠 , for 𝑠 ∈ {0, 1, 2}, can be seen easily and conse-
quently (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−2 converges to a, not necessarily prime, 3−periodic solution of
system (3.5.40).
(h): From (3.5.41), we have

𝑝𝑠𝑚 =
(1 − 𝑎)𝛽
(1 − 𝛼)𝑏 = 1, 𝑞𝑠𝑚 =

(1 − 𝛼)𝜆
(1 − 𝜎)𝛽 = 1, 𝑟𝑠𝑚 =

(1 − 𝜎)𝑏
(1 − 𝑎)𝜆 = 1,

for every 𝑚 ∈ N, if 𝑠 ∈ {0, 1, 2}. That is, 𝑥3𝑚+𝑠 = 𝑥𝑠 , 𝑦3𝑚+𝑠 = 𝑦𝑠 and 𝑧3𝑚+𝑠 = 𝑧𝑠 , for each
𝑠 ∈ {0, 1, 2}, from which the statement immediately follows.

(i): From (3.5.43)-(3.5.45), in this case, we apply Taylor expansion for 1
1+𝑥 on the inter-

val (−𝜖, 𝜖), where 𝜖 > 0, we get

𝑝𝑠𝑚 =
(1 − 𝑎)

(
𝛽 + 𝛼3𝑚+𝑠−1

(
(1 − 𝛼) 𝑣0 − 𝛽

) )
(1 − 𝛼)

(
𝑏 + 𝑎3𝑚+𝑠

(
(1 − 𝑎) 𝑢0 − 𝑏

) )
=

(1 − 𝑎)𝛽
(
1 + 𝛼3𝑚+𝑠−1

(
(1−𝛼)𝑣0−𝛽

)
𝛽

)
(1 − 𝛼)𝑏

(
1 + 𝑎3𝑚+𝑠

(
(1−𝑎)𝑢0−𝑏

)
𝑏

)
= −

(
1 + 𝛼3𝑚+𝑠−1

( (1 − 𝛼) 𝑣0 − 𝛽
)

𝛽
− 𝑎3𝑚+𝑠

( (1 − 𝑎) 𝑢0 − 𝑏)
𝑏

+ 𝒪 (
𝑎3𝑚 ) )

, (3.5.50)

for sufficiently large 𝑚 and each 𝑠 ∈ {0, 1, 2},

𝑞𝑠𝑚 =
(1 − 𝛼)

(
𝜆 + 𝜎3𝑚+𝑠−1

(
(1 − 𝜎)𝑤0 − 𝜆

) )
(1 − 𝜎)

(
𝛽 + 𝛼3𝑚+𝑠

(
(1 − 𝛼) 𝑣0 − 𝛽

) ) ,

=
(1 − 𝛼)𝜆

(
1 + 𝜎3𝑚+𝑠−1

(
(1−𝜎)𝑤0−𝜆

)
𝜆

)
(1 − 𝜎) 𝛽

(
1 + 𝛼3𝑚+𝑠

(
(1−𝛼)𝑣0−𝛽

)
𝛽

) ,

= −
(
1 + 𝜎3𝑚+𝑠−1

( (1 − 𝜎)𝑤0 − 𝜆
)

𝜆
− 𝛼3𝑚+𝑠

( (1 − 𝛼) 𝑣0 − 𝛽
)

𝛽
+ 𝒪 (

𝛼3𝑚 ) )
, (3.5.51)

for sufficiently large 𝑚 and each 𝑠 ∈ {0, 1, 2}, and

𝑟𝑠𝑚 =
(1 − 𝜎)

(
𝑏 + 𝑎3𝑖+𝑠−1

(
(1 − 𝑎) 𝑢0 − 𝑏

) )
(1 − 𝑎)

(
𝜆 + 𝜎3𝑖+𝑠

(
(1 − 𝜎)𝑤0 − 𝜆

) )
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=
(1 − 𝜎) 𝑏

(
1 + 𝑎3𝑖+𝑠−1

(
(1−𝑎)𝑢0−𝑏

)
𝑏

)
(1 − 𝑎)𝜆

(
1 + 𝜎3𝑖+𝑠

(
(1−𝜎)𝑤0−𝜆

)
𝜆

)
= −(

1 + 𝑎3𝑖+𝑠−1
( (1 − 𝑎) 𝑢0 − 𝑏)

𝑏
− 𝜎3𝑖+𝑠

( (1 − 𝜎)𝑤0 − 𝜆
)

𝜆
+ 𝒪 (

𝜎3𝑚 ) )
, (3.5.52)

for sufficiently large 𝑛 and each 𝑠 ∈ {0, 1, 2}.
We substitue (3.5.50)-(3.5.52) in (3.5.41), we obtain

𝑥3𝑛+𝑠 = 𝑥 𝑗(𝑠)
𝑛∏

𝑚=1

(
−
(
1 + 𝛼3𝑚+𝑠−1

( (1 − 𝛼) 𝑣0 − 𝛽
)

𝛽
− 𝑎3𝑚+𝑠

( (1 − 𝑎) 𝑢0 − 𝑏)
𝑏

+ 𝒪 (
𝑎3𝑚 ) ))

From the assumption 𝑚𝑎𝑥{|𝛼|, |𝑎|, |𝜎|} < 1, we get

lim
𝑛→+∞ 𝑥3𝑛+𝑠 = 𝑥 𝑗(𝑠) lim

𝑛→+∞(−1)𝑛 ,

Then, for 𝑛 = 2𝑚 we obtain
lim

𝑚→+∞ 𝑥6𝑚+𝑠 = 𝑥 𝑗(𝑠)

and for 𝑛 = 2𝑚 + 1, we get
lim

𝑚→+∞ 𝑥6𝑚+𝑠 = −𝑥 𝑗(𝑠).
Similarly, for the sequences 𝑦3𝑛+𝑠 and 𝑧3𝑛+𝑠 . As a result, the sequences 𝑥6𝑚+𝑠1 , 𝑦6𝑚+𝑠1
and 𝑧6𝑚+𝑠1 , for 𝑠1 ∈ {0, 1, 2, 3, 4, 5}, converge, fromwhich it follows that (𝑥𝑚 , 𝑦𝑚 , 𝑧𝑚)𝑚≥−2

converges to a, not necessarily prime, 6−periodic solution of System (3.5.40).
(j):From (3.5.41), we obtain

𝑝𝑠𝑚 =
(1 − 𝑎)𝛽
(1 − 𝛼)𝑏 = −1, 𝑞𝑠𝑚 =

(1 − 𝛼)𝜆
(1 − 𝜎)𝛽 = −1, 𝑟𝑠𝑚 =

(1 − 𝜎)𝑏
(1 − 𝑎)𝜆 = −1,

for every 𝑚 ∈ N and each 𝑠 ∈ {0, 1, 2}. That is, 𝑥3𝑚+𝑠 = 𝑥𝑠 , 𝑦3𝑚+𝑠 = 𝑦𝑠 and 𝑧3𝑚+𝑠 = 𝑧𝑠 ,
for each 𝑠 ∈ {0, 1, 2}, from which the statement immediately follows.
(k)-(p): In this case, from (3.5.43)-(3.5.45), we have

lim
𝑚→∞ 𝑝

𝑠
𝑚 = lim

𝑚→∞

( (1 − 𝑎) 𝑣0 − 𝛽
) + 𝛽

𝑎3𝑚+𝑠−1

𝑎
(
(1 − 𝑎) 𝑢0 − 𝑏

)
+ 𝑏

𝑎3𝑚+𝑠−1

= 𝐾𝑠 , (3.5.53)

for 𝑠 ∈ {0, 1, 2},

lim
𝑚→∞ 𝑞

𝑠
𝑚 = lim

𝑚→∞

( (1 − 𝛼)𝑤0 − 𝜆
) + 𝜆

𝛼3𝑚+𝑠−1

𝛼
(
(1 − 𝛼) 𝑣0 − 𝛽

)
+ 𝛽

𝛼3𝑚+𝑠−1

= 𝐿𝑠 , (3.5.54)



110 3. On the solvability in closed-form of some systems of difference equations

for 𝑠 ∈ {0, 1, 2}, and

lim
𝑚→∞ 𝑟

𝑠
𝑚 = lim

𝑚→∞

( (1 − 𝜎) 𝑢0 − 𝑏) + 𝑏
𝜎3𝑚+𝑠−1

𝜎
(
(1 − 𝜎)𝑤0 − 𝜆

)
+ 𝜆

𝜎3𝑚+𝑠−1

= 𝑀𝑠 , (3.5.55)

for 𝑠 ∈ {0, 1, 2}. Applying (3.5.53)-(3.5.55) in (3.5.41) and the assumptions in (k)-(p),
the statements immediately follow.
(q)-(s): In this case, from (3.5.43)-(3.5.45), we get

𝑝𝑠𝑚 =

( (1 − 𝑎) 𝑣0 − 𝛽
)
𝑎3𝑚+𝑠−1 + 𝛽( (1 − 𝑎) 𝑢0 − 𝑏)𝑎3𝑚+𝑠 + 𝑏

=

( (1 − 𝑎) 𝑣0 − 𝛽
)
𝑎3𝑚+𝑠−1

(
1 + 𝛽(

(1−𝑎)𝑣0−𝛽
)
𝑎3𝑚+𝑠−1

)
( (1 − 𝑎) 𝑢0 − 𝑏

)
𝑎3𝑚+𝑠

(
1 + 𝑏(

(1−𝑎)𝑢0−𝑏
)
𝑎3𝑚+𝑠

)
= 1 + 𝛽( (1 − 𝑎) 𝑣0 − 𝛽

)
𝑎3𝑚+𝑠−1

− 𝑏( (1 − 𝑎) 𝑢0 − 𝑏)𝑎3𝑚+𝑠 + 𝒪
( 1
𝑎3𝑚

)
,(3.5.56)

𝑞𝑠𝑚 =

( (1 − 𝛼)𝑤0 − 𝜆
)
𝛼3𝑚+𝑠−1 + 𝜆( (1 − 𝛼) 𝑣0 − 𝛽
)
𝛼3𝑚+𝑠 + 𝛽

=

( (1 − 𝛼)𝑤0 − 𝜆
)
𝛼3𝑚+𝑠−1

(
1 + 𝜆(

(1−𝛼)𝑤0−𝜆
)
𝛼3𝑚+𝑠−1

)
( (1 − 𝛼) 𝑣0 − 𝛽

)
𝛼3𝑚+𝑠

(
1 + 𝛽(

(1−𝛼)𝑣0−𝛽
)
𝛼3𝑚+𝑠

)
= 1 + 𝜆( (1 − 𝛼)𝑤0 − 𝜆

)
𝛼3𝑚+𝑠−1

− 𝛽( (1 − 𝛼) 𝑣0 − 𝛽
)
𝛼3𝑚+𝑠 + 𝒪

( 1
𝛼3𝑚

)
,(3.5.57)

and

𝑟𝑠𝑚 =

( (1 − 𝜎) 𝑢0 − 𝑏)𝜎3𝑚+𝑠−1 + 𝑏( (1 − 𝜎)𝑤0 − 𝜆
)
𝜎3𝑚+𝑠 + 𝜆

=

( (1 − 𝜎) 𝑢0 − 𝑏)𝜎3𝑚+𝑠−1
(
1 + 𝑏(

(1−𝜎)𝑢0−𝑏
)
𝜎3𝑚+𝑠−1

)
( (1 − 𝜎)𝑤0 − 𝜆

)
𝜎3𝑚+𝑠

(
1 + 𝜆(

(1−𝜎)𝑤0−𝜆
)
𝜎3𝑚+𝑠

)
= 1 + 𝑏( (1 − 𝜎) 𝑢0 − 𝑏)𝜎3𝑚+𝑠−1

− 𝜆( (1 − 𝜎)𝑤0 − 𝜆
)
𝜎3𝑚+𝑠 + 𝒪

( 1
𝜎3𝑚

)
,(3.5.58)

for sufficiently large 𝑚 and each 𝑠 ∈ {0, 1, 2}, from which the convergence of the se-
quences 𝑥3𝑚+𝑠 , 𝑦3𝑚+𝑠 and 𝑧3𝑚+𝑠 , for 𝑠 ∈ {0, 1, 2}, can be obtained immediately.
(t)-(v): In these cases, from (3.5.43)-(3.5.45), we have
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𝑝𝑠𝑚 =

( (1 − 𝑎) 𝑣0 − 𝛽
)
𝑎3𝑚+𝑠−1 + 𝛽( (1 − 𝑎) 𝑢0 − 𝑏
)
𝑎3𝑚+𝑠 + 𝑏

=

( (1 − 𝑎) 𝑣0 − 𝛽
)
𝑎3𝑚+𝑠−1

(
1 + 𝛽(

(1−𝑎)𝑣0−𝛽
)
𝑎3𝑚+𝑠−1

)
( (1 − 𝑎) 𝑢0 − 𝑏)𝑎3𝑚+𝑠

(
1 + 𝑏(

(1−𝑎)𝑢0−𝑏
)
𝑎3𝑚+𝑠

)
= −

(
1 + 𝛽( (1 − 𝑎) 𝑣0 − 𝛽

)
𝑎3𝑚+𝑠−1

− 𝑏( (1 − 𝑎) 𝑢0 − 𝑏)𝑎3𝑚+𝑠 + 𝒪
( 1
𝑎3𝑚

) )
, (3.5.59)

𝑞𝑠𝑚 =

( (1 − 𝛼)𝑤0 − 𝜆
)
𝛼3𝑚+𝑠−1 + 𝜆( (1 − 𝛼) 𝑣0 − 𝛽
)
𝛼3𝑚+𝑠 + 𝛽

=

( (1 − 𝛼)𝑤0 − 𝜆
)
𝛼3𝑚+𝑠−1

(
1 + 𝜆(

(1−𝛼)𝑤0−𝜆
)
𝛼3𝑚+𝑠−1

)
( (1 − 𝛼) 𝑣0 − 𝛽

)
𝛼3𝑚+𝑠

(
1 + 𝛽(

(1−𝛼)𝑣0−𝛽
)
𝛼3𝑚+𝑠

)
= −

(
1 + 𝜆( (1 − 𝛼)𝑤0 − 𝜆

)
𝛼3𝑚+𝑠−1

− 𝛽( (1 − 𝛼) 𝑣0 − 𝛽
)
𝛼3𝑚+𝑠 + 𝒪

( 1
𝛼3𝑚

) )
, (3.5.60)

and

𝑟𝑠𝑚 =

( (1 − 𝜎) 𝑢0 − 𝑏)𝜎3𝑚+𝑠−1 + 𝑏( (1 − 𝜎)𝑤0 − 𝜆
)
𝜎3𝑚+𝑠 + 𝜆

=

( (1 − 𝜎) 𝑢0 − 𝑏
)
𝜎3𝑚+𝑠−1

(
1 + 𝑏(

(1−𝜎)𝑢0−𝑏
)
𝜎3𝑚+𝑠−1

)
( (1 − 𝜎)𝑤0 − 𝜆

)
𝜎3𝑚+𝑠

(
1 + 𝜆(

(1−𝜎)𝑤0−𝜆
)
𝜎3𝑚+𝑠

)
= −

(
1 + 𝑏( (1 − 𝜎) 𝑢0 − 𝑏

)
𝜎3𝑚+𝑠−1

− 𝜆( (1 − 𝜎)𝑤0 − 𝜆
)
𝜎3𝑚+𝑠 + 𝒪

( 1
𝜎3𝑚

) )
, (3.5.61)

for sufficiently large 𝑚 and each 𝑠 ∈ {0, 1, 2}, from which the convergence of the se-
quences 𝑥6𝑚+𝑖 , 𝑥6𝑚+3+𝑖 , 𝑦6𝑚+𝑖 , 𝑦6𝑚+3+𝑖 and 𝑧6𝑚+𝑖 , 𝑧6𝑚+3+𝑖 , for 𝑠 ∈ {0, 1, 2}, can be seen
easily.
(w)-(ab): To get these six results, it is sufficient tomention that the limits of the general
terms (3.5.43)-(3.5.45) in (3.5.41) are equal to 𝐾𝑠 , 𝐿𝑠 and 𝑀̂𝑠 , respectively, and then us-
ing the assumptions in (w)-(ab), the statements can be obtained immediately.
(ac)-(ae): In these cases, from (3.5.43)-(3.5.45), we have

𝑝𝑠𝑚 =
1 + 𝛽

(−𝑎)3𝑚+𝑠−1(𝑣0(1+𝑎)−𝛽)
1 + 𝑏

𝑎3𝑚+𝑠 (𝑢0(1−𝑎)−𝑏)
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= 1 + 𝛽

(−𝑎)3𝑚+𝑠−1
(
𝑣0(1 + 𝑎) − 𝛽

) − 𝑏
𝑎3𝑚+𝑠 (𝑢0(1 − 𝑎) − 𝑏) + 𝒪

( 1
𝑎6𝑚

)
, (3.5.62)

𝑞𝑠𝑚 =
1 + 𝜆

(−𝛼)3𝑚+𝑠−1(𝑤0(1+𝛼)−𝜆)
1 + 𝛽

𝛼3𝑚+𝑠(𝑣0(1−𝛼)−𝛽)
= 1 + 𝜆

(−𝛼)3𝑚+𝑠−1 (𝑤0(1 + 𝛼) − 𝜆) −
𝛽

𝛼3𝑚+𝑠 (𝑣0(1 − 𝛼) − 𝛽
) + 𝒪

( 1
𝛼6𝑚

)
(3.5.63)

and

𝑟𝑠𝑚 =
1 + 𝑏

(−𝜎)3𝑚+𝑠−1(𝑢0(1+𝜎)−𝑏)
1 + 𝜆

𝜎3𝑚+𝑠 (𝑤0(1−𝜎)−𝜆)

= 1 + 𝑏
(−𝜎)3𝑚+𝑠−1 (𝑢0(1 + 𝜎) − 𝑏) −

𝜆

𝜎3𝑚+𝑠 (𝑤0(1 − 𝜎) − 𝜆) + 𝒪
( 1
𝜎6𝑚

)
, (3.5.64)

for sufficiently large 𝑚 and 𝑠 ∈ {0, 1, 2}, from which the convergence of the sequences
𝑥3𝑚+𝑠 , 𝑦3𝑚+𝑠 and 𝑧3𝑚+𝑠 , for 𝑠 ∈ {0, 1, 2}, can be seen easily.
(af)-(ah): In these cases, from (3.5.43)-(3.5.45), we obtain

𝑝𝑠𝑚 =
1 + 𝛽

(−𝑎)3𝑚+𝑠−1(𝑣0(1+𝑎)−𝛽)
1 + 𝑏

𝑎3𝑚+𝑠 (𝑢0(1−𝑎)−𝑏)

= −
(
1 + 𝛽

(−𝑎)3𝑚+𝑠−1
(
𝑣0(1 + 𝑎) − 𝛽

) − 𝑏
𝑎3𝑚+𝑠 (𝑢0(1 − 𝑎) − 𝑏) + 𝒪

( 1
𝑎6𝑚

) )
, (3.5.65)

𝑞𝑠𝑚 =
1 + 𝜆

(−𝛼)3𝑚+𝑠−1(𝑤0(1+𝛼)−𝜆)
1 + 𝛽

𝛼3𝑚+𝑠(𝑣0(1−𝛼)−𝛽)
= −

(
1 + 𝜆

(−𝛼)3𝑚+𝑠−1 (𝑤0(1 + 𝛼) − 𝜆) −
𝛽

𝛼3𝑚+𝑠 (𝑣0(1 − 𝛼) − 𝛽
) + 𝒪

( 1
𝛼6𝑚

) )
, (3.5.66)

and

𝑟𝑠𝑚 =
1 + 𝑏

(−𝜎)3𝑚+𝑠−1(𝑢0(1+𝜎)−𝑏)
1 + 𝜆

𝜎3𝑚+𝑠 (𝑤0(1−𝜎)−𝜆)

= −
(
1 + 𝑏

(−𝜎)3𝑚+𝑠−1 (𝑢0(1 + 𝜎) − 𝑏) −
𝜆

𝜎3𝑚+𝑠 (𝑤0(1 − 𝜎) − 𝜆) + 𝒪
( 1
𝜎6𝑚

) )
, (3.5.67)

for sufficiently large 𝑚 and 𝑠 ∈ {0, 1, 2}. Employing (3.5.65)-(3.5.67) in (3.5.41) and
the Taylor expansion for 1

1+𝑥 on the interval (−𝜖, 𝜖), where 𝜖 > 0, the convergence of
the sequences 𝑥6𝑚+𝑠 , 𝑥6𝑚+3+𝑠 , 𝑦6𝑚+𝑠 , 𝑦6𝑚+3+𝑠 and 𝑧6𝑚+𝑠 , 𝑧6𝑚+3+𝑠 , for 𝑠 ∈ {0, 1, 2}, can be
seen easily.
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Now, we deal with the asymptotic behavior of solution to system (3.5.40) for the case
𝑎 = 𝛼 = 𝜎 = 1.
Theorem 3.22. Assume that 𝑎 = 𝛼 = 𝜎 = 1, 𝑏𝛽𝜆 ≠ 0 and (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−2 is a well-defined
solution of System (3.5.40). Then the next statements are true:
(a) If max{|𝛽|, |𝜆|} < |𝑏|, then 𝑥𝑚 → 0 and |𝑧𝑚 | → ∞, as 𝑚 → ∞.
(b) If max{|𝑏|, |𝜆|} < |𝛽|, then 𝑦𝑚 → 0 and |𝑥𝑚 | → ∞, as 𝑚 → ∞.
(c) If max{|𝑏|, |𝛽|} < |𝜆|, then 𝑧𝑚 → 0 and |𝑦𝑚 | → ∞, as 𝑚 → ∞.
(d) If 𝛽 = 𝑏 and (𝑣0 − 𝑢0) = 𝑏, then the sequence 𝑥3𝑚+𝑠 , for 𝑠 ∈ {0, 1, 2}, are convergent.
(d) If 𝛽 = 𝑏 and (𝑣0 − 𝑢0) > 𝑏, then |𝑥𝑚 | → ∞, as 𝑚 → ∞.
(e) If 𝛽 = 𝑏 and (𝑣0 − 𝑢0) < 𝑏, then 𝑥𝑚 → 0, as 𝑚 → ∞.
(f) If 𝛽 = 𝜆 and (𝑤0 − 𝑣0) = 𝛽, then the sequence 𝑦3𝑚+𝑠 , for 𝑠 ∈ {0, 1, 2}, are convergent.
(g) If 𝛽 = 𝜆 and (𝑤0 − 𝑣0) > 𝛽, then |𝑦𝑚 | → ∞, as 𝑚 → ∞.
(h) If 𝛽 = 𝜆 and (𝑤0 − 𝑣0) < 𝛽, then 𝑦𝑚 → 0, as 𝑚 → ∞.
(i) If 𝑏 = 𝜆 and (𝑢0 − 𝑤0) = 𝜆, then the sequence 𝑧3𝑚+𝑠 , for 𝑠 ∈ {0, 1, 2}, are convergent.
(j) If 𝑏 = 𝜆 and (𝑢0 − 𝑤0) > 𝜆, then |𝑧𝑚 | → ∞, as 𝑚 → ∞.
(k) If 𝑏 = 𝜆 and (𝑢0 − 𝑤0) < 𝜆, then 𝑧𝑚 → 0, as 𝑚 → ∞.
(l) If 𝑏 = −𝛽 and 𝑏 = − (𝑣0 + 𝑢0), then the sequence 𝑥6𝑚+𝑠1 , for 𝑠1 ∈ {0, 1, 2, 3, 4, 5}, are

convergent.
(m) If 𝑏 = −𝛽 and 𝑣0+𝑢0

𝑏 + 1 < 0, then |𝑥𝑚 | → ∞, as 𝑚 → ∞.
(n) If 𝑏 = −𝛽 and 𝑣0+𝑢0

𝑏 + 1 > 0, then 𝑥𝑚 → 0, as 𝑚 → ∞.
(o) If 𝛽 = −𝜆 and 𝛽 = − (𝑤0 + 𝑣0), then the sequence 𝑦6𝑚+𝑠1 , for 𝑠1 ∈ {0, 1, 2, 3, 4, 5}, are

convergent.
(p) If 𝛽 = −𝜆 and 𝑤0+𝑣0

𝛽 + 1 < 0, then |𝑦𝑚 | → ∞, as 𝑚 → ∞.
(q) If 𝛽 = −𝜆 and 𝑤0+𝑣0

𝛽 + 1 > 0, then 𝑦𝑚 → 0, as 𝑚 → ∞.
(r) If 𝜆 = −𝑏 and 𝜆 = − (𝑢0 + 𝑤0), then the sequence 𝑧6𝑚+𝑠1 , for 𝑠1 ∈ {0, 1, 2, 3, 4, 5}, are

convergent.
(s) If 𝜆 = −𝑏 and 𝑢0+𝑤0

𝜆 + 1 < 0, then |𝑧𝑚 | → ∞, as 𝑚 → ∞.
(t) If 𝜆 = −𝑏 and 𝑢0+𝑤0

𝜆 + 1 > 0, then 𝑧𝑚 → 0, as 𝑚 → ∞.

Proof. (a)-(c): From (3.5.42), we have

𝑥3𝑚+𝑠 = 𝑥 𝑗
𝑚∏
𝑖=1

𝑣0 + 𝛽 (3𝑖 + 𝑠 − 1)
𝑢0 + 𝑏 (3𝑖 + 𝑠) = 𝑥 𝑗

𝑚∏
𝑖=1

𝛽
(
1 + 𝑠−1+ 𝑣0

𝛽

3𝑖
)

𝑏
(
1 + 𝑠+ 𝑢0

𝑏
3𝑖

) ,

𝑦3𝑚+𝑠 = 𝑦 𝑗
𝑚∏
𝑖=1

𝑤0 + 𝜆 (3𝑖 + 𝑠 − 1)
𝑣0 + 𝛽 (3𝑖 + 𝑠) = 𝑦 𝑗

𝑚∏
𝑖=1

𝜆
(
1 + 𝑠−1+𝑤0

𝜆
3𝑖

)
𝛽
(
1 + 𝑠+ 𝑣0

𝛽

3𝑖
) , (3.5.68)

𝑧3𝑚+𝑠 = 𝑧 𝑗
𝑚∏
𝑖=1

𝑢0 + 𝑏 (3𝑖 + 𝑠 − 1)
𝑤0 + 𝜆 (3𝑖 + 𝑠) = 𝑧 𝑗

𝑚∏
𝑖=1

𝑏
(
1 + 𝑠−1+ 𝑢0

𝑏
3𝑖

)
𝜆
(
1 + 𝑠+𝑤0

𝜆
3𝑖

) ,
for each 𝑠 ∈ {0, 1, 2}, from which the statements can be obtained immediately.
(d)-(k): By using Taylor expansion for 1

1+𝑥 on the interval (−𝜖, 𝜖), where 𝜖 > 0, to
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solutions given in (3.5.68), respectively, we have for sufficiently large 𝑚

𝑥3𝑚+𝑠 = 𝑥 𝑗
𝑚∏
𝑖=1

𝑣0 + 𝑏 (3𝑖 + 𝑠 − 1)
𝑢0 + 𝑏 (3𝑖 + 𝑠) = 𝑥 𝑗

𝑚∏
𝑖=1

(
1 + 𝑠−1+ 𝑣0

𝑏
3𝑖

)(
1 + 𝑠+ 𝑢0

𝑏
3𝑖

) ,

= 𝑥 𝑗𝒞1 (𝑚0)
𝑚∏

𝑖=𝑚0+1

(
1 +

𝑣0−𝑢0
𝑏 − 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
(3.5.69)

= 𝑥 𝑗𝒞1 (𝑚0) exp

(
𝑚∑

𝑖=𝑚0+1

𝑣0−𝑢0
𝑏 − 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
,

for each 𝑠 ∈ {0, 1, 2}, if 𝛽 = 𝑏, where 𝒞1 (𝑚0) = ∏𝑚0
𝑖=1

(
1+ 𝑠−1+ 𝑣0

𝑏
3𝑖

)(
1+ 𝑠+ 𝑢0

𝑏
3𝑖

) ,

𝑦3𝑚+𝑠 = 𝑦 𝑗
𝑚∏
𝑖=1

𝑤0 + 𝛽 (3𝑖 + 𝑠 − 1)
𝑣0 + 𝛽 (3𝑖 + 𝑠) = 𝑦 𝑗

𝑚∏
𝑖=1

(
1 + 𝑠−1+𝑤0

𝛽

3𝑖
)(

1 + 𝑠+ 𝑣0
𝛽

3𝑖
)

= 𝑦 𝑗𝒞2 (𝑚0)
𝑚∏

𝑖=𝑚0+1

(
1 +

𝑤0−𝑣0
𝛽 − 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
(3.5.70)

= 𝑦 𝑗𝒞2 (𝑚0) exp

(
𝑚∑

𝑖=𝑚0+1

𝑤0−𝑣0
𝛽 − 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
,

for each 𝑠 ∈ {0, 1, 2}, if 𝛽 = 𝜆, where 𝒞2 (𝑚0) = ∏𝑚0
𝑖=1

(
1+ 𝑠−1+𝑤0

𝛽
3𝑖

)(
1+ 𝑠+ 𝑣0

𝛽
3𝑖

) and

𝑧3𝑚+𝑠 = 𝑧 𝑗
𝑚∏
𝑖=1

𝑢0 + 𝜆 (3𝑖 + 𝑠 − 1)
𝑤0 + 𝜆 (3𝑖 + 𝑠) = 𝑧 𝑗

𝑚∏
𝑖=1

(
1 + 𝑠−1+ 𝑢0

𝜆
3𝑖

)(
1 + 𝑠+𝑤0

𝜆
3𝑖

)
= 𝑧 𝑗𝒞3 (𝑚0)

𝑚∏
𝑖=𝑚0+1

(
1 +

𝑢0−𝑤0
𝜆 − 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
(3.5.71)

= 𝑧 𝑗𝒞3 (𝑚0) exp

(
𝑚∑

𝑖=𝑚0+1

𝑢0−𝑤0
𝜆 − 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
,

for each 𝑠 ∈ {0, 1, 2}, if 𝑏 = 𝜆, where 𝒞3 (𝑚0) = ∏𝑚0
𝑖=1

(
1+ 𝑠−1+ 𝑢0

𝜆
3𝑖

)(
1+ 𝑠+𝑤0

𝜆
3𝑖

) . From (3.5.69)-(3.5.71),

the fact that
∑𝑚
𝑖=𝑚0+1

1
𝑖 → +∞, as𝑚 → ∞ and the convergence of the series

∑+∞
𝑖=𝑚0+1 𝒪

(
1
𝑖2

)
,

the statements in (d)-(k) can be seen immediately.

(l)-(t): By using Taylor expansion to equations given in (3.5.68) for 1
1+𝑥 on the interval
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(−𝜖, 𝜖), where 𝜖 > 0, and for sufficiently large 𝑚, say 𝑚 ≥ 𝑚1, respectively, we have

𝑥3𝑚+𝑠 = 𝑥 𝑗
𝑚∏
𝑖=1

𝑣0 − 𝑏 (3𝑖 + 𝑠 − 1)
𝑢0 + 𝑏 (3𝑖 + 𝑠) = 𝑥 𝑗 (−1)𝑚

𝑚∏
𝑖=1

(
1 + 𝑠−1− 𝑣0

𝑏
3𝑖

)(
1 + 𝑠+ 𝑢0

𝑏
3𝑖

) ,

= 𝑥 𝑗 (−1)𝑚 𝒞1 (𝑚1)
𝑚∏

𝑖=𝑚1+1

(
1 −

𝑣0+𝑢0
𝑏 + 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
(3.5.72)

= 𝑥 𝑗 (−1)𝑚 𝒞1 (𝑚1) exp

(
−

𝑚∑
𝑖=𝑚1+1

𝑣0+𝑢0
𝑏 + 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
,

for each 𝑠 ∈ {0, 1, 2}, if 𝛽 = −𝑏, where 𝒞1 (𝑚1) = ∏𝑚1
𝑖=1

(
1+ 𝑠−1− 𝑣0

𝑏
3𝑖

)(
1+ 𝑠+ 𝑢0

𝑏
3𝑖

) ,

𝑦3𝑚+𝑠 = 𝑦 𝑗
𝑚∏
𝑖=1

𝑤0 − 𝛽 (3𝑖 + 𝑠 − 1)
𝑣0 + 𝛽 (3𝑖 + 𝑠) = 𝑦 𝑗 (−1)𝑚

𝑚∏
𝑖=1

(
1 + 𝑠−1−𝑤0

𝛽

3𝑖
)(

1 + 𝑠+ 𝑣0
𝛽

3𝑖
)

= 𝑦 𝑗 (−1)𝑚 𝒞2 (𝑚1)
𝑚∏

𝑖=𝑚1+1

(
1 −

𝑤0+𝑣0
𝛽 + 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
(3.5.73)

= 𝑦 𝑗 (−1)𝑚 𝒞2 (𝑚1) exp

(
−

𝑚∑
𝑖=𝑚1+1

𝑤0+𝑣0
𝛽 + 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
,

for each 𝑠 ∈ {0, 1, 2}, if 𝛽 = −𝜆, where 𝒞2 (𝑚1) = ∏𝑚1
𝑖=1

(
1+ 𝑠−1−𝑤0

𝛽
3𝑖

)(
1+ 𝑠+ 𝑣0

𝛽
3𝑖

) and

𝑧3𝑚+𝑠 = 𝑧 𝑗
𝑚∏
𝑖=1

𝑢0 − 𝜆 (3𝑖 + 𝑠 − 1)
𝑤0 + 𝜆 (3𝑖 + 𝑠) = 𝑧 𝑗 (−1)𝑚

𝑚∏
𝑖=1

(
1 + 𝑠−1− 𝑢0

𝜆
3𝑖

)(
1 + 𝑠+𝑤0

𝜆
3𝑖

)
= 𝑧 𝑗 (−1)𝑚 𝒞3 (𝑚1)

𝑚∏
𝑖=𝑚1+1

(
1 −

𝑢0+𝑤0
𝜆 + 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
(3.5.74)

= 𝑧 𝑗 (−1)𝑚 𝒞3 (𝑚1) exp

(
−

𝑚∑
𝑖=𝑚1+1

𝑢0+𝑤0
𝜆 + 1

3𝑖
+ 𝒪

( 1
𝑖2

) )
,

for each 𝑠 ∈ {0, 1, 2}, if 𝑏 = −𝜆, where 𝒞3 (𝑚1) =
∏𝑚1

𝑖=1

(
1+ 𝑠−1− 𝑢0

𝜆
3𝑖

)(
1+ 𝑠+𝑤0

𝜆
3𝑖

) . From (3.5.72)-

(3.5.74), the fact that
∑𝑚
𝑖=𝑚0+1

1
𝑖 → +∞, as 𝑚 → ∞ and the convergence of the series∑+∞

𝑖=𝑚0+1 𝒪
(

1
𝑖2

)
, the statements in (l)-(t) can be seen immediately.

The following theoremgives us to the asymptotic behavior of solution to System (3.5.40)
for the case 𝑎 = 𝛼 = 𝜎 = −1.
Theorem 3.23. Assume that 𝑎 = 𝛼 = 𝜎 = −1, 𝑏𝛽𝜆 ≠ 0 and (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛)𝑛≥−2 is a well-defined
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solution of system (3.5.40). Then the next statements are true:
(a) If |

(
𝑥0𝑦−1𝑧−2
𝑦0𝑧−1𝑥−2

)2 (−1+𝛽𝑦0𝑧−1𝑥−2
−1+𝑏𝑥0𝑦−1𝑧−2

)
| < 1, then 𝑥2𝑛+𝑗1 → 0, for 𝑗1 ∈ {0, 1}, as 𝑛 → ∞.

(b) If |
(
𝑥0𝑦−1𝑧−2
𝑦0𝑧−1𝑥−2

)2 (−1+𝛽𝑦0𝑧−1𝑥−2
−1+𝑏𝑥0𝑦−1𝑧−2

)
| > 1, then

��𝑥2𝑛+𝑗1
�� → ∞, for 𝑗1 ∈ {0, 1}, as 𝑛 → ∞.

(c) If
(
𝑥0𝑦−1𝑧−2
𝑦0𝑧−1𝑥−2

)2 (−1+𝛽𝑦0𝑧−1𝑥−2
−1+𝑏𝑥0𝑦−1𝑧−2

)
= 1, then the sequence 𝑥𝑛 is 6−periodic.

(d) If
(
𝑥0𝑦−1𝑧−2
𝑦0𝑧−1𝑥−2

)2 (−1+𝛽𝑦0𝑧−1𝑥−2
−1+𝑏𝑥0𝑦−1𝑧−2

)
= −1, then the sequence 𝑥𝑛 is 12−periodic.

(e) If |
(
𝑦0𝑧−1𝑥−2
𝑧0𝑥−1𝑦−2

)2 (−1+𝜆𝑧0𝑥−1𝑦−2
−1+𝛽𝑦0𝑧−1𝑥−2

)
| < 1, then 𝑦2𝑛+𝑗1 → 0, for 𝑗1 ∈ {0, 1}, as 𝑛 → ∞.

(f) If |
(
𝑦0𝑧−1𝑥−2
𝑧0𝑥−1𝑦−2

)2 (−1+𝜆𝑧0𝑥−1𝑦−2
−1+𝛽𝑦0𝑧−1𝑥−2

)
| > 1, then

��𝑦2𝑛+𝑗1
�� → ∞, for 𝑗1 ∈ {0, 1}, as 𝑛 → ∞.

(g) If
(
𝑦0𝑧−1𝑥−2
𝑧0𝑥−1𝑦−2

)2 (−1+𝜆𝑧0𝑥−1𝑦−2
−1+𝛽𝑦0𝑧−1𝑥−2

)
= 1, then the sequence 𝑦𝑛 is 6−periodic.

(h) If
(
𝑦0𝑧−1𝑥−2
𝑧0𝑥−1𝑦−2

)2 (−1+𝜆𝑧0𝑥−1𝑦−2
−1+𝛽𝑦0𝑧−1𝑥−2

)
= −1, then the sequence 𝑦𝑛 is 12−periodic.

(i) If |
(
𝑧0𝑥−1𝑦−2
𝑥0𝑦−1𝑧−2

)2 ( −1+𝑏𝑥0𝑦−1𝑧−2
−1+𝜆𝑧0𝑥−1𝑦−2

)
| < 1, then 𝑧2𝑛+𝑗1 → 0, for 𝑗1 ∈ {0, 1}, as 𝑛 → ∞.

(j) If |
(
𝑧0𝑥−1𝑦−2
𝑥0𝑦−1𝑧−2

)2 ( −1+𝑏𝑥0𝑦−1𝑧−2
−1+𝜆𝑧0𝑥−1𝑦−2

)
| > 1, then

��𝑧2𝑛+𝑗1
�� → ∞, for 𝑗1 ∈ {0, 1}, as 𝑛 → ∞.

(k) If
(
𝑧0𝑥−1𝑦−2
𝑥0𝑦−1𝑧−2

)2 ( −1+𝑏𝑥0𝑦−1𝑧−2
−1+𝜆𝑧0𝑥−1𝑦−2

)
= 1, then the sequence 𝑧𝑛 is 6−periodic.

(l) If
(
𝑧0𝑥−1𝑦−2
𝑥0𝑦−1𝑧−2

)2 ( −1+𝑏𝑥0𝑦−1𝑧−2
−1+𝜆𝑧0𝑥−1𝑦−2

)
= −1, then the sequence 𝑧𝑛 is 12−periodic.

Proof. From (3.5.3) for the case 𝑎 = 𝛼 = 𝜎 = −1, we get

𝑢𝑛+1 = −𝑢𝑛 + 𝑏 = 𝑢𝑛−1 , 𝑣𝑛+1 = −𝑣𝑛 + 𝛽 = 𝑣𝑛−1 , 𝑤𝑛+1 = −𝑤𝑛 + 𝜆 = 𝑤𝑛−1 , 𝑛 ∈ N,
(3.5.75)

which imply that the sequences (𝑢𝑛)𝑛∈N0 , (𝑣𝑛)𝑛∈N0 and (𝑤𝑛)𝑛∈N0 are two-periodic, and
consequently the sequences 𝑥𝑛𝑦𝑛−1𝑧𝑛−2 , 𝑦𝑛𝑧𝑛−1𝑥𝑛−2 and 𝑧𝑛𝑥𝑛−1𝑦𝑛−2 are two-periodic,
that is

𝑥2𝑛𝑦2𝑛−1𝑧2𝑛−2 = 𝑥0𝑦−1𝑧−2 , 𝑦2𝑛𝑧2𝑛−1𝑥2𝑛−2 = 𝑦0𝑧−1𝑥−2 , 𝑧2𝑛𝑥2𝑛−1𝑦2𝑛−2 = 𝑧0𝑥−1𝑦−2 ,

𝑥2𝑛+1𝑦2𝑛𝑧2𝑛−1 = 𝑥0𝑦−1𝑧−2
−1+𝑏𝑥0𝑦−1𝑧−2

, 𝑦2𝑛+1𝑧2𝑛𝑥2𝑛−1 = 𝑦0𝑧−1𝑥−2
−1+𝛽𝑦0𝑧−1𝑥−2

, 𝑧2𝑛+1𝑥2𝑛𝑦2𝑛−1 = 𝑧0𝑥−1𝑦−2
−1+𝜆𝑧0𝑥−1𝑦−2

,

(3.5.76)

for 𝑛 ∈ N0. From (3.5.76) we get

𝑥2𝑛 =
𝑥0𝑦−1𝑧−2

𝑦2𝑛−1𝑧2𝑛−2
=
𝑥0𝑦−1𝑧−2

𝑦0𝑧−1𝑥−2

(−1 + 𝛽𝑦0𝑧−1𝑥−2
)
𝑥2𝑛−3

=

(
𝑥0𝑦−1𝑧−2

𝑦0𝑧−1𝑥−2

)2 (−1 + 𝛽𝑦0𝑧−1𝑥−2

−1 + 𝑏𝑥0𝑦−1𝑧−2

)
𝑥2𝑛−6 , (3.5.77)

𝑥2𝑛+1 =
𝑥0𝑦−1𝑧−2(−1 + 𝑏𝑥0𝑦−1𝑧−2

)
𝑦2𝑛𝑧2𝑛−1

=
𝑥0𝑦−1𝑧−2𝑥2𝑛−2(−1 + 𝑏𝑥0𝑦−1𝑧−2

)
𝑦0𝑧−1𝑥−2

=

(
𝑥0𝑦−1𝑧−2

𝑦0𝑧−1𝑥−2

)2 (−1 + 𝛽𝑦0𝑧−1𝑥−2

−1 + 𝑏𝑥0𝑦−1𝑧−2

)
𝑥2𝑛−5 , (3.5.78)

𝑦2𝑛 =
𝑦0𝑧−1𝑥−2

𝑧2𝑛−1𝑥2𝑛−2
=
𝑦0𝑧−1𝑥−2

𝑧0𝑥−1𝑦−2

(−1 + 𝜆𝑧0𝑥−1𝑦−2
)
𝑦2𝑛−3
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=

(
𝑦0𝑧−1𝑥−2

𝑧0𝑥−1𝑦−2

)2 (−1 + 𝜆𝑧0𝑥−1𝑦−2

−1 + 𝛽𝑦0𝑧−1𝑥−2

)
𝑦2𝑛−6 , (3.5.79)

𝑦2𝑛+1 =
𝑦0𝑧−1𝑥−2(−1 + 𝛽𝑦0𝑧−1𝑥−2

)
𝑧2𝑛𝑥2𝑛−1

=
𝑦0𝑧−1𝑥−2𝑦2𝑛−2(−1 + 𝛽𝑦0𝑧−1𝑥−2

)
𝑧0𝑥−1𝑦−2

=

(
𝑦0𝑧−1𝑥−2

𝑧0𝑥−1𝑦−2

)2 (−1 + 𝜆𝑧0𝑥−1𝑦−2

−1 + 𝛽𝑦0𝑧−1𝑥−2

)
𝑦2𝑛−5 , (3.5.80)

𝑧2𝑛 =
𝑧0𝑥−1𝑦−2

𝑥2𝑛−1𝑦2𝑛−2
=
𝑧0𝑥−1𝑦−2

𝑥0𝑦−1𝑧−2

(−1 + 𝑏𝑥0𝑦−1𝑧−2
)
𝑧2𝑛−3

=

(
𝑧0𝑥−1𝑦−2

𝑥0𝑦−1𝑧−2

)2 (−1 + 𝑏𝑥0𝑦−1𝑧−2

−1 + 𝜆𝑧0𝑥−1𝑦−2

)
𝑧2𝑛−6 , (3.5.81)

𝑧2𝑛+1 =
𝑧0𝑥−1𝑦−2(−1 + 𝜆𝑧0𝑥−1𝑦−2

)
𝑥2𝑛𝑦2𝑛−1

=
𝑧0𝑥−1𝑦−2𝑧2𝑛−2(−1 + 𝜆𝑧0𝑥−1𝑦−2

)
𝑥0𝑦−1𝑦−2

=

(
𝑧0𝑥−1𝑦−2

𝑥0𝑦−1𝑧−2

)2 (−1 + 𝑏𝑥0𝑦−1𝑧−2

−1 + 𝜆𝑧0𝑥−1𝑦−2

)
𝑧2𝑛−5. (3.5.82)

From relations (3.5.77)-(3.5.82), the results in this theorem can be seen easily.



Conclusion

In this thesis, we investigated several systems of rational difference equations with a
focus on their asymptotic behavior. Utilizing linearization techniques, monotonicity,
and boundedness of solutions, we established conditions for local and global stability
of their equilibrium points. We also obtained results concerning the existence of peri-
odic solutions, which were supported by illustrative numerical examples. In the last
part of our work, we also solved in closed form, a non autonomous equation and new
classes of nonlinear systems by applying suitable changes of variables.
Overall, this study contributes to the broader understanding of nonlinear systems of
difference equations by combining qualitative analysis with explicit resolution.
Building on these results, several avenues for further investigation naturally arise. In
particular, it would be of interest to extend the present techniques to the study of more
general systems, such as the following:
The first system:

𝑥𝑛+1 = 𝑎 + 𝑦𝑝𝑛−𝑘
𝑎0𝑣

𝑝
𝑛 + 𝑎1𝑦

𝑝
𝑛−1 + ... + 𝑎𝑘𝑦𝑝𝑛−𝑘

,

𝑦𝑛+1 =

(
𝛼0𝑥

𝑞
𝑛 + 𝛼1𝑥

𝑞
𝑛−1 + ... + 𝛼𝑘𝑥

𝑞
𝑛−𝑘

𝛽0𝑥
𝑞
𝑛 + 𝛽1𝑥

𝑞
𝑛−1 + ... + 𝛽𝑘𝑥

𝑞
𝑛−𝑘

)
𝑥𝑟1𝑛 𝑢

𝑟2
𝑛−1...𝑥

𝑟𝑘
𝑛−𝑘 ,

where 𝑛 ∈ N0, 𝑝, 𝑞 ∈ N, 𝑘 = 2, 3, ..., and for 𝑖 = 0, 1, ...𝑘, 𝑟𝑖 , 𝑠𝑖 ∈ N0, the parameters 𝑎,
𝑎𝑖 , 𝛼𝑖 , 𝛽𝑖 and the initial values 𝑢−𝑖 , 𝑣−𝑖 are positive real numbers.

The second system:

𝑢𝑛+1 = 𝑎 + 𝑣𝑝𝑛−𝑘
𝑏𝑣𝑝𝑛 + 𝑐𝑣𝑝𝑛−𝑘

, 𝑣𝑛+1 = 𝑑 + 𝑤𝑞
𝑛−𝑘

𝑒𝑤𝑞
𝑛 + 𝑓 𝑤𝑞

𝑛−𝑘
, 𝑤𝑛+1 = (𝛼𝑢

𝑟
𝑛 + 𝛽𝑢𝑟𝑛−𝑘

𝛾𝑢𝑟𝑛 + 𝜆𝑢𝑟𝑛−𝑘
)𝑢𝑠𝑛𝑢𝑡𝑛−𝑘 , 𝑛 ∈ N0.

where 𝑛 ∈ N0 , 𝑝, 𝑞, 𝑟, 𝑠 , 𝑡 ∈ N and the parameters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 , 𝑓 , 𝛼, 𝛽, 𝛾,𝜆 and the initial
values 𝑢−𝑗 , 𝑣−𝑗 , 𝑤−𝑗 , 𝑗 = 0, 1, ...𝑘 are positive real numbers.
The third system:

1
𝑢𝑛+1 = 𝑎1 +

2
𝑢
𝑝1

𝑛−1

𝑏1
2
𝑢
𝑝1

𝑛 + 𝑐1
2
𝑢
𝑝1

𝑛−1

,
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2
𝑢𝑛+1 = 𝑎2 +

3
𝑢
𝑝2

𝑛−1

𝑏2
3
𝑢
𝑝2

𝑛 + 𝑐2
3
𝑢
𝑝2

𝑛−1

,

...

𝑘
𝑢𝑛+1 = ©­« 𝐴

1
𝑢
𝑝𝑘

𝑛 + 𝐵 1
𝑢
𝑝𝑘

𝑛−1

𝐶
1
𝑢
𝑝𝑘

𝑛 + 𝐷 1
𝑢
𝑝𝑘

𝑛−1

ª®¬ 1
𝑢
𝑞

𝑛
1
𝑢
𝑟

𝑛−1 , 𝑛 ∈ N0.

where 𝑝𝑖 , 𝑖 = 1, ..., 𝑘, 𝑞, 𝑟 ∈ N0 and the parameters 𝑎 𝑗 , 𝑗 = 1, ..., 𝑘 − 1,𝐴, 𝐵, 𝐶, 𝐷 and the
initial conditions 𝑢−𝑗 , 𝑗 = 0, 1 are positive real numbers. Finally, we propose solving
explicitly the following system

𝑥𝑛+1 =
𝑎1𝑦𝑛−𝑘𝑧𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑦𝑛+1 =
𝑎2𝑥𝑛−𝑘𝑧𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 , 𝑧𝑛+1 =
𝑎3𝑥𝑛−𝑘𝑦𝑛−𝑘

𝑎𝑥𝑛−𝑘 + 𝑏𝑦𝑛−𝑘 + 𝑐𝑧𝑛−𝑘 ,

where 𝑛 ∈ N0 , 𝑘 ∈ N2 , the parameters 𝑎, 𝑏, 𝑐, 𝑎1 , 𝑎2 , 𝑎3 are real numbers, and the initial
values 𝑥−𝑘 , . . . , 𝑥0 , 𝑦−𝑘 , . . . , 𝑦0 , 𝑧−𝑘 , . . . , 𝑧0 are non-zero real numbers.
These extensions represent natural directions for further study and have the potential
to enrich the theory of rational and nonlinear difference equations by uncovering new
structural properties, explicit solutions, and insights into their asymptotic behavior.
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